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Abstract. - When falling in a lighter miscible solvent, a drop of liquid deforms to a torus which then
breaks up into several fragments or just disappears by diffusion. By using liquids of different compositions we show the universal behaviour of the phenomenon, and its dependence on two nondimensional
numbers, the fragmentation number F , and the Schmidt number S. While F marks the transition from
diffusion to splitting, here we show the role of S in controlling the number of horizontal fragments after
the first break-up. The process is explained in terms of competitions of different time scales.

The simplest example of a hydrodynamical instability in an open system is represented by
the fragmentation of a drop falling in a lighter miscible liquid. Empirical reports on this
phenomenon were given by several authors in the last century[l].
When the drop is falling, it is deformed into a torus. Kojima et al. [2] made some
experiments and calculations on the deformation of the miscible drop and the expansion of
the torus. They attributed the disagreement between calculations and experiments to a
transient interfacial tension [3]. However a general understanding of the fragmentation
process still lacks, because of complex intermingling of Kelvin-Helmholtz (KH) and
Rayleigh-Taylor (RT) instabilities.
The torus can eventually become destabilized in some points by a RT instability, breaking
up into several horizontal fragments. In the case of miscible liquids considered here, each of
these fragments may undergo a similar break-up process, splitting again into secondary
fragments. However, the number of successive vertical break-ups remains limited to three.
A detailed description of these phenomena including a preliminary explanation was
recently presented [4]. Reference [4] is focused on the transition between no splitting and
the break-up of the torus into two fragments. This is controlled by a nondimensional
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fragmentation number defined as

where g is the acceleration due to gravity, Ap is the density difference between drop and
lighter fluid (which for simplicity we call solvent), V the drop volume, D the mutual diffusion
coefficient between the two fluids and ,U is the solvent viscosity. (To simplify the problem the
drop and the quiescent fluid are taken with almost the same viscosity.) The relevance of F is
that it is defined in terms of directly measurable quantities.
However, for a fixed liquid composition, the number of horizontal fragments increases
when the drop volume increases. The aim of the present work is to characterize the
formation of several (two or more) fragments after the first break-up process. To our
knowledge this is the first time that this break-up process of a torus into several fragments
is characterized.
Gravity and viscous drag act on a spherical drop falling in a quiescent liquid. Then the net
force is the sum of a buoyancy term Fb and a drag term F d ,where Fb a h p Vg and Fd a p r v , r
being the drop radius and v the drop velocity. The reference time for the drag effects is
MvIFd,where M is the drop mass M = pV. Skipping prefactors of the order of unity this time
is given by

Therefore, the sedimentation velocity vsa Apgr2/,uis reached for times much longer than 7 ’ .
In the experiments on glycerinlwater mixtures reported in ref. [4], z’ was much smaller
than any other characteristic time, thus the drop assumed the asymptotic velocity vs before
losing its individuality, as qualitatively sketched in fig. la). Here we report situations where
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Fig. 1. - Sketch of the time evolution of the drop velocity for different time scales. a) 7’ < 71, b) 7’ > T

~ .

the break-up occurs before the transient duration r’ is over, so that v, is never reached, as
sketched in fig. lb). Besides r’, there are two other characteristic times, namely the
diffusion time r2= r 2 / Dand the time r1= rlv,, corresponding to the transfer of U, across the
drop radius. It is easily realized that r1 is the minima time for the formation of the vortex
ring, hence the subsequent break-up requires a time rbu being longer than rl. We have no
detailed theory to evaluate the ratio r&l, thus we are limited to some heuristic
considerations.
The parameter F is defined as the ratio r2/r1[4]. Reference [4] assumed that r‘ was
negligible with respect to 9 and rl,so that the interplay was exclusively between diffusion
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and velocity transfer to the drop. However, we should expect from Buckingham xtheorem [5] that the break-up process is ruled by two nondimensional numbers, since the
phenomenon is described by five parameters, namely, drop density p, drop-solvent density
difference Ap, drop volume V , ,U,and D.We then have to build a further relevant indicator
besides F.
The above-mentioned characteristic times suggest the following scenario. For z'<< z1the
ring disappears by diffusion (fig. 2a)). If z'> zl (fig. l b ) ) , once the ring has been formed and
the circular velocity stopped, the further increasing velocity due to the still lasting transient
induces a local evolution in several uncorrelated domains along the torus. This is qualitatively sketched in fig. 2b). If such a conjecture is correct, then as we decrease the ratio
r l l z ' , we should observe an increasing number of independent horizontal fragments
associated with the first break-up. Thus the second nondimensional number may be defined
as

Fig. 2. - Sketch of the top view of the fluid torus evolution for different time scales. a) r ' < r l ,
b) 2' > 2 1 .

In the laboratory practice, for a selected pair of solvent and drop compositions, we can test a
variety of drop sizes. It is thus convenient to choose a different nondimensional number,
which does not contain the volume. We take the remaining time ratio z2h' which happens to
coincide with the Schmidt number [6]:

that depends only on the fluid properties. As a consequence, the experimental results will be
represented-in the F-S plot. Drops with a fixed liquid composition, but with different volume
correspond to points along lines F . T = S = const, in the F-S plane.
Notice that S and F are similar to the Prandtl and Rayleigh numbers, respectively, once
the diffusion coefficient is replaced by the thermal diffusivity. Based on this analogy, we
expect that an F-S diagram will be a suitable parameter space to describe completely the
break-up process, in analogy with the parameter space reported in ref. [7] for convective
instabilities. As we decrease S by controlling one of the parameters listed in eq. (41,the
corresponding increase on z' should give rise to an increasing number of horizontal
fragments.
To prove this conjecture, we have tested on several pairs of fluid compositions, each one
for different drop sizes. The experimental results are shown in table I, where we have
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TABLEI.
Group Percentage
composition

-

p lo2

Ap lo6
(gem-' s-l) (g em-3)
a

D .lo6

V -lo3
(em2s-l) (em3)

heavy fluid
solvent drop
Glycerine in water
I
70
75
I1
70
80
I11
60
70
IV
60
75
V
25
40
VI
0
14

IN-FIN

Number of
splittings

F/g . lO-3

IN-FIN

IN - F I N

S . lO-3

21.00
21.00
11.00
11.00
2.20
1.00

1.30
2.60
2.60
3.90
3.90
3.60

0.84
0.98
1.20
1.25
5.30
9.75

3-34
2-36
1-30
1-30
1-24
1-8

0-2
0-2
0-3
0-3
3-7
6-8

0.25-4.55
0.22-2.51
0.20-5.91
0.28-8.51
0.33-8.03
0.37-2.98

209.0
193.0
77.6
73.6
3.75
1.00

Salt (NaC1) in water
VI1
10
12

1.00

1.30

14.70

1-15

3-9

0.09-1.33

0.63

Ethanol in n-hexane
VI11
0
20

0.33

2.58

9.80

1-14

6-10

0.80-11.2

0.48

collected the experimental data in eight groups (I to VIII). The first six groups refer to
glycerin-water mixtures, the seventh (VII) goup refers to sodium chloride (NaC1) in water
and the eighth (VIII) to ethanol in n-hexane. For each group, we kept the fluid composition
fured as specified in the second and third columns. For instance, in the first line, 70 and 75
means that the solvent has 70% of heavier fluid which is glycerin and consequently 30% of
water, whereas the drop has 75% of glycerin and consequently 25% of water. As another
example, the sixth (VI) group refers to a solvent made of pure water (0% glycerin) with
drops having 14% of glycerin and 86% of water.
Accurate calibrations of Ap and V have been, respectively, done with an electronic scale
balance and a microsyringe. The p values have been read or interpolated from tables [8]. The
D values for each pair of fluid compositions have been measured by a technique described
elsewhere [9].
In order to visualize the events, we have seeded the drop with small amounts of
Rhodamine 6 G (about loT9moleAiter) and then observed the fluorescence by illuminating
the drop with a collimated light beam. Some examples are shown in fig. 3. In this figure, we
show top views of the falling drop when the break-up process begins, with the formation of a
different number of fragments. (The situation when two fragments are formed can be seen

Fig. 3. - Typical pictures of experimental examples showing multiple fragments after the first breakup of the torus into: a ) three, b) four, c) five, d) six, and e) seven fragments. The photographs have
been taken from group V of the experimental data classified on table I.
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Fig. 4. - Lateral views showing the successive evolution of the torus after the break-up into six
fragments.

in fig. 3 in ref. [4].) In fig. 4 we give successive lateral views of a torus break-up into six
fragments.
For each composition, we list the corresponding ,U,Ap and D , and we test ten different
volumes V from an initial to a final one. In the sixth column of table I, for the sake of
simplicity, we report only the two extreme values of the volume V (denoted by IN-FIN). In
the seventh column of table I, we report for each case the smallest and the highest number
of fragments after the first break-up process within each group (for instance 6-10 in the last
group). Each point on this turn is tested several times (at least ten) to check that the number

Fig. 5. - F-S diagram showing the number of splittings along the vertical line of F-axis. The threshold
lines (dashed) a to d) are for 2, 3, 4, and 5 fragments, respectively. I to VI11 refer to different fluid
compositions as specified in table I. The arrow denotes F,/g, F , = (2.8 f 0.1).lo5 as assigned in
ref. [4].
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of fragments formed is reproducible. In the last two columns, we list Flg (the lowest and
highest values of each group) and S.
The number of fragments for the different groups of fluids are gathered in a F-S diagram
in fig. 5. We can draw the threshold lines, that is, dashed lines a) to d ) for 2, 3, 4 and 5
fragments, respectively, at the first break-up. For comparison, we have reported in fig. 5 an
arrow corresponding to F,/g, with the F, = (2.8 f 0.1) * lo5 as discussed in ref. 141. As can be
seen from the F-S plot, F, is an appropriate threshold for group I to IV corresponding to the
limited range of liquid compositions previously explored [4]. As we move towards smaller S
values, the S-dependence of the first threshold (line a)) becomes evident.
We have been unable to continue the c ) and d ) lines in the high-F region, because we are
limited by the calibrated drop sizes due to capillary effects in the formation of the initial
drop. On the other hand, in the small-S regime, where we tested mixtures of ethyl-alcohol
and n-hexane, the drops suffer a rapid evaporation, and the break-up process is complicated
by the simultaneous presence of a large interface instability. Thus the points on column VI11
are not highly reliable, even though they agree qualitatively with the other experimental
groups.
In conclusion, the wide range of compositions and sizes explored, as well as the
phenomenological arguments offered above, give a basis to study the formation of several
fragments for the break-up process of a drop falling in a miscible fluid. These results show
that the phenomenon is universal and can be characterized by two nondimensional
parameters: the fragmentation number F and the Schmidt number S.
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