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There is always a kind of people who can stand out 

despite their family background and bloodline. They 

could always manage to break free from the bondage of 

the environment and the times. We call them heroes. 

世界上永远存在这样一类人，他能够超越自己的家庭、血缘、环境，他能

够挣脱时代对他的束缚，让世界另眼相看，这一类人被称为英雄。 



 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

  

Be a better man. 
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Summary 

The development of railway transportation systems introduces 

significant advantages (i.e., energy efficiency, road decongestion and 

reduction in CO2 emissions) but it also poses some important technical 

problems to be solved. For example, the characteristics of the wheel to rail 

contact imply severe working conditions for some critical points, such as 

rail joints and switch and crossings, whose failure may lead to large 

economic losses or even hazards.  

The objective of this thesis is to define a new multiaxial fatigue criterion 

to study the fatigue damage mechanism of railway infrastructure metallic 

components (i.e., rail joint and switch panel), as well as to provide a 

methodology to cope with the stochastic nature of wheel-to-rail contact in 

the fatigue damage.  

The results of this thesis have been the subject of 10 papers which are 

briefly described below: 

Paper A proposed a method to predict the critical plane direction.  

Paper B established an energy based multiaxial fatigue criterion. 

Paper C modified the criterion in Paper B and discussed the influence 

of the critical plane direction on fatigue damage prediction. 

Paper D presented a universally applicable multiaxial fatigue criterion 

for both normal and shear type failure in 2D.  
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Paper E extended the criterion developed in Paper D from 2D to 3D, and 

predicted fatigue damage of rail joint with the help of an explicit finite 

element model. 

Paper F modified the criterion in Paper D and took the influence of out-

of-phase failure and loading condition into consideration. 

Paper G studied the interaction and damage mechanism on switch panel 

by a full explicit finite element calculation. 

Paper H further developed the criterion presented in Paper D and Paper 

F into a complete unified form of the currently existing multiaxial fatigue 

criteria, considering the influence of in-phase and out-of-phase failure, and 

normal and shear-type failure with the proposed deformation failure 

mechanism.  

Paper I extended the complete unified criterion in Paper H into 3D 

conditions and predicted fatigue damage on switch blade considering the 

influence of contact position randomness with the help of an explicit finite 

element model. 

Paper J compared the proposed multiaxial fatigue criterion in Paper H 

with other commonly used multiaxial fatigue criteria.  

Papers A-F have been already published. 

Papers G and H are under review. 

Papers I and J are currently in preparation. 
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Thesis Contents 

The technical content of this thesis is detailed in the following papers. 

Moreover, this document provides a general introduction, describes the 

objectives, provides a rationale of the papers and suggests future works. 

 

Paper A 

Lu C, Melendez J, Martínez‐Esnaola JM. Prediction of crack initiation 

plane direction in high‐cycle multiaxial fatigue with in‐phase and out‐of‐
phase loading. Fatigue & Fracture of Engineering Materials & Structures, 

2017, 40(12): 1994-2007. 

Paper B 

Lu C, Melendez J, Martínez-Esnaola JM. Fatigue damage prediction in 

multiaxial loading using a new energy-based parameter. International 

Journal of Fatigue, 2017, 104: 99-111. 

Paper C 

Lu C, Melendez J, Martínez-Esnaola JM. Modelling multiaxial fatigue 

with a new combination of critical plane definition and energy-based 

criterion. International Journal of Fatigue, 2018, 108: 109-115. 

Paper D 
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Lu C, Melendez J, Martínez-Esnaola JM. A universally applicable 

multiaxial fatigue criterion in 2D cyclic loading. International Journal of 

Fatigue, 2018, 110: 95-104. 

Paper E 

Lu C, Nieto J, Puy I, Melendez J, Martínez-Esnaola JM. Fatigue prediction 

of rail welded joints. International Journal of Fatigue, 2018, 113: 78-87.  

Paper F  

Lu C, Melendez J, Martínez-Esnaola JM. Multiaxial fatigue criterion 

considering the influence of out-of-phase failure and loading condition. 

International Journal of Fatigue, 2018, 114: 323-330.  

Paper G 

Lu C, Prada JG, Melendez J, Martínez-Esnaola JM. A full explicit finite 

element simulation for the study of interaction between wheelset and 

switch panel. Vehicle System Dynamic, 2018. Under review.  

Paper H 

Lu C, Melendez J, Martínez-Esnaola JM. A complete unified multiaxial 

fatigue criterion. Theoretical and Applied Fracture Mechanics, 2018. 

Under review.  

Paper I 

Lu C, Melendez J, Martínez-Esnaola JM. Stochastic fatigue damage study 

of switch blades using a multiaxial fatigue criterion. In preparation.  

Paper J 

Lu C, Melendez J, Martínez-Esnaola JM. Review and comparison of 

multiaxial fatigue criteria. In preparation.  
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1. Introduction 

1.1 Background  

Railway transportation presents important advantages compared with 

air, sea and road transportation, such as, energy saving and environmental 

friendliness, riding comfort and running safety. Due to the development of 

high-speed and heavy-haul vehicle, railway transportation is gaining its 

second revolution. However, rail damage is much more severe due to 

higher speed and heavier haul vehicles.  

With regard to damage, it is worth highlighting the weak points and 

local defect-like places, such as, rail joint, switch and crossing (turnout), 

etc., where intense impacts occur between wheel and rail due to the abrupt 

changing of rail profile and discontinuous variation of wheel-rail contact 

point. According to statistical analysis, the failure of these weak points 

occupies a high percentage of the budget for maintenance and repair in 

track components [1][2][3][4]. Apart from the economic losses, some 

serious accident such as derailment can also happen.  

There are different types of damage affecting railway metallic 

components; generally speaking, the common damage forms are wear, 

fatigue and plastic flow, which can exist alone or combined. Due to the 

intense wheel-rail impact, the damage is much more serious on the local 

defect-like places, such as rail joint and switch and crossing. Examples of 

the damage on these railway infrastructure components are shown in 

Figure 1 (rail joint) and Figure 2 (switch and crossing), where the 

extremely serious damage can be seen. A better understanding of the 

damage mechanism of these infrastructure components would help to 
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predict future possible status for different maintenance strategies and 

enable their optimization. Consequently, it would contribute to increase 

the economic efficiency and running safety, as well as providing 

theoretical support and guidance for maintenance and repair of these 

components.  

 

Figure 1. Squat at rail welded joints [5]. 

    

       (a) Damage on switch panel         (b) Fatigue on crossing nose [6]  

Figure 2. Damage on switch and crossing. 

Among the common types of damage, wear is the process of material 

loss and volume reduction, which is caused by the friction energy between 

contact surfaces. Wear damage is predicted through some well-accepted 

models specific for railway industry, such as, USFD model [7], Zobory 

model [8], BRR model [9] and KTH model (Archard model) [10], which 

can give a satisfactory wear prediction [11][12][13][14][15]. Another type 

of damage is plastic flow, which is a result of material plasticity and have 

a close relationship with material property, for example hardness. With the 

progress of advanced materials, melting processing, optimization of wheel 

and rail profiles, etc., the plastic deformation can be well controlled [16].  
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However, fatigue damage is still one of the most serious problems in 

railway industry [16]. Because of the complex loading condition and 

material response, as well as plenty of influencing factors in multiaxial 

fatigue, there is not a well-accepted multiaxial fatigue criterion which can 

be used for all materials and loading conditions [17].  

1.2 Objective of this thesis 

The general objective of this thesis is the development of a methodology 

to study the fatigue damage mechanism of railway infrastructure metallic 

components, i.e., rail joint and switch panel, with the help of multiaxial 

fatigue theory, explicit FEM and statistical analysis.  

This general objective is achieved by fulfilling the following three 

technical issues:  

1- Prediction of fatigue damage direction. 

2- Establishing a multiaxial fatigue criterion. 

3- Development of a stochastic fatigue damage model for railway 

infrastructure metallic components based on the techniques in points 1 and 

2, in combination with explicit FEM simulations and statistical analysis. 

1.3 Research achievements  

    This section describes how the objectives described above have been 

achieved and explained in different published journal papers. 

The following table illustrates the matching of the published papers with 

the objectives of the thesis. 
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Publications Issue 1 Issue 2 Issue 3 

Paper A O   

Paper B  O  

Paper C O O  

Paper D  O  

Paper E  O O 

Paper F  O  

Paper G   O 

Paper H  O  

Paper I  O O 

Paper J  O  
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2. Summary of publications 

    This section summarizes the scientific journal papers that have been 

published during the development of this thesis and links them to the issues 

raised to achieve the objective. 

 

Paper A 

Lu C, Melendez J, Martínez‐Esnaola JM. Prediction of crack initiation 

plane direction in high‐cycle multiaxial fatigue with in‐phase and out‐of‐
phase loading. Fatigue & Fracture of Engineering Materials & Structures, 

2017, 40(12): 1994-2007. 

    Paper A is directly targeting Issue 1. In this paper a new method for 

predicting crack plane direction in high-cycle multiaxial fatigue is 

proposed. This is the first point to be solved when aiming to predict the 

fatigue damage of railway metallic components. This method considers the 

influence of material properties and loading conditions on the crack plane 

direction. Two situations are considered: (i) in-phase loading, where the 

crack plane direction only depends on the loading condition and material 

properties have little influence on it, and (ii) out-of-phase loading, where 

the crack plane direction is affected by both loading conditions and 

material properties. The prediction accuracy is assessed through the 

comparison with several experimental results, including different loading 

conditions and materials. The results show that the proposed method 
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provides a better prediction capability (a lower prediction error) for these 

experiments compared with other methods. 

 

Paper B 

Lu C, Melendez J, Martínez-Esnaola JM. Fatigue damage prediction in 

multiaxial loading using a new energy-based parameter. International 

Journal of Fatigue, 2017, 104: 99-111. 

    Paper B is directly targeting Issue 2. A new approach for the definition 

of the critical plane and a new energy-based multiaxial fatigue parameter 

are proposed in this work. The normal strain energy and shear strain energy 

on two orthogonal material planes are used to predict fatigue damage in 

multiaxial fatigue loading. The influence of the Poisson effect, mean 

normal strain energy and the different contribution of the compressive and 

tensile normal strain energies are accounted for. An energy-based 

parameter is defined which explains the different effects of the total strain 

energy on different material directions. Several experimental data sets are 

used to validate the capabilities of this new multiaxial fatigue parameter, 

including 10 materials and 33 loading paths, which cover most of the 

commonly used loading conditions in multiaxial fatigue tests. The results 

show that the proposed multiaxial fatigue parameter provides better 

predictions (within a life factor of two) for nearly all these materials and 

loading paths. 

 

Paper C 

Lu C, Melendez J, Martínez-Esnaola JM. Modelling multiaxial fatigue 

with a new combination of critical plane definition and energy-based 

criterion. International Journal of Fatigue, 2018, 108: 109-115. 

    Paper C is targeting the combination of Issue 1 and Issue 2. In this third 

paper, a new multiaxial fatigue criterion is proposed. Poisson effect, 

normal and shear strain energies, elastic and plastic deformation, and 

material hardening can be taken into account in this criterion. Compared 

with Paper B, the influence of the material properties and loading 

conditions on the critical plane direction are taken into consideration, and 
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the fatigue parameter is simplified. Ten different materials subjected to 

various loading paths with different test-sample geometries are used to 

validate the capabilities of the proposed approach. The comparison with 

other commonly used energy-based criteria is also presented. The results 

show that the proposed criterion provides very good predictions for all the 

analyzed materials and loading conditions (within a factor of two) used in 

this work. The error in life prediction with the presented approach also 

compares favorably with respect to other criteria available in the literature. 

 

Paper D 

Lu C, Melendez J, Martínez-Esnaola JM. A universally applicable 

multiaxial fatigue criterion in 2D cyclic loading. International Journal of 

Fatigue, 2018, 110: 95-104. 

    Paper D is related to Issue 2. In this fourth article, a universally 

applicable multiaxial fatigue criterion in 2D cyclic loading is proposed, 

which can be used for a great variety of materials and loading conditions. 

A strain-based fatigue parameter is defined and, at the same time, a new 

failure model is proposed to overcome the weaknesses of other 

mechanisms used previously. In addition, the influence of non-

proportional loading, maximum, minimum and mean loading, the 

influence of both normal and shear components, Poisson effect, different 

failure types (normal and shear types), etc. can be taken into consideration. 

A huge number of materials (20) and loading conditions (40) are used to 

validate the capabilities of the proposed methodology. The results show 

that the new multiaxial fatigue criterion provides excellent life predictions 

(within a life factor of two) for all the materials and loading conditions 

used in this work. The proposed approach can be regarded as a universally 

applicable multiaxial fatigue criterion in 2D cyclic loading. 

 

Paper E 

Lu C, Nieto J, Puy I, Melendez J, Martínez-Esnaola JM. Fatigue prediction 

of rail welded joints. International Journal of Fatigue, 2018, 113: 78-87.  
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    Paper E is linked to Issue 2 and Issue 3. The multiaxial fatigue criterion 

developed for 2D conditions in Paper D is extended to 3D situations and 

applied to predict fatigue damage in rail welded joints with the help of an 

explicit finite element model. Contact theory and axle box acceleration 

response in frequency domain are used to validate the finite element model. 

The influence of depth and length of the welded joints is analyzed. It is 

found that fatigue damage is more severe with shorter and deeper welded 

joints. When the length of the welded joints is less than 150 mm, fatigue 

damage is greatly increased with the increasing of the depth. When the 

depth is less than 0.1 mm, fatigue damage is not relevant, regardless of the 

length. When the depth is greater than 0.3 mm, fatigue damage increases 

significantly with the decreasing of the joint length, especially when the 

length is less than 150 mm. When the welded joints are long enough, the 

depth restriction can be relaxed. This work can provide guidance and 

theoretical support for maintenance and repair of rail welded joints. 

 

Paper F 

Lu C, Melendez J, Martínez-Esnaola JM. Multiaxial fatigue criterion 

considering the influence of out-of-phase failure and loading condition. 

International Journal of Fatigue, 2018, 114: 323-330. 

    Paper F is related to Issue 2. A multiaxial fatigue criterion is proposed, 

which can be seen as a modification of the criterion presented in Paper D. 

The influence of the unique material state can be taken into consideration, 

as well as the range and mean value of the variables involved in the fatigue 

parameter for depicting the influence of the loading condition. Definitions 

of the out-of-phase failure and out-of-phase failure angle are proposed, as 

well as an out-of-phase failure parameter that can be used to express the 

interdependent relationship with the out-of-phase failure, in both normal-

type and shear-type failure. An explicit physical interpretation of different 

failure types is proposed. After validation and comparison with 

experimental results for different loading conditions and materials, it is 

concluded that the prediction ability of this modified multiaxial fatigue 

criterion is better (lower prediction error) than that of the original Lu’s 

criterion in Paper D, as well as than those of the other commonly used 

multiaxial fatigue criteria. 
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Paper G 

Lu C, Prada JG, Melendez J, Martínez-Esnaola JM. A full explicit finite 

element simulation for the study of interaction between wheelset and 

switch panel. Vehicle System Dynamic, 2018. Unver review. 

    Paper G is directly targeting Issue 3. A full explicit FEM simulation of 

wheelset passing through switch panel is carried out for the first time. The 

real 3D geometry of the switch panel is used, both vertical and lateral 

response are taken into consideration. The dynamic interaction is analyzed, 

it is found that the damage mechanism on the switch blade and stock rail 

is a complex interaction of wear, fatigue and impact, which can be well 

described by explicit FEM simulation. Parametric analysis of running 

speed, traction coefficient and the friction coefficient between switch 

blade gauge surface and wheel flange indicates that decreasing running 

speed can help to reduce the damage on switch panel. The traction 

coefficient has little influence on the maximum impact response, but a 

higher traction coefficient is beneficial for eliminating the dynamic 

response after the maximum impact response point. The influence of the 

friction coefficient on the dynamic impact response is not significant, but 

a lower friction coefficient is favorable for decreasing the wear damage on 

the switch blade and increasing running safety. This work can provide a 

good understanding of the interaction on switch panel and give theoretical 

support for maintenance and repair.  

 

Paper H 

Lu C, Melendez J, Martínez-Esnaola JM. A complete unified multiaxial 

fatigue criterion. Theoretical and Applied Fracture Mechanics, 2018. 

Under review.  

Paper H is related to Issue 2. A complete unified multiaxial fatigue 

criterion is proposed in this article, which can be seen as a further 

modification of the criterion proposed in Paper D and Paper F. On the basis 

of an evolved deformation failure mechanism, (1) a reasonable description 

and unification for different failure modes (normal and shear) could be 

obtained, and (2) a rational explanation from both physical and 

mathematical perspectives could be provided for different failure status 

(in-phase and out-of-phase). A material-dependent index (h) is proposed 



 
 

 

 

10 
 

to establish the appropriate expression of the fatigue parameter. The 

definition of critical material state plane is presented, which solves the 

conflict between the directions of critical plane and fatigue failure. The 

unique material response state, as well as the loading condition 

(represented by the mean value and range of the corresponding magnitudes) 

can be fully considered. This multiaxial fatigue criterion can be regarded 

as a complete unified version of currently existing multiaxial fatigue 

criteria under the proposed deformation failure mechanism, which covers 

the criteria based on stress, strain, stress-strain, energy, normal and shear-

type failure, stress invariants (second invariant and hydrostatic stress), 

volumetric and distortion criteria. The comparison with experimental 

results reveals that this complete unified multiaxial fatigue criterion is 

valid for a wide range of loading conditions and materials with the 

minimum prediction error.  

 

Paper I 

Lu C, Melendez J, Martínez-Esnaola JM. Stochastic fatigue damage study 

of switch blades using a multiaxial fatigue criterion. In preparation.  

    Paper I is targeting the combination of Issue 2 and Issue 3. A 

methodology for studying the fatigue damage on the switch blade 

considering the influence of the randomness of the impact position is 

proposed in this article. This methodology combines explicit FEM, 

multiaxial fatigue criterion and statistical analysis. Lu’s criterion 

developed in Paper H is used for fatigue damage evaluation and is 

extended from 2D to 3D conditions. Based on the results, it is found that 

the randomness of the impact position on the switch blade can decrease 

the maximum fatigue damage value and smooth out the fatigue damage 

function distribution on the switch blade. In the perspective of fatigue 

damage, regarding service life improvement for switch blades, increasing 

traction coefficient and decreasing friction coefficient between wheel 

flange and switch blade gauge surface is beneficial but not significant. The 

most important factor is the running speed. This work can provide 

theoretical foundation for the design and maintenance work of switch 

panels.  
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Paper J 

Lu C, Melendez J, Martínez-Esnaola JM. Review and comparison of 

multiaxial fatigue criteria. In preparation.  

    Paper J is related to Issue 2. The multiaxial fatigue criteria are reviewed, 

and the widely operated multiaxial fatigue criteria are tested and verified 

in this article. By means of assessment with enormous data accessible in 

the bibliography, it is declared that the criterion brought forward by the 

authors (Lu's criterion) in Paper H can be utilized for widespread materials 

and service status providing the smallest error in fatigue life prediction. 

The other criteria analysed in this work provide higher prediction error 

compared with Lu’s criterion, and are not of general applicability.  
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Conclusions 

During the course of this research work, the following conclusions have 

been extracted: 

As fully detailed in Paper A and Paper C, in order to improve the 

prediction of the fatigue failure plane direction for different materials and 

conditions, the influence of material properties and loading conditions on 

the crack plane direction must be taken into consideration. 

As deeply described in Paper B, Paper C, Paper D, Paper E, Paper F, 

Paper H, Paper I and Paper J, a complete unified multiaxial fatigue 

criterion with universally applicability in both 2D and 3D conditions has 

been proposed. Both normal and shear-type failure can be reasonably 

described and unified with a comprehensive explicit physical 

interpretation based on the proposed deformation failure mechanism. In 

addition, the in-phase and out-of-phase failure can be well explained from 

both physical and mathematical perspectives. The unique material 

response state, as well as the influence of the mean value and range of the 

loading condition can be all taken into consideration. Based on the 

proposed deformation failure mechanism, the proposed multiaxial fatigue 

criterion can be treated as a complete unified version of currently existing 

multiaxial fatigue criteria, which covers the criteria based on stress, strain, 

stress-strain, energy, stress invariants (second invariant and hydrostatic 

stress), volumetric and distortion criteria, and normal and shear-type 

failure criteria. After validation with different materials (20) and loading 

conditions (40), and comparison with the other commonly used multiaxial 

fatigue criteria, it is concluded that the proposed multiaxial fatigue 

criterion can give the best prediction for a wide range of materials and 

loading conditions with the minimum prediction error.  

    Finally, as documented in Paper E, Paper G and Paper I the fatigue 

damage of some railway infrastructure metallic components, i.e., rail joint 

and switch blade can be predicted with the help of explicit dynamic FEM 

simulations, statistical analysis and the proposed multiaxial fatigue 

criterion. The work can provide a good understanding of the damage 

mechanism on these railway infrastructures, and give guidance and 

theoretical support for the maintenance and repair of these components.  
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3. Future work 

This work has introduced significant enhancements in the field of the 

application of material science to the fatigue damage prediction of railway 

infrastructure metallic components. 

However, due to the complexity of multiaxial fatigue damage and its 

application to railway metallic components, some issues are still open and 

deserve deep research. Some suggestions are proposed by the author.  

a) Multiaxial fatigue criteria should be revised and extended for much 

more complex loading conditions, e.g., random loading.  

b) The combined damage mechanisms between wear and fatigue should 

be taken into consideration.  

c) The acceleration influence of rain or lubricant on rail fatigue damage 

should be taken into account.  

d) The stochastic nature of the wheel to rail contact should be better 

modelled.  
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Prediction of crack initiation plane direction in high-cycle multiaxial
fatigue with in-phase and out-of-phase loading
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ABSTRACT A new method for predicting crack plane direction in high-cycle multiaxial fatigue is
proposed. This method considers material properties and loading conditions. Two
situations are considered: (i) in-phase loading, where the crack plane direction only
depends on the loading condition and material properties have little influence on it,
and (ii) out-of-phase loading, where the crack plane direction is affected by both loading
conditions and material properties. The prediction accuracy is assessed by comparison
with several experimental results, including different loading conditions and materials.
The results show that the proposed method provides a good prediction capability for
these experiments.

Keywords critical plane; high-cycle fatigue; material properties; multiaxial fatigue; phase
angle.

NOMENCLATURE y and q = material parameters in Liu criterion
g = angle between critical plane and fatigue plane in Liu criterion

τaf = fatigue limit in fully reversed torsion
σaf = fatigue limit in fully reversed tension

α, β, γ = Euler angles
WK = (time-dependent) weight functions
W = summation of the weights WK

âK ; b̂K ; ĉK = weighted Euler angles
σ1, σ2 = first and second principal stresses

ω = angle between the normal direction of loading plane and the normal
direction of the maximum principal stress plane

η = direction of crack initiation plane
ηin = direction of crack initiation plane for in-phase loading condition
ηout = direction of crack initiation plane for out-of-phase loading condition

τ = shear stress
σ = normal stress
γ = shear strain
ε = normal strain
μ = material parameter, = τaf/σaf

ωstress = angle between the normal direction of stress loading plane and the normal
direction of the maximum principal stress plane

ωstrain = angle between the normal direction of strain loading plane and the normal
direction of the maximum principal strain plane

E = Young’s modulus
G = shear modulus
ν = Poisson’s ratio
t = radial direction
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l = axial direction
z = circumferential direction
M = torque
T = bending moment
F = axial load
σu = ultimate tensile strength
mσ = coefficient depending on the slope m of the S–N curve for fully reversed

axial loading
mτ = coefficient depending on the slope m* of the S–N curve for fully reversed

torsion
σla, σta = biaxial loading stress amplitude
σlm, σtm = biaxial loading stress mean value

α = loading phase angle
ηexp = experimental direction of crack initiation plane

ηMcD = prediction result with McDiarmid criterion
ηNew = prediction result with the new method
ηLiu = prediction result with Liu criterion
τa = shear stress amplitude
σa = normal stress amplitude
εa = normal strain amplitude
γa = shear strain amplitude

ηCarp = prediction result with Carpinteri criterion

I NTRODUCT ION

Multiaxial loading is a very relevant loading situation for
mechanical components in regular operation, e.g.
bending–torsion, tension–torsion, biaxial tension, and
in-phase and out-of-phase loadings with different
waveforms of cyclic loading and random loading.

Because of the complexity and high cost of multiaxial
fatigue tests, uniaxial fatigue data are commonly used to
characterize multiaxial fatigue situations, or some simple
multiaxial fatigue tests are used to study multiaxial fatigue
damage. In order to simplify the study in multiaxial
fatigue situations, some methods based on equivalent
stress or strain parameters have been proposed, such as
the well-known Mises, Tresca and some others,1,2 which

are based on uniaxial fatigue test results. Although these
methods are usually able to predict multiaxial fatigue
damage in in-phase loading conditions, they are not
precise enough to study multiaxial fatigue damage in
out-of-phase loading conditions. The reason is that in
multiaxial fatigue damage, there are some parameters,
such as mean stress,3–6 stress ratio,7–9 material
properties,10,11 phase difference6,12,13 and temperature,7,
which can affect fatigue damage.

When materials are subjected to cyclic loading, the
direction of crack initiation plane is not random, but it
typically follows a certain plane, which can be called
critical plane, as illustrated in Fig. 1. The direction of
crack initiation plane depends not only on loading
conditions but also on material properties. It can be

Fig. 1 Crack planes for (left)1050 normalized steel under in-phase axial-torsion loading and (right) natural rubber under 90° out-of-phase
axial-torsion loading14
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observed experimentally and constitutes a plausible
measurable variable to ascertain the accuracy of the
various prediction models.

The criteria to predict multiaxial fatigue damage can be
classified according to the parameters used to characterize
the material and type of loading, i.e. stress, strain and
energy based criteria. Some reviews on the multiaxial
fatigue developments can be found in Refs [6,14,15]

Specifically, Socie16,17 suggests that the fatigue
damage criteria should be divided into two branches
based on the fatigue behaviour of different materials. If
fatigue damage of the material is dominated by mode II
propagation, a shear stress model should be used, while
a normal stress model should be used for mode I
dominated situations. Later, Fatemi and Socie12 account
for the influence of cyclic hardening on out-of-phase
loading. Within the framework of Fatemi-Socie,
Shamsaei et al.18–20 study the influence of hardness, path
alteration, sequence effects and discriminating strain
paths in multiaxial fatigue damage.

Susmel and Lazzarin21–23 put forward a stress-based
method in multiaxial fatigue, suggesting that the
maximum shear stress amplitude and the maximum
normal stress are required to revise the fatigue curves.
Later, Susmel24,25 studies the influence of the mean stress
on multiaxial fatigue, using the maximum variance
method to determine the orientation of the critical plane
in multiaxial fatigue,26 and then extending this theory to
variable amplitude multiaxial fatigue problems.27 Susmel
et al.28,29 used the theory of critical distances to study
fatigue damage, and used this method to evaluate the
multiaxial fatigue damage for plain, notched and welded
components and different loading conditions,30–34 and
to analyse the influence of mean stress and stress
gradients.35 Leidermark et al. use the same method to
predict the fatigue damage of notched components at
high temperature.36

In order to determine a representative direction to
evaluate fatigue damage, Carpinteri et al.37,38 choose the
three Euler angles to express the instantaneous principal
stress direction, and then, the critical principal direction
for evaluating fatigue damage is calculated by using an
appropriate weight function, which accounts for the
influence of the main factors on fatigue damage. Based

on the foundation of this work, Carpinteri and Spagnoli39

put forward an equivalent stress method to evaluate the
fatigue damage, in which maximum normal stress and
shear stress amplitude can be taken into account. In order
to consider the influence of the mean normal stress,
Carpinteri et al.40,41 modify this method by using an
equivalent stress instead of the maximum normal stress.
Carpinteri et al. also extend this method to study
multiaxial fatigue in welded joints and in low-cycle/
medium-cycle regime.42

Liu and Mahadevan43,44 also propose parameters
based on an equivalent stress or strain accounting for
the influence of material and mean stress (or strain).
Table 1 summarizes the coefficients in Liu and
Mahadevan criterion for predicting the fatigue damage.

Following the nomenclature in Refs [6,39], metals can
be divided into hard (brittle) and mild (ductile) materials,
based on the ratio of τaf (the fatigue limit in fully reversed
torsion) to σaf (the fatigue limit in fully reversed tension).
In particular, materials with τaf =σaf ≤=

ffiffiffi
3

p
are usually

known as ductile materials, whereas materials with
1=

ffiffiffi
3

p
≤τaf =σaf ≤1 are usually known as brittle materials.

For ductile materials, it is assumed that crack initiation
takes place following the maximum shear plane. For
brittle materials, cracks can also initiate along the sliding
planes in low-cycle fatigue when the stress is higher than
the yield limit, while the direction of the crack initiation
plane depends on the direction of the principal stress in
high-cycle fatigue for brittle materials. It has also been
reported (see, e.g. 7–9) that the direction of crack initiation
plane changes in tension–torsion tests, depending on the
ratio between torsional and axial strains. To predict the
direction of crack initiation plane, several researchers
have proposed different methods that can be divided,
according to the considered parameters, into principal
stress-based/strain-based methods,2,7,37–39,45,46 shear
stress-based/strain-based methods12,47 and cumulative
damage methods.48,49

In out-of-phase or non-proportional loading
conditions, the principal stress (or strain) axes change
with time. Then, to use the previous methods, it is
necessary (i) to select a representative orientation of the
principal axes and (ii) the definition of the parameters

Table 1 Calculation of coefficient in Liu criteria

Material property μ ¼ τaf
σaf

≤1 μ ¼ τaf
σaf

> 1

g cos 2g
� � ¼ �2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�4 1=μ2�3ð Þ 5�1=μ2�4μ2ð Þ

p
2 5�1=μ2�4μ2ð Þ

g = 0

y y = 0 y = 9(μ2� 1)
q q = [cos2(2g)μ2 + sin2(2g)]1/2 q =μ
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(e.g. stress and strain), which determine the direction of
crack initiation plane with respect to the principal axes.
Weight functions are used for this purpose, assuming
that the overall critical plane direction is a certain
weighted average of the instantaneous principal
directions. The critical plane direction is usually defined
through the Euler angles, which can be expressed in the
following form:

α̂K ¼ 1
W

∑
L

K¼1
αKWK ; (1)

β̂K ¼ 1
W

∑
L

K¼1
βKWK ; (2)

γ̂K ¼ 1
W

∑
L

K¼1
γKWK ; (3)

W ¼ ∑
L

K¼1
WK ; (4)

where α, β and γ are Euler angles corresponding to the
averaged principal stress or strain axes; Wk (k = 1,2,…L)
are the (time-dependent) weight functions and W is the
summation of the weights Wk; and L is the number of
time steps in the discretization procedure.

Other criteria are also possible to define the
representative orientation of the principal axes in
multiaxial loading conditions. For instance, in
McDiarmid’s criterion,46 the representative orientation
is defined as the orientation for which the maximum
principal stress achieves its greatest value during the cycle.

In this work, a new method to predict the direction of
crack initiation plane is proposed. The method assumes
that the materials are isotropic and homogeneous and
accounts for loading conditions and material properties.
The methods reviewed earlier are also used for
comparisons with the methodology proposed in this

paper. In the following sections, the new method is
detailed, and then, a comparison with experimental
results and with other models is presented to validate
the methodology.

PROPOSED METHODOLOGY TO EST IMATE THE
D IRECT ION OF CRACK IN I T IAT ION PLANE

The normal and shear stress components acting on a
particular plane of a specific position of the material point
can be represented by a specific point in Mohr’s circle. In
Fig. 2, the material planes corresponding to points P and
Q are perpendicular to each other; the shear stresses at
points P and Q are the same, but with opposite sign;
and the angle ω can be calculated easily.

The new proposed method for predicting the
direction of crack initiation plane considers the material
properties and loading conditions. The particular loading
condition is specified by the maximum principal stress
axis, which is affected by the phase angle of loading, the
ratio of shear stress to normal stress and the ratio
between the values of biaxial stresses. The influence of
the material properties is represented by the ratio
μ = τaf/σaf. The direction of the crack initiation plane, η,
for in-phase and out-of-phase loading conditions (ηin
and ηout, respectively Fig. 3 can be calculated as

ηin ¼ ω

¼ 1
2
arctan

2τ
σP � σQ

; for in-phase loading; (5)

ηout ¼ μ�ω
¼ μ� 1

2
arctan

2τ
σP � σQ

; for out-of-phase loading;

(6)

Fig. 2 Mohr’s circle representation of two points, P and Q, where stress planes are orthogonal.
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μ ¼ τaf
σaf

: (7)

According to Eqs (5) and (6), this method assumes that
in the case of in-phase loading, the material properties
have a negligible influence on the direction of the crack
initiation plane. However, for out-of-phase loading, the
ratio μ affects the direction of the crack initiation plane.
Therefore, the assumption in this method is that for in-
phase loading conditions, the influence of the material
(through the ratio μ) is not significant because the
direction of the maximum principal stress axis is not
changing during the cycle,. However, in out-of-phase
loading, the influence of the material is taken into
account because the direction of the maximum principal
stress axis is changing with time during the cycle. In this
case, for hard materials, the direction of the crack
initiation plane tends to follow the plane of the maximum
principal stress, whereas for ductile materials, the
direction of the crack initiation plane tends to deviate
from the plane of maximum principal stress and
approaches the maximum shear plane. The quantitative
assessment of this deviation from the maximum principal
stress plane through the material parameter μ in its

simplest form (just as a multiplying factor) constitutes
the main contribution of the method proposed in this
work. It can be seen that for in-phase loading condition
and also for very hard materials (μ = 1) in out-of-phase
loading, the direction of the crack initiation plane
predicted with the new method is the same as that given
by the McDiarmid criterion.

The previously mentioned methodology can be
extended directly to the case of experiments carried out
under strain control. As an example, consider the
common case of tension–torsion loading. Figure 4 shows
the stress and strain Mohr’s circles corresponding to this
loading condition. Assuming linear elasticity, the angles
ωstress and ωstrain (Fig. 4) can be calculated as

ωstress ¼ 1
2
arctan

τ
σP=2

; (8)

ωstrain ¼ 1
2
arctan

γ=2
εP 1þ νð Þ=2 : (9)

It is immediate to see that ωstress = ωstrain, using the
relationships εP = σP/E and γP = 2(1 + ν)τP/E, where E is
Young’s modulus and ν is Poisson’s ratio.

Fig. 3 (a) In-phase loading. (b) Out-of-phase loading. Illustration of the new method represented in the Mohr’s circle.

Fig. 4 (a) Stress Mohr’s circle and (b) strain Mohr’s circle.
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RESOLUT ION OF THE SPEC IAL CASES

In the case of uniaxial tension–compression loading
(Fig. 5a), the angle ω is always zero for all kinds of
materials. This is represented by the black point in the
figure. This means that the material properties have no
influence in this case. For uniaxial torsion loading, as
illustrated in Fig. 5b, for very hard material (μ = 1), the
angle ω is 45°, and for other materials, the angle ω is
45° multiplied by μ. For biaxial tension–compression
loading (Fig. 5c), the angle ω is zero. For biaxial tension
loading (Fig. 5d), the angle ω is zero.

In the case of very hard material (μ = 1), the results
for in-phase loading and out-of-phase loading are the
same for any loading condition; the direction of the
crack initiation plane is that corresponding to the
maximum principal stress. For extremely ductile
materials (μ = 0), the results for in-phase loading and
out-of-phase loading are also the same, with an angle
ω = 0. This means that the direction of crack initiation
plane is always the loading plane, but this case never
happens in practice.

COMPAR ISON OF THE NEW METHOD WITH
OTHER METHODS AND EXPER IMENTAL
RESULTS

To evaluate the accuracy of the proposed method, the
predicted values are compared with the results of several
experiments, namely those reported in Refs. [50–53]. In
these experiments, two sample geometries and three
loading conditions are studied: thin-walled tubes under
axial loading combined with internal pressure, round bars
under bending combined with torsion and round bars
under axial load combined with torsion. A schematic of
the experimental samples and loading conditions is
shown in Fig. 6. The tests are performed for six different
materials, under in-phase and out-of-phase loadings,
with different mean stress and different stress ratios.

In the experiments described in 50,51,53], the direction
of the crack initiation plane is defined as the angle
between the normal direction of the crack plane and the
axis of the thin-walled tubes or the axis of the round bars
(direction l in Fig. 6a). According to this definition, the
angle ω is constrained between 0° and 90°, irrespective

Fig. 5 Representation of special cases with the new method: (a) uniaxial tension-compression, (b) uniaxial torsion, (c) biaxial tension-
compression (d) biaxial tension.

Fig. 6 Experimental test pieces and loading conditions.
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of the sign of the angle. In the experiments performed in
Ref. [52], the direction of the crack initiation plane is
defined as the angle between the cross section of the
sample and the fatigue plane. According to this definition,
the angle ω is constrained between 0° and 180°. Because
of the definition of the angle in the experiments, the
calculation of ω in Eqs (5) and (6) should be modified as
Eqs (10) and (11).For in-phase loading:

ηin ¼ ω
¼ 1

2
arctan

2τj j
σP � σQ

σP≥σQ

¼ 1
2

arctan
2τj j

σP � σQ
þ π

� �
σP < σQ

8>>><
>>>:

: (10)

For out-of-phase loading:

ηout ¼ μ�ω
¼ μ�1

2
arctan

2τj j
σP � σQ

σP≥σQ

¼ μ�1
2

arctan
2τj j

σP � σQ
þ π

� �
σP < σQ

8>>><
>>>:

:

(11)

Table 2 shows the comparison for a low-carbon steel
with 0.35% C content, E = 210 GPa, ν = 0.29,
σu = 570.0 MPa, σaf = 215.8 MPa, τaf = 127.2 MPa,
mσ = 14.5 and mτ = 24.6. In these experiments, thin-
walled tubes were tested under axial loading combined
with internal pressure, phase differences (α) are 0° (in-
phase) and 180° (opposition). At the same time, the
influence of mean stress and the ratio between alternating
stress amplitudes in biaxial loading condition are studied.
The explanation of the different weight functions W1–

W5 is given in the Appendix.
The experiments summarized in Tables 3–5 used

round bars under combined bending and torsion, with
loading phase angles of 0°, 30°, 60° and 90°. In addition,
the influence of the ratio τa/σa was studied. The mean
stress is zero in all the experiments.

Table 3 shows the results of the comparison for a hard
steel with 0.51% C content, E = 200 GPa, ν = 0.3,

σu = 704.1MPa, σaf = 313.9MPa, τaf = 196.2MPa,mσ = 8.7
and mτ = 14.8.

Table 4 shows the comparison for mild steel with
0.15% C content, E = 200 GPa, ν = 0.3, σu = 518.8 MPa,
σaf = 235.4 MPa, τaf = 137.3 MPa, mσ = 18.2 and mτ = 20.

Table 5 shows the comparison for grey cast iron with
3.87% C content, E = 110 GPa, ν = 0.25, σaf = 96.1 MPa,
τaf = 91.2 MPa, mσ = 19.4 and mτ = 19.9.

In view of the results summarized in Tables 2–5, it is
apparent that for different materials and different
loading conditions, the predictions given by Carpinteri
criterion with weight function W3, McDiarmid criterion
and this new method are more accurate than the other
approaches (in particular, note that there is no error
between the predictions of these three methods and
experimental results in Table 2). Therefore, for a
further analysis of the error with these three methods,
defined as |ηcal� ηexp|, only the results of Tables 3–5
are analysed (Fig. 7). It can be seen that in general,
compared with Carpinteri criterion with weight
function W3 and McDiarmid criterion, this new method
provides a more accurate result (Fig. 7a–c), especially in
out-of-phase loading and not very hard materials. It can
also be noticed that only the predictions in test nos. 6,
11, 16 and 17 (Table 4) for mild steel have large
deviation from the experimental results. Test no. 6 is
under in-phase loading condition, whereas test nos. 11,
16 and 17 are under out-of-phase loading condition.
These cases deserve a more detailed analysis of the
results. Regarding test no. 6, note that the conditions
of test nos. 6 and 7 are almost the same (with very
different experimental output) and the experimental
observation in test no. 7 shows an excellent agreement
with the prediction. The same argument is also valid
to explain test. no. 11 (by comparison with test no. 10,
nominally identical but with different experimental
measurements); test no. 10 agrees very well with the
prediction. Finally, test nos. 16 and 17 are also almost
the same, but the observed experimental angle ranges
between 8 and 39°; the theoretical prediction in this
case gives 23°, which is the average of the two
experimental observations.

Table 2 Comparison of the new proposed method with results from Ref. [50]a

Test
no.

σla
[MPa]

σlm
[MPa]

σta
[MPa]

σtm
[MPa] σta

σla

α
[°]

ηexp
[°]

Carpinteri criterion with different weight functions [°]
ηMcD
[°]

ηNew
[°]W1 W2 W3 W4 W5

1 227.6 0.0 2.0 0.0 0.0 0 0 45 0 0 45 2 0 0
2 233.5 52.0 191.3 41.2 0.8 0 0 39 0 0 0 0 0 0
3 121.6 11.8 156.0 �7.8 1.3 0 90 70 73 90 90 90 90 90
4 171.7 �24.5 228.6 �11.8 1.3 0 90 90 90 90 90 90 90 90
5 155.0 79.5 118.7 0.0 0.8 180 0 37 22 0 0 0 0 0
6 6.9 0.0 224.6 �2.9 32.7 180 90 45 87 90 31 84 90 90

aPrediction results are in bold when error is less than 10°.
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Figure 7d shows the mean absolute error (which is the
total absolute error divided by the total number of tests) in
these three methods for the experiments in Tables 3–5;
these are 4.31 for Carpinteri criterion with weight

function W3, 4.15 for McDiarmid criterion and 2.39 for
the method proposed in this work. It can be seen that
the error in this new method is much smaller than in the
other two. The main reason is that in the McDiarmid

Table 4 Comparison of the new proposed method with results from [51]a

Test
no.

σa
[MPa]

τa
[MPa] τa

σa

α
[°]

ηexp
[°]

Carpinteri criterion with different weight functions [°]
ηMcD
[°]

ηNew
[°]W1 W2 W3 W4 W5

1 194.3 0.0 0.0 0 0 45 0 0 45 4 0 0
2 245.3 0.0 0.0 0 0 45 0 0 45 4 0 0
3 235.6 48.9 0.2 0 12 45 14 12 45 17 11 11
4 187.3 93.6 0.5 0 22 45 30 23 45 37 23 23
5 101.3 122.3 1.2 0 30 45 41 34 45 45 34 34
6 0.0 166.8 ∞ 0 8 45 45 45 45 45 45 45
7 0.0 142.3 ∞ 0 45 45 45 45 45 45 45 45
8 201.1 100.6 0.5 60 8 45 27 18 45 31 17 10
9 194.2 97.1 0.5 60 12 45 27 18 45 31 17 10
10 105.2 126.8 1.2 60 22 45 39 35 45 45 35 21
11 108.9 131.5 1.2 60 8 45 39 35 45 45 35 21
12 244.8 50.7 0.2 90 0 45 14 0 45 6 0 0
13 235.6 48.9 0.2 90 0 45 14 0 45 6 0 0
14 235.8 117.9 0.5 90 8 45 27 8 45 17 0 0
15 208.1 104.1 0.5 90 8 45 27 8 45 17 0 0
16 112.6 136.0 1.2 90 39 45 38 39 45 45 39 23
17 116.4 140.5 1.2 90 8 45 38 39 45 45 39 23

aPrediction results are in bold when error is below 10°.

Table 3 Comparison of the new proposed method with results from [51]a

Test
no.

σa
[MPa]

τa
[MPa] τa

σa

α
[°]

ηexp
[°]

Carpinteri criterion with different weight functions [°]
ηMcD
[°]

ηNew
[°]W1 W2 W3 W4 W5

1 353.2 0.0 0.0 0 0 45 0 0 45 5 0 0
2 327.7 0.0 0.0 0 0 45 0 0 45 3 0 0
3 344.3 71.3 0.2 0 12 45 14 12 45 17 11 11
4 308.0 63.9 0.2 0 12 45 14 12 45 15 11 11
5 274.7 137.3 0.5 0 23 45 30 23 45 33 23 23
6 255.1 127.5 0.5 0 22 45 30 23 45 30 23 23
7 162.9 195.7 1.2 0 35 45 41 34 45 44 34 34
8 141.9 171.3 1.2 0 34 45 41 34 45 43 34 34
9 0.0 255.6 ∞ 0 45 45 45 45 45 45 45 45
10 0.0 201.1 ∞ 0 45 45 45 45 45 45 45 45
11 255.1 127.5 0.5 30 16 45 28 22 45 28 22 14
12 264.9 132.4 0.5 30 16 45 28 22 45 29 22 14
13 142.0 171.2 1.2 30 32 45 40 34 45 43 34 22
14 152.4 183.9 1.2 30 23 45 40 34 45 44 34 22
15 255.1 127.5 0.5 60 8 45 27 16 45 21 17 11
16 364.9 132.4 0.5 60 8 45 27 16 45 22 17 11
17 147.2 177.6 1.2 60 22 45 39 35 45 44 35 22
18 157.7 190.3 1.2 60 23 45 39 35 45 45 35 22
19 344.3 71.3 0.2 90 0 45 14 0 45 7 0 0
20 308.0 63.9 0.2 90 0 45 14 0 45 6 0 0
21 294.3 147.2 0.5 90 0 45 27 12 45 15 0 0
22 264.9 132.4 0.5 90 0 45 27 12 45 13 0 0
23 162.9 196.7 1.2 90 25 45 38 37 45 45 39 25
24 152.5 184.2 1.2 90 28 45 38 38 45 45 39 25

aPrediction results are in bold when error is below 10°.
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criterion, although the loading conditions are
considered, the influence of the material properties is
ignored, so for different materials, the prediction is the
same for the same loading conditions. With regard to
Carpinteri criterion with weight function W3, even
though both loading conditions and material properties
are taken into account, it only considers the influence

of tensile material properties, while the influence of the
ductile and hard material property is missed. However,
in the proposed new method, the influence of ductile
and hard material property is taken into consideration.
At the same time, as the direction of the crack initiation
plane is also determined by the direction of the
maximum principal stress, which is affected by the ratio

(a)

(c) (d)

(b)

Fig. 7 Comparison of absolute errors: (a) Table 3, (b) Table 4, (c) Table 5 and (d) mean absolute errors between different methods. [Colour
figure can be viewed at wileyonlinelibrary.com]

Table 5 Comparison of the new proposed method with results from [51]a

Test
no.

σa
[MPa]

τa
[MPa] τa

σa

α
[°]

ηexp
[°]

Carpinteri criterion with different weight functions [°]
ηMcD
[°]

ηNew
[°]W1 W2 W3 W4 W5

1 103.0 0.0 0.0 0 0 45 0 0 44 0 0 0
2 93.2 0.0 0.0 0 0 45 0 0 45 0 0 0
3 95.2 19.7 0.2 0 12 45 14 12 45 12 11 11
4 83.4 41.6 0.5 0 25 45 30 23 45 23 23 23
5 56.3 68.0 1.2 0 34 45 41 34 45 34 34 34
6 0.0 98.1 ∞ 0 45 45 45 45 45 45 45 45
7 0.0 94.2 ∞ 0 49 45 45 45 45 45 45 45
8 93.7 46.9 0.5 60 16 45 27 18 45 18 17 16
9 67.6 81.6 1.2 60 33 45 39 35 45 35 35 33
10 99.6 20.6 0.2 90 0 45 14 0 45 2 0 0
11 104.2 21.6 0.2 90 0 45 14 0 45 2 0 0
12 97.1 48.6 0.5 90 0 45 27 8 45 8 0 0
13 75.1 90.6 1.2 90 39 45 38 39 45 39 39 37
14 71.3 86.1 1.2 90 37 45 38 39 45 39 39 37

aPrediction results are in bold when error is below 10°.
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between shear and normal stress amplitudes and by
loading phase difference.

Another set of experiments used to ascertain the
proposed method is taken from Ref. [52], where
multiaxial fatigue experiments under axial-torsional
loading are performed by using a steel with the chemical
composition shown in Table 6. Although the material
properties σaf and τaf are not provided in the paper, we
have assumed a ratio μ = 1, based on the reported
observations53 that the 5% chrome work roll steel is a
hard material and has exhibited brittle fracture under
monotonic and cyclic loading.

The comparison between models and experimental
observations for this material is summarized in
Table 7. The results indicate that the predictions of
this new method and those provided by the Liu’s
criterion are very similar, without significant
differences overall. In this case, the predictions of the
proposed method and those given by McDiarmid’s
criterion are the same, because we have assumed that
the ratio of τaf to σaf is 1. It can be noticed that there
are larger deviations from the experimental results in
test nos. 5 and 14 in Ref [52]. These two tests
correspond to out-of-phase loading conditions, and
this means that if we would change the assumption
that the ratio μ = τaf/σaf = 1, the prediction results
would be closer to the experimental ones. As the

material coefficient μ is not provided, we do not
analyse the absolute errors in this case.

Table 8 shows the results of biaxial fatigue
experiments of 1045 steel under in-phase and 90° out-
of-phase loading conditions and strain control.53 Again,
ηCarp represents the prediction result with Carpinteri’s
criterion by using W3, ηMcD is the prediction with
McDiarmid’s criterion and ηNew corresponds to the
present calculations. The 1045 steel is a low-carbon steel
(a soft material), and then, according to the definition in
Refs [6,39], we assume here that the ratio μ = τaf/σaf is
1=

ffiffiffi
3

p
, i.e. in the conventional boundary between hard

and ductile materials. Table 8 shows that the predictions
with the three methods are correct for in-phase loading
conditions. This is also true for out-of-phase loading
conditions and γa/εa≤ 1.1 (test nos. 21–26). However,
the three methods fail in test nos. 27–30. This
discrepancy is not well understood and deserves further
investigation and refinement of the models for high
values of the ratio γa/εa.

In order to have a better understanding of the fatigue
damage, the evolution with time of some relevant
magnitudes, namely normal stress, shear stress, maximum
principal stress and the angle ω, is represented in Figs 8
and Fig. 9, for the cases of biaxial loading and bending–
torsion loading respectively.

Figure 8a and b represents in-phase and 180° out-of-
phase conditions in biaxial loading. In both cases, when
the difference between the two principal stresses changes
the sign, there is a jump in the angle ω.

Figure 9a represents in-phase bending–torsion loading
condition. When the sign of shear stress changes, there is
a jump in both the angle ω and the slope of the maximum

Table 7 Comparison of the new proposed method with results from [52]a

Test No. σa MPa τa MPa τa
σa

α [°] ηexp [°] ηLiu [°] ηMcD [°] ηNew [°]

1 747 432 0.58 14 25 24 22 22
2 748 433 0.58 58 10 21 11 11
3 735 432 0.59 94 172 173 178 178
4 589 598 1.02 14 31 32 34 34
5 589 605 1.03 58 25 33 40 40
6 594 597 1.01 101 143 146 137 137
7 423 747 1.77 7 41 37 38 38
8 434 751 1.73 50 40 38 41 41
9 430 745 1.73 101 135 139 136 136
10 674 390 0.58 14 21 24 22 22
11 690 394 0.57 72 10 17 6 6
12 680 390 0.57 108 170 163 174 174
13 551 548 0.99 14 39 32 34 34
14 550 549 1.00 101 32 34 43 43
15 549 543 0.99 94 35 34 44 44
16 642 791 1.23 79 40 38 44 44
17 396 499 1.26 14 31 34 36 36

aPrediction results in bold when error below 10°.

Table 6 Chemical composition of 5% chrome steel [52]

Element C Si Mn P S Ni Cr Mo Cu

wt% 0.88 0.33 0.35 0.009 0.001 0.11 4.97 0.41 0.33

P R E D I C T I O N O F C R A C K I N I T I A T I O N P L A N E D I R E C T I O N 2003
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principal stress. As the shear and normal stress change in a
proportional manner in in-phase loading, ω is a constant
value if the sign of shear stress does not change. For
out-of-phase bending–torsion loading (Fig. 9b–d), it is
also found that when the sign of the shear stress changes,
there is an abrupt change in ω. The slope of the variation
in angle ω also depends on the changing rate of normal
stress. When the changing rate of normal stress is low,

the changing in angle ω is significant, and the opposite
is also true, the higher the changing rate of normal stress,
the lower the changing rate of ω. Obviously, the
instantaneous angle ω depends on the instantaneous ratio
of shear to normal stress. Although the phase angle in out-
of-phase loading can have some influence on the direction
of crack initiation plane, the most relevant parameter is
the instantaneous ratio of shear to normal stress.

Table 8 Comparison of the new proposed method with results from Ref. [53]a

Test no. εa γa
γa
εa

α [°] ηexp [°] ηCarp [°] ηMcD [°] ηNew [°]

1 0.144 0.075 0.521 0 11.38 9.58 10.92 10.92
2 0.214 0.114 0.533 0 11.05 9.78 11.14 11.14
3 0.415 0.222 0.535 0 9.72 9.81 11.18 11.18
4 0.211 0.115 0.545 0 11.64 9.98 11.37 11.37
5 0.943 0.515 0.546 0 10.67 10.00 11.39 11.39
6 0.131 0.139 1.061 0 19.02 17.63 19.61 19.61
7 0.191 0.204 1.068 0 19.48 17.72 19.70 19.70
8 0.140 0.150 1.071 0 19.36 17.79 19.75 19.75
9 0.374 0.403 1.078 0 17.82 17.86 19.83 19.83
10 0.190 0.205 1.079 0 19.00 17.87 19.85 19.85
11 0.374 0.405 1.083 0 18.13 17.93 19.90 19.90
12 0.876 0.945 1.090 0 17.89 18.00 19.99 19.99
13 0.145 0.310 2.138 0 27.83 27.46 29.35 29.35
14 0.264 0.565 2.140 0 26.86 27.50 29.36 29.36
15 0.098 0.210 2.143 0 28.82 27.53 29.38 29.38
16 0.145 0.311 2.145 0 27.93 27.51 29.39 29.39
17 0.261 0.563 2.157 0 26.83 27.62 29.46 29.46
18 0.643 1.403 2.182 0 27.21 27.77 29.61 29.61
19 0.144 0.614 4.264 0 34.39 35.36 36.52 36.52
20 0.037 0.406 10.973 0 41.12 41.11 41.62 41.62
21 0.410 0.213 0.520 90 0 0.26 0 0
22 0.212 0.116 0.547 90 0 0.26 0 0
23 0.192 0.205 1.068 90 0 0.51 0 0
24 0.192 0.206 1.073 90 0 0.51 0 0
25 0.137 0.149 1.088 90 0 0.44 0 0
26 0.371 0.408 1.100 90 0 0.51 0 0
27 0.147 0.307 2.088 90 0 34.48 35.12 20.26
28 0.100 0.213 2.130 90 0 35.24 35.65 20.57
29 0.146 0.311 2.130 90 0 35.24 35.65 20.57
30 0.264 0.565 2.140 90 0 35.83 35.70 20.60

aPrediction results are in bold when error is below 10°.

(a) (b)

Fig. 8 (a) In-phase biaxial loading (Table 2, test no. 4) and (b) 180° opposite phase biaxial loading (Table 2, test no. 5). [Colour figure can be
viewed at wileyonlinelibrary.com]
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CONCLUS ION

A new method for predicting the direction of crack
initiation plane is presented in this paper. The advantage
of this method is that bothmaterial properties and loading
conditions are taken into account, and the formulation is
very convenient for its numerical implementation. The
predictions obtained with the proposed method compare
very well with other models available in the literature,
with improvements in some cases, especially in out-of-
phase loading. Several experiments are used to ascertain
the accuracy of the new method, including the in-phase
and out-of-phase loadings (with different phase angle),
axial loading and internal pressure, bending and torsion,
and axial and torsion loading conditions. Moreover,
different mean stresses, stress ratios and materials are also
included in these experiments. As an example, for the
experiments in Refs [50,51], the mean absolute error is
2.39° with the new method, which is smaller than 4.31°
with Carpinteri’s criterion with weight function W3 and
4.15° with McDiarmid’s criterion.

The first reason for such a difference is that some of
the previous methods ignore the effect of material
properties and only consider the influence of loading
condition on the direction of crack initiation plane. Also,

although some other previous models take material
properties into consideration, they just consider the
influence of tension or shear properties separately, while
it is the ratio of shear to normal fatigue resistance (hard/
ductile material) the parameter that really affects the
direction of crack initiation plane. Based on the
comparison between the experimental observations and
the predictions obtained with the proposed method, it is
concluded that the methodology can be used with
confidence in multiaxial cyclic in-phase and out-of-phase
loadings with different materials.
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APPEND IX A

W 1 tð Þ ¼ 1:

This weight function is equivalent to the
arithmetic average of principal stress directions. It
means that the influence of each discrete stress

state on the representative principal axes
orientation is the same.

W 2 tð Þ ¼ σ1 tð Þ � σ1;min

σ1;max � σ1;min
:

In weight functionW2, in addition to the instantaneous
principal stress, σ1(t), the influence of the maximum
and minimum first principal stresses, σ1 , max and σ1 ,
min, along the cycle, is taken into account. It can be seen
that the higher the first principal stress σ1(t), the higher
the effect on the weight direction. The weight function
ranges from 0 to 1.

W 3 tð Þ ¼
0 if σ1 tð Þ < cσaf
σ1 tð Þ
σaf

� �mσ

if σ1 tð Þ ≥cσaf
0 < c ≤ 1

8><
>: :

In weight function, W3, there is an empirical constant
coefficient c, which is assumed to be 0.5 here. It can be
seen that the influence on weight direction is
calculated only when the first principal stress is bigger
than the product between c and σaf. It assumes that low
stresses have no influence on fatigue damage. Above
this threshold value, the effect of stress on W3 follows
a power law.

W 4 tð Þ ¼
0 if τmax tð Þ < cτaf
τmax tð Þ
τaf

� �mτ

if τmax tð Þ ≥ cτaf
0 < c ≤ 1

8><
>: :

Weight function W4 is the counterpart of W3, using
shear stresses instead of normal stresses.
Finally, the weight function W5 is defined as

W 5 tð Þ ¼

0 if σ1 tð Þ < cσαf and τmax tð Þ < cταf
τmax tð Þ
ταf

� �mτ

if σ1 tð Þ < cσαf and τmax tð Þ ≥ cταf
σ1 tð Þ
σαf

� �mσ

if σ1 tð Þ < cσαf and τmax tð Þ < cταf

σ1 tð Þ
σαf

� �mσ

þ τmax tð Þ
ταf

� �mτ

if σ1 tð Þ < cσαf and τmax tð Þ ≥ cταf

8>>>>>>>>>>><
>>>>>>>>>>>:

:

It can be seen that the weight functionW5 is the linear
combination of weight functions W3 and W4.
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A new approach for the definition of the critical plane and a new energy-based multiaxial fatigue param-
eter are proposed in this work. The normal strain energy and shear strain energy on two orthogonal
material planes are used to predict fatigue damage in multiaxial fatigue loading. The influence of the
Poisson effect, mean normal strain energy and the different contribution of the compressive and tensile
normal strain energies are accounted for. An energy-based parameter is defined which explains the dif-
ferent effects of the total strain energy on different material directions. Experimental data are used to val-
idate the capabilities of this new multiaxial fatigue parameter, including 10 materials and 33 loading
paths, which cover most of the commonly used loading conditions in multiaxial fatigue tests. The results
show that the proposed multiaxial fatigue parameter gives good predictions (within a life factor of two)
for most of these materials and loading paths.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Fatigue is one of the most common types of mechanical failure
in components used in many engineering applications. Very fre-
quently, these components undergo multiaxial fatigue loading,
which is more complex to analyze than uniaxial fatigue. For exam-
ple, the changing in the amplitude or direction of principal stress or
strain in multiaxial fatigue can lead to material hardening [1,2].
What is more, there are many factors that affect multiaxial fatigue
damage, e.g., loading path, surface condition, heat treatment,
material properties, residual stresses, internal defects, environ-
ment temperature and humidity, etc. In the recent decades, much
work has been carried out in the scientific and technological com-
munity in multiaxial fatigue. However, until now, there is not a
well-accepted multiaxial fatigue criterion that can be used for all
loading conditions and materials.

In general, the multiaxial fatigue criteria can be divided into
three categories: (i) stress-based criteria (see, for example, Macha
criterion [3], Carpinteri and Spagnoli (CS criterion) [4,5], Susmel
and Lazzarin (SL criterion) [6,7], Liu and Mahadevan (LM criterion)
[8,9]); (ii) strain-based criteria (see, for instance, Brown and Miller
(BM criterion) [10], Kandil, Brown and Miller (KBM criterion) [11],
Fatemi and Socie (FS criterion) [12–18], Wang and Brown (WB cri-
terion) [19,20]); and (iii) energy-based criteria (for example, Smith,
Watson and Topper (SWT criterion) [21,22], Ellyin criterion
[23–26], Garud criterion [26], Leis criterion [28], Glinka criterion
[29], Banvillet criterion [30], Varvani-Farahani (VF criterion)
[31–35], Chen, Xu and Huang (CXH criterion) [36–40]). For both
high cycle and low cycle fatigue, the fatigue process is driven by
plastic deformation, the difference between high cycle fatigue
(HCF) and low cycle fatigue (LCF) is the scale to which plastic
straining is constrained. For instance, for HCF, plasticity is
restrained to the micro-scale, whereas for LCF plasticity can be
observed in the mesoscopic scale. Typically, stress-based criteria
are used in high cycle fatigue, and strain-based criteria are mainly
used in low cycle fatigue (these criteria can also be used in high
cycle fatigue). Finally, energy-based criteria are gaining popularity
in recent years, because material tends to go from high energy to
low energy states, and fatigue failure seems to correlate well with
total energy parameters. Moreover, as both stress and strain
components are included in energy-based parameters, the phe-
nomenon of material cyclic hardening can be considered. Energy-
based criteria can be used in both high cycle and low cycle fatigue
problems. Some reviews of the multiaxial fatigue criteria are pre-
sented by Beaver [41], You and Lee [42], Fatemi and Shamsaei
[43], Karolczuk and Macha [44], Macha and Sonsino [45].

A major problem in multiaxial fatigue damage is the determina-
tion of the direction of the so-called critical plane. Experimental
observations indicate that, under multiaxial fatigue loading, the
direction of the crack initiation plane is not random; on the con-
trary, it rather follows a certain well-defined plane, see Fig. 1. It

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijfatigue.2017.07.018&domain=pdf
http://dx.doi.org/10.1016/j.ijfatigue.2017.07.018
mailto:clu@ceit.es
mailto:se7en_luchun@163.com
http://dx.doi.org/10.1016/j.ijfatigue.2017.07.018
http://www.sciencedirect.com/science/journal/01421123
http://www.elsevier.com/locate/ijfatigue


Fig. 2. Crack mechanism for shear failure material [12].
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has to be pointed out that the direction of the critical plane
depends not only on the loading conditions, but also on material
properties. Because of this experimental observation, the critical
plane concept has been used by many researchers [46–50].

Many multiaxial fatigue criteria are presented combining the
critical plane concept with stress-based or strain-based criteria.
The direction of the critical plane is usually defined as that corre-
sponding to the maximum range (or amplitude) of the shear or
principal strain or stress, according to the failure mode or crack ini-
tiation mechanism. Then, some representative parameters, such as
normal or shear stress or strain on this critical plane are chosen to
establish the fatigue parameter and predict multiaxial fatigue
damage. Some failure mechanism can be used to justify the fatigue
damage parameter in stress-based or strain-based criteria with the
critical plane concept. For example, according to Socie and Marquis
[12], see Fig. 2, for a shear failure material, the critical plane can be
defined as that corresponding to the maximum shear strain range;
the tensile normal components on this plane can help to accelerate
fatigue damage, and, on the contrary, the compressive normal
components can slow down fatigue damage.

Many energy-based criteria have been proposed [21–40,51–55].
For example, some energy-based criteria use the total strain
energy, elastic strain energy, plastic strain energy, dilatation
energy, distortion energy, shear energy or normal energy to predict
multiaxial fatigue damage. An inherent problem in energy-based
methods is that energy is a scalar magnitude and, therefore, it is
not able by itself to explain the existence of a critical plane, for
instance, which requires an orientation-informed approach. Or, in
other words, there is no distinction among the strain energies on
different material planes. However, according to the experimental
observations, the direction of crack initiation always follows a cer-
tain plane. This means that the parameter to be used in the predic-
tion of fatigue damage should depend on the direction of the
material plane, or at least we should be able to define the direction
of this certain plane.

In energy-based criteria, the critical plane is always defined as
that corresponding to the maximum amplitude (or range) of the
shear or normal strain or stress. Then the normal energy or shear
energy or the summation of normal and shear energies is used to
predict fatigue damage. Therefore, the definition of the direction
of the critical plane is the same as that used in the stress-based
or strain-based criteria, to overcome the weak point of energy-
based criteria.
Fig. 1. Crack planes for 1050 normalized steel under in-phase axial-torsion loading
In this work, a new approach for the definition of the critical
plane and a new energy-based multiaxial fatigue parameter are
proposed. The approach is based on the evaluation of normal and
shear strain energies on every pair of orthogonal planes, and can
be used in cyclic loading for different materials and loading paths.
An energy parameter is used to define the different effect of the
total strain energy on different material planes. A failure mecha-
nism that considers the influence of the Poisson effect is presented
in this new energy-based multiaxial fatigue parameter. Experi-
mental data, including as many as 10 different materials and 33
different loading paths, are used to validate the approach and to
show the excellent predictive capabilities of the proposed fatigue
parameter.
2. A new energy-based fatigue parameter

To start with the analysis, we consider the simple example of a
specimen subjected to cyclic normal and shear stresses, r and s,
respectively, with sinusoidal waveform and phase angle a, i.e.,
r ¼ ra sinð2pt=TÞ and s ¼ sa sinð2pt=T � aÞ, where t is time and
T is the period of the cycle. Assuming isotropic linear elasticity
(with Young’s modulus E, Poisson’s ratio m and shear modulus G),
and calling WN and WS the normal and shear strain energy densi-
ties, respectively, we define normal and shear strain energies, EN
and ES, for convenience as EN ¼ 2WN ¼ r2=E and
ES ¼ 2WS ¼ s2=G ¼ 2ð1þ mÞs2=E. These definitions, corresponding
to uniaxial and shear loading, respectively, can be extended to
the case of general multiaxial loading using all normal and shear
(left), natural rubber under 90� out-of-phase axial-torsion loading (right) [43].
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components of the stress (rij) and strain (eij) tensors, i.e.,
EN ¼ r11e11 þr22e22 þr33e33 and ES ¼ r12c12 þr13c13 þr23c23,
with cij ¼ 2eij. Now consider the particular case where

ra ¼ sa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ mÞp

and a ¼ 90�. Fig. 3 shows that the normal and
shear stress and strain change during cycling, as well as the normal
and shear strain energies, EN and ES. However, the total strain
energy is constant during the cycle, see Fig. 3(c). The fatigue dam-
age should not be modeled by a parameter that keeps constant in
time because fatigue damage still accumulates in this situation,
with mechanisms that are different to those acting in a static load-
ing condition represented by the same value of the parameter.

Now we focus on the total strain energy in a specimen sub-
jected to axial and torsional loading, which is a common experi-
mental loading condition in multiaxial fatigue tests. The total
strain energy can be calculated as the sum of the normal and shear
loading work (it can also be viewed as the normal and shear strain
energy on the loading plane), i.e.,

ET ¼ ENT þ EST ¼ rAeA þ sAcA ð1Þ

where ET is the total strain energy, ENT and EST are the normal and
shear energies on the loading plane, respectively, or normal and
shear loading work; rA, sA and eA, cA are the normal and shear load-
ing stress and strain, respectively. The Mohr’s circles of these stress
and strain states are sketched in Fig. 4(a) and (b); the stress state on
the loading plane is shown in Fig. 4(c). It can be noticed that the
normal stress component on the plane orthogonal to the loading
Fig. 3. The changing of stress, strain and energy during one cycle. (a) Normal and shea
illustrating purposes, the following values have been used in the plots: sa ¼ 100 MPa, r
plane is zero in this case, so there is no normal strain energy contri-
bution on the orthogonal plane.

But in fact, the total strain energy given in Eq. (1) is a particular
case of loading. In a more general case, both the normal and shear
loading work or strain energy in Eq. (1) should be divided into two
parts:

ET ¼ EN þ ES ¼ ðrAeA þ rBeBÞ þ ðsABeAB þ sBAeBAÞ ð2Þ
where EN and ES are the normal and shear strain energy, respec-
tively, which are composed of the normal and shear strain energy
on the two orthogonal planes. rA;B, eA;B and sAB;BA, eAB;BA are the nor-
mal and shear stress and strain on the two orthogonal planes A and
B, see Fig. 4. It has to be pointed out here that the shear strain on the
two orthogonal planes is the same, but because we define the fati-
gue parameter in the two orthogonal planes, it is convenient, for
further discussion, to separate the shear strain cA in two parts eAB
and eBA. In Fig. 4(c), rB is equal to 0, and eAB ¼ eBA ¼ 1

2 cA. A more gen-
eral situation is depicted in Fig. 4(d), which corresponds to an anti-
clockwise rotation h of the material plane up to the two orthogonal
planes A’ and B’. The corresponding stress and strain Mohr’s circles
are depicted in Fig. 4(a) and (b). In this case, the total strain energy
can be calculated as

ET 0 ¼ EN0 þ ES0 ¼ ðrA0eA0 þ rB0eB0 Þ þ ðsAB0eAB0 þ sBA0eBA0 Þ ð3Þ
where EN0 and ES0 are the normal and shear strain energy, which are
composed of the normal and shear strain energy on the two orthog-
r stress, (b) normal and shear strain, (c) normal, shear and total strain energy. For
a ¼ 100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ mÞp

MPa, E = 210 GPa, m = 0.3, a = 90�.
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rotation h from the loading plane.
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onal planes. rA0 ;B0 , eA0 ;B0 and sAB0 ;BA0 eAB0 ;BA0 are the normal and shear
stress and strain on the two orthogonal planes A0 and B0. In order
to simplify the discussion, it will be assumed that the material is
elastic. It is clear that the sum of the normal and shear strain ener-
gies on any pair of two orthogonal planes is a constant, i.e., ET ¼ ET 0

while the contribution of each energy component (normal or shear)
to the total strain energy changes with the direction of the orthog-
onal planes, i.e., EN – EN0 , ES – ES0 . An example is given in Fig. 5 for
the case of in-phase tension and torsion loading. Fig. 5 shows the
energies as a function of the orientation of the orthogonal planes
when the normal and shear loading reach the maximum value.
The summation of the normal and shear strain energies on the
two orthogonal planes is constant but the proportion of each com-
ponent changes with the orientation of the planes. The key point
Fig. 5. Example showing the variation of the normal and shear strain energies on
the two orthogonal planes and the constancy of the total strain energy. Case of in-
phase tension-torsion loading with E = 210 GPa, m = 0.3, e = c = 1% (peak values of
normal and shear strains).
here is that we need the stress and strain components in any couple
of two orthogonal planes to compute the total strain energy.

Based on the analysis above, we can define an energy-based
fatigue parameter taking into account the contribution of the nor-
mal and shear strain energy on the two orthogonal planes. For this
purpose, we define a parameter w that quantifies the ratio of the
normal strain energy to the total strain energy. The range of w is,
therefore, from 0 to 1. In this way, the above-mentioned drawbacks
of the energy method can be overcome.

In this work, the direction of the critical plane is computed as
follows. First, we should define the plane most prone to damage
(the damage plane) at a certain time instant during the fatigue
cycle, see Fig. 6. Fig. 6(a) shows the stress (or strain) state in the
principal directions. As there is no shear loading in these direc-
tions, the strain energy is only due to the normal components on
the two orthogonal planes; the final deformed state in these direc-
tions is sketched with the thick dotted line, while the thin line rep-
resents the most likely damage plane. Fig. 6(b) corresponds to the
maximum shear direction; both the normal and shear components
on the two orthogonal planes contribute to the strain energy. Fig. 6
(c) represents the stress (strain) state in an arbitrary direction
between the principal and the maximum shear direction; in this
case, the direction of the most probable damage plane depends
on both the shear and normal components of strain energy on
the two orthogonal planes. Even though the direction of the fatigue
initiation plane depends on the loading conditions and material
properties, we assume here that the direction of the most likely
damage plane at a certain time instant is the direction where
w = 1. This is a simplification based on the observation that the
maximum principal stress is the most important parameter affect-
ing the direction of the crack initiation plane [4,63,64]. So here we
assume that the most damaging plane is the plane where w = 1,
and ignore the influence of the material, as the main focus of this
work is on the definition of a new energy-based fatigue parameter.
In particular, as two orthogonal planes are specified which fulfill
this requirement, the damage plane at that time instant is defined
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as the one corresponding to the maximum principal strain energy.
During the loading process, the critical plane is defined as that of
the most damaging planes (w = 1) along the cycle (0 6 t 6 T)
where the range of the normal strain energy is maximum.

In addition, we will distinguish between normal strain energies
generated under tensile or compressive stresses. In order to have
an intuitive comparison, we introduce the negative sign ‘‘�” when
the normal strain energy is compressive (although the strain
energy is always positive). This is illustrated in Fig. 7, which shows
the normal strain energy on the principal plane under uniaxial
+

-

Rn(no sign)

Ry(sign) 

Fig. 7. Comparison between normal strain energy with and without sign.
loading conditions. It is clear that if no distinction is made between
the compressive and tensile normal strain energies, the range of
the normal strain energy is Rn, which turns into Ry when ‘‘the sign”
is taken into account.

Based on the analysis above, among the different possible
decompositions of the total strain energy, in this work, we will
describe the total energy as the summation of the normal and
( ) ( )

( )

Fig. 8. Fatigue failure mechanism for the new energy-based method.
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shear strain energies on two orthogonal planes. In addition, the
fatigue damage is not only affected by the normal and shear strain
energy components on one material plane, because due to the Pois-
son effect, the normal and shear strain energy on the orthogonal
Fig. 9. Different lo
planes should also be considered in the fatigue assessment. The
fatigue failure mechanism for this new energy-based method is
sketched in Fig. 8, where the point line represents the final direc-
tion of the fatigue initiation plane. It is reasonable to assume that
ading paths.



Table 1
Mechanical properties of materials used for validation.

Material Young’s modulus (GPa) Yield strength (MPa) Poisson’s ratio Axial cyclic Torsion cyclic

K (MPa) n K (MPa) n

16MnR steel [56] 212.5 337.9 0.31 1106 0.186 535.5 0.15
SNCM630 [37] 196 951 0.273 1056 0.054 592 0.05
TC4 [57] 108.4 942.5 0.25 1031 0.0478 446.7 0.016
Pure titanium [18] 112 475 0.4 668.8 0.0515 480.9 0.103
Inconel 718 [58] 208.5 1160 0.3 1530 0.073 860 0.079
304 stainless steel [58] 183 325 0.3 1660 0.287 785 0.295
Haynes 188 [60] 170.2 268 0.321 891 0.113 589 0.142
1Cr-18Ni-9Ti [61] 193 310 0.3 1115 0.1304 1053 0.13
Austenite 102 [61] 167 270 0.3 976 0.1297 1078 0. 1303
45 steel [62] 190 370 0.3 880.5 0.14 514 0.155

(a) 16MnR steel                                                     (b) SNCM630 

(c) TC4                                                           (d) Pure titanium         

(e) Inconel 718                                               (f) 304 stainless steel 

Fig. 10. Prediction results. See Fig. 8 for the meaning of the inserts in the plots.
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(g) Haynes 188                                        (h) 1Cr-18Ni-9Ti           

(i) Austenite 102  (j) 45 steel                         

Fig. 10 (continued)
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the loading on the fatigue initiation plane, which is represented by
f ðr1Þ, has a significant contribution to the fatigue damage (Fig. 8,
left). But also, as shown in the right of Fig. 8, the loading on the
orthogonal plane, represented by f ðr2Þ, can have an effect on the
fatigue damage, because of the Poisson effect. Based on these argu-
ments, the fatigue parameter, FP, is defined as a function of the
form

FP ¼ f ðEN1; EN2; ES1; ES2Þ ð4Þ
where EN1, EN2, ES1 and ES2 are the normal and shear energy compo-
nents on the two orthogonal planes, respectively. Following the idea
sketched in Fig. 7, the negative sign ‘‘�” is also introduced in shear
strain energy. At the same time, as the normal strain energy can be
divided into tension and compression energies, and because tensile
normal energies are more damaging than the compressive ones, the
influence of the tension and compression components should be
considered separately. On the contrary, the effect of shear strain
energy is independent of the direction of the shear stress. Conse-
quently, we propose a new energy fatigue parameter defined as

FP ¼ ð1� aÞEN1max � aEN1min þ bðð1� aÞEN2max � aEN2minÞ
þ cðES1max � ES1min þ ES2max � ES2minÞ ð5Þ

where a, b and c are material-dependent parameters. a is the coef-
ficient representing the influence of the tensile and compressive
components of the normal strain energy. Because compressive load-
ing is not as damaging as tensile loading, it is reasonable to assume
that a 6 0:5, indicating that the compressive normal strain energy is
not as damaging as the tensile normal strain energy. What is more,
when the coefficient a is equal to 0.5, the normal strain energy com-
ponent is equal to the amplitude of the normal strain energy; this
means that the mean normal strain energy on the critical plane
has no influence on the fatigue damage. However, when a is less
than 0.5, the influence of the mean normal strain energy on the
critical plane is taken into account. It has to be pointed here that,
no matter the value of a, the mean stress/strain of the loading is
reflected by the energy components in the fatigue parameter.
The parameter b represents the influence of the Poisson’s effect
of the normal strain energy on the orthogonal plane. Finally, c is
the coefficient representing the influence of the shear strain
energy. The procedure to calculate a, b and c is as follows. First,
data from the uniaxial loading condition are used as the baseline
to estimate a and data from torsion loading condition are used
to correlate with the baseline and get the initial value of b. Then
the initial value of c can be obtained by correlation with the data
from multiaxial loading conditions. Finally, the values of a, b and c
for a certain material can be settled with the best correlation. It is
important to notice that this approach allows considering non-
proportional loading, as any phase-angle between the different
stress components can be accounted for in the proposed energy-
based parameter. This will also be addressed in the final discus-
sion of the paper.
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In order to account for elastic-plastic material behavior and cyc-
lic hardening in the energy computations, we assume a Ramberg-
Osgood law to describe the cyclic stress-strain relationship,

ee ¼ re

E
þ re

K

� �1=n
ð6Þ

where E is the Young’s modulus, K is the corresponding cyclic strain
hardening coefficient and n is the cyclic strain hardening exponent;
ee and re are the equivalent strain and stress, respectively, which
are defined as:

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 þ c2=3

q
ð7Þ
                         (a) 16MnR steel                          

(c) TC4                                  

(e) Inconel 718                          

Fig. 11. Comparison of the predicted
re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 3s2

p
ð8Þ
3. Experimental validation and discussion

To assess the capabilities of the proposed multiaxial fatigue
parameter, a huge amount of experimental results available in
the bibliography have been used [37,18,56–62]. These experimen-
tal data cover 10 different materials and 33 loading paths. The dif-
ferent loading paths of these experiments are shown schematically
in Fig. 9 in terms of normal and shear strain plots. Most of the com-
monly used loading conditions in multiaxial fatigue tests are cov-
                           (b) SNCM630

                         (d) Pure titanium        

                     (f) 304 stainless steel

life and the experimental life.



(g) Haynes 188                                        (h) 1Cr-18Ni-9Ti           

(i) Austenite 102  (j) 45 steel        

Fig. 11 (continued)
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ered in these experiments. The specimens used in the experiments
include solid cylindrical, solid shafts and tubular. The chemical
composition and heat treatment of the materials, the test machine,
test control system, data acquisition system, loading frequency,
etc. can be found in [37,18,56–62]. The mechanical properties of
the materials used for validation in this paper are summarized in
Table 1.

Fig. 10 shows the correlations of the proposed fatigue parame-
ter with the fatigue life for the 10 materials listed in Table 1 and for
very different loading conditions (the insert in each plot refers to
the loading paths detailed in Fig. 9). It is apparent that the predic-
tion results are excellent in all cases, both in the high cycle fatigue
and low cycle fatigue regions. The only exception is the higher
scatter in the case of Austenite 102, see Fig. 10(i), which has been
also reported in other works using different approaches [61]. In
order to have a direct evaluation of the new method, the compar-
ison between the predicted life and the experimental life is shown
in Fig. 11. Based on the plots in Fig. 10, we predict the life with the
following equation:

FP ¼ Að2NÞB þ Cð2NÞD ð9Þ

where A, B, C and D are material parameters, independent of the
loading path. Fig. 11 shows that life predictions are within a factor
of two, compared with the experimental measurements, for pure
titanium, Inconel 718, 304 stainless steel, 1Cr-18Ni-9Ti and 45 steel.
For 16MnR steel, SNCM630, TC4 and Haynes 188, most of the points
fall within the life factor of 2; only a few points fall in the interval
between life factors of 2 and 3. Only two data points for Austenite
102 are out of a life factor of 3.

In order to gain a better understanding of the proposed fati-
gue parameter, some examples showing the variation of the nor-
mal and shear strain energy on the two orthogonal planes
(associated with the critical plane) in one cycle are given in
Fig. 12. The material used in Fig. 12 is Inconel 718 [58], see
Table 1. To save space, only the results of reversed uniaxial
(loading path A), reversed torsion (loading path B), in-phase
(loading path C), 90� out-of-phase (loading path N) and loading
path K are presented to show the evolution with time of the nor-
mal and shear strain energy on the two orthogonal planes (i.e.,
including situations of non-proportional loading). The waveform
is triangular, apart from the one in 90� out-of-phase (loading
path N), which is sinusoidal. Here we include the negative sign
‘‘�” discussed above to separate the normal and shear strain
energy components into different directions. For normal strain
energy, the positive sign means that the strain energy is tensile,
while the negative sign means that the strain energy is compres-
sive. The positive and negative parts in shear strain energy
means different directions of the shear stress.

With this sign convention, Fig. 12(a) shows that the normal
strain energy on plane 1 changes from tensile to compressive
during one cycle, the tension and compression amplitudes being
the same. The normal strain energy on plane 2 is always zero
during one cycle, as well as the shear strain energy on planes
1 and 2. In Fig. 12(b), the normal strain energy on planes 1
and 2 has the same value at all time instants, but with opposite
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sign, according to our convention. The tension and compression
amplitudes are the same in both plane 1 and plane 2. The shear
strain energy on both planes is zero during the whole cycle. In
Fig. 12(c), the normal strain energy on plane 1 has the same
amplitude in tension and compression (the same happens on
plane 2), but unlike the reversed torsion condition, the ampli-
tudes on planes 1 and 2 are not the same. The shear strain
energy on planes 1 and 2 has the same amplitude along the
cycle, but in different direction. This is because the shear stress
on the two orthogonal planes has the same value but different
directions. The amplitude of the shear strain energy is smaller
than that of the normal strain energy. In Fig. 12(d), the normal
strain energy on plane 1 also changes from tension to compres-
(a) Reversed uniaxial (loading path A), 
energ

(b) Reversed torsion (loadin

(c) In-phase (loading path C),

Fig. 12. Variation of the normal and shear strain energ
sion during the cycle, and the tension and compression ampli-
tudes are the same, which is also true for the normal strain
energy on plane 2. However, the amplitudes of the normal strain
energies on planes 1 and 2 are different and, in addition, there
is a phase difference between them. With regard to the shear
strain energies on planes 1 and 2, as in Fig. 12(d), they have
the same amplitude, which is very high compared with the
cases in Fig. 12(a)–(c). Finally, in Fig. 12(e), the variation of
the normal strain energy is different from that in Fig. 12(a)–
(d); the normal strain energy on planes 1 and 2 changes from
tension to compression during the cycle, but the tension and
compression amplitudes are not the same. Regarding the shear
strain energy in Fig. 12(e), unlike the other cases in Fig. 12
, left: normal strain energy, right: shear strain 
y

g path B),

y on the two orthogonal planes during one cycle.



(d) 90° out-of-phase (loading path N),

(e) Loading path K,

Fig. 12 (continued)
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(a)–(d), the direction of the shear strain energy does not change
during the cycle.

4. Conclusion

In this work, we present a proposal for the definition of the crit-
ical plane in fatigue and a new energy-based multiaxial fatigue
parameter, which is defined in terms of the normal and shear
strain energy densities on the two orthogonal planes associated
with the critical plane. The proposed fatigue parameter accounts
for the influence of Poisson’s effect, mean normal strain energy
and the different contributions of tensile and compressive normal
strain energies to fatigue damage. In addition, the approach allows
distinguishing the different effect of the total strain energy on dif-
ferent directions, even though the total strain energy density is a
scalar. Many experimental data have been used to assess the capa-
bilities of this new energy-based multiaxial fatigue parameter to
predict fatigue life, including 10 different materials and 33 loading
paths, which cover most of the commonly used loading conditions
in multiaxial fatigue tests. The results show that the proposed fati-
gue parameter provides very good predictions for almost all these
materials and loading paths. Most predictions lie within a life fac-
tor of 2 and the rest are within a life factor of 3, except two data
points of Austenite 102.
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A B S T R A C T

A new multiaxial fatigue criterion is proposed that takes into account the influence of material properties and
loading conditions on the direction of the critical fatigue plane. Poisson’s effect, normal and shear strain en-
ergies, both elastic and plastic, and material hardening can be taken into account in this criterion. Ten different
materials subjected to various loading paths with different test-sample geometries are used to validate the
capabilities of the proposed approach. The comparison with other commonly used energy-based criteria is also
presented. The results show that the proposed criterion provides very good predictions for all the analysed
materials and loading conditions (within a factor of two) used in this work. The error in life prediction with the
present approach also compares favourably with respect to other criteria available in the literature.

1. Introduction

Life prediction in multiaxial fatigue is one of the very important
fields in engineering research. A better understanding of the multiaxial
fatigue damage can help to improve not only the economic efficiency
but also the security of components and structures. Compared with
uniaxial fatigue a number of variables appear under multiaxial fatigue
conditions, i.e., the changing of the loading direction, the amplitude,
the stress ratio and the loading path. All of them can lead to a more
complex material response, which make the prediction of the multiaxial
fatigue life much more challenging than that in uniaxial fatigue. Even
though there are some physical interpretations, based on failure me-
chanisms, trying to explain multiaxial fatigue damage [1,2], further
research into the multiaxial fatigue failure mechanisms is still urgently
needed in order to gain a real predictive capability in engineering de-
sign, as there is not a well-accepted multiaxial fatigue criterion which
can be used universally [2].

There are several important issues in the analysis of multiaxial fa-
tigue, for example, the prediction of the fatigue plane direction, the
selection of an adequate fatigue parameter to predict the fatigue da-
mage, the accurate description of the stress-strain response and the
choice of an appropriate cycling counting method. Many criteria have
been proposed in an attempt to predict multiaxial fatigue damage. In a
very wide classification, these methods can be divided into stress/strain
and energy-based methods. Very recently, reported research suggests
that fatigue failure can be well correlated with energy-based para-
meters [2]. In addition, as both the stress and strain components are

included in the energy parameters, the elastic-plastic properties and
material hardening characteristics can also be well reflected in energy-
based parameters. What is more, energy-based criteria can be used in
both high cycle and low cycle fatigue problems. The focus of this article
is on energy-based approaches to predict fatigue life. A very brief
summary of some of them is presented below.

Smith et al. (Smith, Topper and Watson [3]) put forward a well-
known energy fatigue criterion (SWT criterion). They advocated that
the product of the principal stress and strain can be used to predict the
fatigue damage. The SWT criterion can be described as

=σ ε f N(2 )max a f (1)

where σmax is the maximum value of the principal stress during the
loading cycle, εa is the amplitude of the principal strain in the same
plane and Nf is the fatigue life. In the SWT criterion, the critical plane is
that corresponding to the maximum principal stress. Some modifica-
tions of the general idea of the SWT criterion can be found in [4,5]. The
equation above makes clear that only normal strain energy is accounted
for in the SWT criterion to predict fatigue damage. The influence of the
shear components on the fatigue damage is ignored.

Chen et al. [6] (CXH criterion) suggested that the prediction of fa-
tigue damage should consider different failure mechanisms, i.e., shear-
type failure and tensile-type failure. Therefore, they put forward an
energy criterion, which can be thought of as a modification of the SWT
criterion. In the CXH criterion, both normal and shear strain energies
are taken into consideration to predict fatigue damage. For the tensile-
type failure mechanism, the failure criterion is given by an equation of
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the form

+ =ε σ γ τ f NΔ Δ Δ Δ (2 )max
f1 1 1 1 (2)

where εΔ max
1 is the range of the maximum normal strain; σΔ 1, γΔ 1 and τΔ 1

are the ranges of the normal stress, shear strain and shear stress, re-
spectively, in the same plane. For the tensile-type failure mechanism,
the critical plane is the one at which the material point experiences the
maximum range of normal strain. For the shear-type failure mechanism,
the failure criterion changes to

+ =γ τ ε σ f NΔ Δ Δ Δ (2 )max n n f (3)

where γΔ max is the maximum range of the shear strain; τΔ , εΔ n and σΔ n
are the ranges of the shear stress, normal strain and normal stress, re-
spectively, in the same plane. In this case, the critical plane is the one
corresponding to the maximum range of shear strain.

In the CXH criterion, the influence of both the normal and the shear
components is considered, but the decision on how to choose between
shear-type and tension-type failure is not based on physical arguments.
In fact, the recommendation in Chen et al. [6] is to use the most con-
servative of the predictions obtained with Eqs. (2) and (3).

Varvani-Farahani [7] put forward an energy criterion which con-
tains both the normal energy component and the shear energy com-
ponent during the loading cycle. In this method, the normal and shear
energy components are weighted by the axial and shear fatigue prop-
erties coefficients. The Varvani-Farahani criterion can be described as

′ ′
+

+ ′
′ ′

⎛
⎝

⎞
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=
σ ε

σ ε
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τ γ
τ

γ
f N1

( )
(Δ Δ )

(1 / )
( )

Δ Δ
2

(2 )
f f

n n
n
m

f

f f
max

max
f

(4)

where σΔ n and εΔ n are the ranges of the normal stress and strain on the
critical plane, respectively; τΔ max and γΔ max are the ranges of the shear
stress and strain on the critical plane. The critical plane in this approach
is the one at which the shear strain range is the maximum. ′σf and ′εf are
the axial fatigue strength and axial fatigue ductility coefficients; ′τf and

′γf are the shear fatigue strength and shear fatigue ductility coefficients.
The physical explanation of these coefficients is illustrated in Fig. 1.
Finally, σn

m is the mean normal stress on the critical plane, which can be
calculated as

= +σ σ σ1
2

( )n
m

n
max

n
min

(5)

where σn
max and σn

min are the maximum and minimum values of the
normal stress on the critical plane. The advantage in Varvani-Farahani
criterion is that there is no fitting coefficient. The material properties
are taken into account through the weighting of the axial and shear
fatigue characteristics. However, the V-F criterion assumes that the
critical plane is that corresponding to the maximum shear strain range,
which is not necessarily correct in many instances [3].

Some other energy-based criteria can also be mentioned. For ex-
ample, Kujawski [8], Ellyin and Golos [9], and Ince and Glinka [10] use

normal and/or shear elastic strain energy and/or plastic strain energy
as a fatigue parameter to predict fatigue damage. Glinka et al. [11]
propose that the shear strain energy is the key part in fatigue damage,
the normal components acting as the modifying part. Garud [12] and
Lee et al. [13] use the plastic part of the normal and shear strain en-
ergies to predict fatigue damage.

In this work, a new critical plane definition and a new energy-based
fatigue criterion are presented; the approach takes into account the
influence of the material properties and the loading conditions on the
critical fatigue plane direction. Poisson’s effect, normal and shear strain
energies, elastic and plastic material properties and material hardening
are all taken into account in the new criterion. Various metallic mate-
rials and loading paths (different shape of loading wave, sample shape,
stress ratio, phase difference, mean stress). are used to validate the
capabilities of the proposed criterion to predict fatigue lives in com-
parison with other commonly used fatigue criteria.

2. New proposed criterion

The new fatigue criterion proposed in this work is a modification of
the energy-based approach presented by Lu et al. [2]. The energy
parameter proposed in [2] can be expressed as

− − + − − + −

+ − =

a E aE b a E aE E E

E E f N

(1 ) ((1 ) ) c(

) (2 )
N max N min N max N min S max S min

S max S min f

1 1 2 2 1 1

2 2 (6)

where EN max1 and EN min1 are the maximum and minimum value of the
normal strain energies on the critical plane, respectively; EN max2 and
EN min2 are the maximum and minimum normal strain energies on the
plane which is orthogonal to the critical plane; ES max1 , ES min1 , ES max2 and
ES min2 are the maximum and minimum shear strain energies on the
critical plane and the corresponding orthogonal plane, respectively. a, b
and c are material-dependent parameters. In a previous work [2], the
critical plane is assumed to be the one at which the normal strain en-
ergy is the maximum during the cycle. The methodology and details of
the procedure to estimate the three material parameters (a, b, c) can be
rather cumbersome; they are described in [2].

In this work, we present an alternative method to simplify the cal-
culation of the energy fatigue parameter by reducing the number of
material-dependent parameters to just two parameters. What is more,
in the previous work [2], the influence of the material properties on the
direction of the critical fatigue plane is ignored, even though it is
known that they can have a great influence on the direction of the fa-
tigue plane [14], in addition to the loading condition [15]. In this work,
the influence of both the material properties and the loading condition
are accounted for.

Fig. 1. Axial fatigue life-strain curve and shear fatigue
life-strain curve.
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2.1. Determination of the critical plane

It is a well-established result that the direction of the fatigue critical
plane is strongly related to the maximum principal stress direction [16].
The conclusions of previous studies [15] indicate that the direction of
the critical fatigue plane is also affected by material properties and
loading conditions. Following Lu et al. [15], the critical fatigue plane
direction is expressed as (see Fig. 2).

= =
−

−η ω τ
σ σ

1
2

arctan 2 ,for in phase loadingin
A B (7)

= =
−

− −η μ ω μ τ
σ σ

· · 1
2

arctan 2 for out of phase loadingout
A B (8)

=μ
τ
σ

af

af (9)

where σA and τA are the normal and shear stress amplitudes on the
loading plane A, and B is the plane orthogonal to the loading plane A. σ1
and σ2 are the two principal stresses (in Fig. 2); ω is the angle between
the loading plane and the plane of the maximum principal stress; ηin and
ηout are the angles between the loading plane and the critical fatigue
plane in in-phase and out-of-phase loading conditions, respectively.

The influence of material properties in Eqs. (7)–(9) is represented by
the coefficient μ, defined in Eq. (9), where τaf and σaf are the fatigue
limits in fully reversed torsion and fully reversed tension, respectively.
In this approach, the influence of the loading condition is treated in a
different way for in-phase and out-of-phase loading conditions. Namely,
the effect of material properties is ignored in in-phase loading, as it not
enters in the definition of the angle η. However, for out-of-phase
loading, the ratio μ affects the direction of the critical fatigue plane, as
the direction of the maximum principal direction is changing during the
cycle. The results reported in [15] indicate that the fatigue plane di-
rections predicted with this method compare very favourably with
other proposed methods. The results in [15] also show that this

approach can be used in very different materials.

2.2. Energy-based fatigue parameter

As shown in Eq. (6), three material-dependent coefficients (a, b, c)
are required in the method proposed by Lu et al. [2]. The purpose here
is to reduce the number of material coefficients in the new energy-based
fatigue parameter. It is reasonable to assume that the loading on the
critical fatigue plane has a major influence on the fatigue damage. In
addition, because of the Poisson’s effect, the loading components on the
plane orthogonal to the fatigue plane should also have an effect on the
fatigue damage. Previous works [3,6,7] seem to indicate that the ranges
of the different energy components can provide a good quantitative
description of the fatigue damage. Based on these results, in this work,
we propose a new energy fatigue parameter defined as

= + +E ξ E ζ EFP Δ Δ ΔN N S1 2 (10)

where EΔ N1 is the range of the normal strain energy on the critical
plane, EΔ N2 is the range of the normal strain energy on the plane or-
thogonal to the critical plane and EΔ S is the range of the shear strain
energy. Note that in the calculation of energy ranges, we distinguish
between tensile and compressive energies by affecting tensile energies
with positive sign and compressive energies with negative sign (and
also in shear energies). The difference of using “+/−” sign or not is
illustrated schematically in Fig. 3. We base on strain components to
define tensile and compressive energies, positive normal strains mean a
tensile energy and negative normal strains represent a compressive
energy. Regarding shear strains, as the direction of the shear energy is
not relevant, we use the shear strain with maximum absolute value as
positive shear energy, and the other one is treated as a negative shear
energy.

In this formulation, ξ is the material coefficient representing the
influence of the Poisson’s effect and ζ is the material coefficient that
accounts for the influence of the shear strain energy. The calculation of
the parameters ξ and ζ is performed as follows. ξ can be determined
using uniaxial and torsion fatigue data, and is chosen such that it makes
torsion fatigue data give the best correlation with the uniaxial fatigue
data (by minimising the prediction errors in a log-log scale). Similarly, ζ
is calculated using the available multiaxial fatigue data (different from
uniaxial and torsion fatigue data), so as to provide the best correlation
with uniaxial and torsion data.

It is interesting to notice that using Eq. (10) with both ξ and ζ equal
to zero, the proposed parameter is equivalent to SWT criterion [3].
Also, when =ξ 0 and =ζ 1, the proposed criterion is comparable to
CXH criterion [6]. And finally, when =ξ 0 and = ′ ′ ′ ′ζ σ ε τ γ/f f f f , the new
proposed criterion agrees with that of Varvani-Farahani [7].

In order to take into account the elastic-plastic material behaviour
and the cyclic hardening in the computation of cyclic strain energies, a
Ramberg-Osgood law has been assumed

Fig. 2. Schematic illustrating the definition of the
critical fatigue plane direction.

+

-

Rn(no sign) 

Ry(sign)

Fig. 3. Comparison between normal strain energy ranges with and without sign.
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= + ⎛
⎝

⎞
⎠

ε σ
E

σ
Ke

e e
n1/

(11)

where E is the Young’s modulus, K is the cyclic strain hardening coef-
ficient and n is the cyclic strain hardening exponent. εe and σe are the
equivalent or effective strain and stress, respectively, which are defined
as

= + = +ε ε γ σ σ τ/3 3e e
2 2 2 2 (12)

The fatigue parameter, FP, given in Eq. (10) will be used to correlate
the fatigue life through an expression of the form

= +FP N C NA(2 ) (2 )f
B

f
D (13)

where the coefficients A, B, C and D are independent of the loading
condition.Ta
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Fig. 4. Loading paths considered in this work.
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3. Experimental data

In order to test and verify the predictive capabilities of the new
proposed energy fatigue criterion, we have used a huge amount of ex-
perimental results available in the bibliography [17–25]. These ex-
perimental data include as many as 10 different materials and 33
loading paths. The relevant mechanical properties of the materials used
in this work are summarized in Table 1. The different loading paths
covered by these experiments are depicted schematically in Fig. 4 in
terms of normal and shear strain plots. The specimens used in the ex-
periments include solid cylindrical and tubular test-pieces. Different
waveforms, stress ratios, phase angles and levels of mean stresses are all

included in these experimental data. The details of the testing config-
uration and testing procedure can be found in references [17–25].

4. Results and discussion

The capabilities of the proposed method are shown in Fig. 5, which
compares the experimental and predicted fatigue lives for the ten ma-
terials listed in Table 1 and for very different loading conditions (the
inset in each plot refers to the loading paths detailed in Fig. 4). Also
shown in the plots are the results obtained with other energy-based
criteria, see Eqs. (1)–(4) and Eq. (6). In Fig. 5, the colour code identifies
the different criteria and the type of symbol indicates the loading

(a) Inconel 718         (b) 304 stainless steel

(c) Haynes 188                                               (d) SNCM630 

(e) 1Cr-18Ni-9Ti (f) Austenite 102

Fig. 5. Life prediction results with different criteria.
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condition in Fig. 4. In particular, the black points correspond to the
predictions obtained using the new criterion proposed in this paper.
The red points are the results obtained with the CXH criterion. The
green points are the results from the application of the SWT criterion.
The purple points are the results obtained with Varvani-Farahani cri-
terion, denoted as Varvani. Finally, the dark green points are the results
from the previous criterion of the authors, denoted as Lu. The dotted
and continuous lines plotted in Fig. 5 represent, respectively, the factors
of 2 and 3 in life.

It is apparent that the approach proposed in this work compares
very favourably with the other analysed energy criteria. Life predictions
with the present criterion are within a factor of two compared with the

experimental observations for all materials and loading conditions
considered in this work, with the only exception of a single data point
for SNCM630 and one data point for Austenite 102, which fall within a
factor of three.

Regarding the prediction results with the other criteria, for Inconel
718, 304 stainless steel, SNCM630, 1Cr-18Ni-9Ti, 45 steel and pure
titanium, the predictions with CXH and Varvani-Farahani criteria are
better than those with SWT criterion. For Haynes 188 and Austenite
102, the prediction results with CXH and SWT criteria are better than
the ones of Varvani-Farahani criterion. For 16MnR steel and TC4, all
the other criteria give a poor prediction.

In order to have a quantitative comparison among the different
criteria considered in this paper, we define the prediction error as fol-
lows:

∑
=

−

Error
M

M
N N

N
1

| |P E
E

(14)

where M is the number of samples used in the experimental test, NP is
the predicted life and NE is the experimental life. The prediction error
obtained with the different criteria for each of the ten materials is
shown in Fig. 6. Note that a life prediction within a factor of 2 (or 3)
would mean an average error less than 1 (or 2) in this plot.

For all materials (except SNCM630) the proposed method provides
the minimum error in comparison with the other criteria (we leave
apart, for the moment, the previous approach of the authors [2]). In the
case of SNCM630, only the Varvani-Farahani criterion provides an error
slightly lower than the present method. This might be because for
SNCM630, only reversed uniaxial and reversed torsion experimental

Fig. 5. (continued)

Fig. 6. Prediction errors with different criteria.
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data are used, with no multiaxial loading conditions for the calibration
of the material parameters. When we compare the predictions of the
new proposed criterion with those of the previous method developed by
the authors [2], it is concluded that the new proposed criterion provides
better predictions for some materials, whereas for other materials, the
predictions with the previous criterion are slightly better (although the
difference is not relevant). The significant advantage of the present
method is its greater simplicity in the calculation of the fatigue para-
meter. It is interesting to note that the more accurate definition of the
critical fatigue plane does not have a great influence on the fatigue
prediction. According to the calculation result, it can be seen that the
improvement is not significant. A rough estimate of the direction of the
critical plane is sufficient, the definition of a suitable fatigue parameter
being more relevant for fatigue damage prediction.

The reason for the poor prediction results with the SWT criterion is
that only the normal strain energy is taken into consideration, ignoring
other components of the strain energy. CXH criterion can be regarded
as an improvement of the SWT criterion, as the shear strain energy is
taken into account. However, there are still some drawbacks in this
criterion. For example, under the tension-type failure mechanism, for
uniaxial and torsion loading conditions, the principal direction is not
changing during the cycle. This means that the shear strain energy
component calculated by the CXH criterion under the tensile-type
failure mechanism will be zero. Therefore, data resulting from pure
uniaxial and pure torsional loading are not affected by the shear term in
Eq. (2). However, under non-proportional loading conditions the CXH
criterion incorporates the shear component, then providing a real
benefit with respect to the SWT criterion. On the other hand, the Var-
vani-Farahani criterion has the interesting advantage that there is no
fitting coefficient and the fatigue properties are taken into account
through the weighting of the axial and shear fatigue properties. It is
assumed that the critical plane is the one with the maximum shear
strain range. However, according to the experimental observations, the
direction of the critical plane is mainly affected by the maximum
principal stress. At the same time, SWT, CXH and Varvani-Farahani
criterion can provide acceptable results in some cases but not for all the
analysed materials. In addition, for all SWT, CXH and Varvani-Farahani
criteria, the influence of the Poisson’s effect is ignored.

5. Conclusions

A proposal for the definition of the critical plane in fatigue damage
is combined with a simplified energy-based multiaxial fatigue para-
meter in this work. The parameter is defined using normal and shear
strain energy densities in two orthogonal planes. The influence of both
the loading path and material properties are accounted for. In addition,
Poisson’s effect and the different contribution of tensile and compres-
sive energies are incorporated directly in the method.

A wide range of materials (10) and loading paths (33), covering
most of the loading conditions in fatigue testing, have been used to
validate the model. The fatigue life predictions obtained with the new
approach compare very favourably with other commonly used energy
parameters. Life predictions with the present criterion are within a
factor of two compared with the experimental observations for all
materials and loading conditions considered in this work, with the only
exception of two data points, which fall within a life factor of three.
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A B S T R A C T

In this article, a universally applicable multiaxial fatigue criterion in 2D cyclic loading is proposed, which can be
used for a great variety of materials and loading conditions. A strain-based fatigue parameter is defined and, at
the same time, a new failure model is proposed to overcome the weaknesses of other mechanisms used pre-
viously. In addition, the influence of non-proportional loading, maximum, minimum and mean loading, the
influence of both normal and shear components, Poisson effect, different failure types, etc. can also be taken into
consideration. A huge number of materials and loading conditions are used to validate the capabilities of the
proposed methodology. The results show that the new multiaxial fatigue criterion provides excellent life pre-
dictions for all the materials and loading conditions used in this work. The proposed approach can be regarded as
a universally applicable multiaxial fatigue criterion in 2D cyclic loading.

1. Introduction

Fatigue is a common problem in engineering. Uniaxial fatigue is
reasonably well described, due to the simple state of loading. However,
multi-axial fatigue still remains a problem under discussion, because
there are many factors that affect the material’s response. These include
the variation of the principal stress directions [1,2], the stress ratio [3],
the mean stress [4,5], the non-proportionality of loading components
[6,7], the phase angle [8–10], etc.

Many multiaxial fatigue criteria have been proposed by different
researchers. Generally, these criteria can be divided into stress-based
methods, strain-based methods, criteria based on the combination of
both stress and strain, and energy-based criteria. Generally speaking,
stress-based criteria are used in high cycle fatigue, because plasticity is
restrained in this regime, even though there are always plastic strains at
the micro-scale. Strain-based criteria are commonly used in low cycle
fatigue, as plastic deformation is observable at the macro-scale (these
criteria can also be used in high cycle fatigue). Some researchers argue
that using only stress or strain components is not sufficient to capture
material hardening. This is the reason why criteria based on the com-
bination of both stress and strain components or energetic magnitudes
have been also proposed. Some of the most widely applied methods are
briefly reviewed below.

Wang and Brown [11] put forward a strain-based criterion (WB
criterion); the specific form of their fatigue parameter (FP) is given by

= + ∗γ
SεFP

Δ
2
max

n (1.1)

where γΔ max is the maximum range of the shear strain on the critical
plane, ∗εn is the normal strain excursion on the same plane, i.e., the
difference between the relative maximum and minimum values of the
normal strain within one cycle, and S is a material-dependent constant.
The critical plane is defined as the plane where the range of shear strain
is maximum. In this criterion, both shear and normal components
contribute to the fatigue parameter. However, the influence of the mean
normal strain (and therefore, the different effect of the tensile and
compressive normal strains) is not accounted for. In addition, according
to the study before [1], the fatigue failure plane is mainly affected by
the maximum principal stress or strain. However, it is assumed here
that the maximum shear strain range plane is the critical plane.

Fatemi and Socie [12] propose a fatigue criterion based on stress
and strain magnitudes (FS criterion). Although earlier in time, it can be
regarded as a modification of the WB criterion where the normal strain
range is replaced by the maximum normal stress,

= +γ nσ σFP (1 / )max n
max

y (1.2)

where γmax is the maximum value of shear strain on the critical plane,
σn

max is the maximum normal stress on that plane, σy is yield stress and n
is a material-dependent constant. The critical plane in this method is
the plane subjected to the maximum shear strain during the loading
process. This criterion assumes that the shear strain is the key factor in
the fatigue damage and that the maximum normal stress contributes to
accelerate the fatigue damage. In the FS criterion, the different influ-
ence of the tensile and compressive normal components are accounted
for. However, in the special cases where the maximum normal stress is
zero (i.e., the normal stress is always compressive), this criterion
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ignores the influence of the magnitude of the compressive component.
Smith et al. [13] use an energy-type magnitude to formulate fatigue

damage (SWT criterion). They assume that the maximum normal strain
energy can be a proper parameter to correlate with fatigue life. The
SWT criterion is given by

= σ εFP max a (1.3)

where σmax is the maximum normal stress during the loading cycle and
εa is the normal strain amplitude acting on the same plane. The critical
plane in this case is that corresponding to the maximum principal stress.
The SWT criterion takes into account, in an indirect manner, the in-
fluence of the mean stress through the combination of σmax and εa. But
only stress and strain components related to the normal strain energy
are used in the FP. However, it does not take into account the fact that
the shear strain energy also influences the fatigue damage.

Chen et al. [14] advocate considering the influence of both normal
and shear strain energies (CXH criterion). In addition, they distinguish
between tension-type failure and shear-type failure. For the tension-
type failure mechanism, the fatigue parameter is described by

= +ε σ γ τFP Δ Δ Δ Δmax
1 1 1 1 (1.4)

where εΔ max
1 is the maximum range of the normal strain on the critical

plane, σΔ 1 is the corresponding range of the normal stress, and γΔ 1 and
τΔ 1 are the ranges of shear strain and shear stress, respectively, on the

same plane. The critical plane is the one at which the range of the
normal strain reaches the maximum value. For a shear-type failure, the
CXH fatigue parameter changes to

= +γ τ ε σFP Δ Δ Δ Δmax n n (1.5)

where γΔ max is the maximum range of the shear strain on the critical
plane, τΔ is the corresponding range of the shear stress, and εΔ n and σΔ n
are the ranges of the normal strain and normal stress, respectively, on
the same plane. The critical plane is defined as the one corresponding to
the maximum range of shear strain. In the CXH criterion, the progress is
that both normal and shear strain energies are used to establish the
fatigue parameter. But the decision on how to choose between tension-
type and shear-type failure is not based on physical arguments. In fact,
the recommendation in [14] is to use the most conservative of the
predictions obtained with the two assumptions. In addition, only the
ranges of the normal and shear stress and strain components are used in
the definition of fatigue damage; therefore, the different influence of
the tension and compression magnitudes cannot be distinguished.

Varvani-Farahani [15] proposes an energy-based criterion (Varvani
criterion) that accounts for the influence of the mean stress with the
additional advantage that there is no fitting coefficient (apart from
material-dependent coefficients with physical meaning). The normal
and shear energy components are weighted by the axial and shear fa-
tigue properties in the form

=
′ ′

+
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where ′σf and ′εf are the axial fatigue strength and axial fatigue ductility
coefficients, ′τf and ′γf are the shear fatigue strength and shear fatigue
ductility coefficients. σΔ n and εΔ n are the ranges of the normal stress
and normal strain on the critical plane. τΔ max and Δγ

2
max are the max-

imum ranges of the shear stress and shear strain, and σn
m is the mean

normal stress on the critical plane, which can be calculated by the
average value of the maximum and minimum value of the normal stress
on that plane. The critical plane in this criterion is defined as the one at
which the shear strain range is maximum. At the same time, the in-
fluence of mean stress and normal and shear strain energies is taken
into consideration. However, there are many material properties that,
in practical engineering applications, are not available in many cases.

The review above indicates that there is not a definite criterion that
can be used for all materials and loading conditions. The purpose of this

work is to establish a multiaxial fatigue criterion that can be applied to
all materials and loading conditions. This is what we mean by the term
“universally applicable criterion” in 2D cyclic loading. In the following,
a strain-based fatigue parameter is proposed and a new failure me-
chanism is advocated to overcome the weaknesses of other approaches.
The influence of non-proportional loading, maximum, minimum and
mean stresses, normal and shear components, Poisson effect, different
failure types, etc. can also be taken into consideration. A huge number
of materials and loading conditions are used to validate the capabilities
of the proposed multiaxial fatigue criterion. The results show that the
new multiaxial fatigue criterion provide an excellent life prediction for
all the materials and loading paths used in this article. We suggest that
the proposed multiaxial fatigue criterion can be regarded as method of
general applicability in 2D cyclic loading.

2. Fatigue failure mechanism

Several failure mechanisms have been identified and described in
the literature. In the tension-type failure mechanisms, it is assumed that
the normal stress-strain components are the main factors controlling the
fatigue process. On the other hand, in the shear-type failure mechan-
isms, the shear stress-strain components are considered to be the re-
levant magnitudes to describe fatigue damage. However, only the
normal or the shear components alone are not sufficient to predict the
fatigue damage [14]; it is necessary to consider the interaction of both
types of magnitudes [16]. For example, Socie and Marquis [17,18] have
proposed a shear failure mechanism controlled by the maximum shear
(stress-strain) range with the corresponding normal components con-
tributing to accelerate or slow down fatigue damage, as illustrated in
Fig. 1.

In the failure mechanism postulated in [17,18], it is assumed that
the failure plane is that corresponding to the maximum shear strain.
The failure process is the interaction of both normal and shear com-
ponents of stress and strain: the tensile components on the failure plane
help to open the crack, which will accelerate the fatigue process; on the
contrary, the compressive normal components on the failure plane tend
to close the crack, which will slow down the fatigue process. At first
glance, this failure mechanism can explain the fatigue process reason-
ably well. However, it has to be pointed out that this failure mechanism
is only operative when a crack already exists. In other words, for the
fatigue initiation stage, this failure mechanism loses its rationality, as
there is no a physical crack.

2.1. Proposed failure mechanism

In order to overcome the weak points of the failure mechanisms
discussed above, a new failure mechanism is proposed in this work,
which is based on the material deformation. It is well recognized that
the orientation of the failure plane is not random, but it rather follows a
preferential plane [1]. It is reasonable to admit that the deformation
perpendicular to the failure plane controls the fatigue damage. We can

Fig. 1. Cracking mechanism under combined normal and shear components [17].
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break this deformation down into normal deformation (direct plus
Poisson deformation) and shear deformation. Fig. 2 illustrates the
proposed failure mechanism. The red dotted line represents the final
failure plane, the quadrilateral with a black solid line is the material
without deformation and the quadrilateral with a black dotted line is
the deformed material under different loading conditions.

To simplify the presentation of the approach proposed in this work,
we denote the direction orthogonal to the failure plane as 1st direction
and the 2nd direction is the one perpendicular to the 1st direction. As
shown in Fig. 2, the tension and compression normal loading on the 1st
direction induces deformation on the failure plane (Fig. 2(A) and (B)).
At the same time, because of the Poisson effect, the tension and com-
pression normal loading on the 2nd direction also result in deformation
on the failure plane (Fig. 2(C), and (D)), as well as the shear loading, as
can be illustrated in terms of the principal directions (Fig. 2(E) and (F)).
In summary, Fig. 2 illustrates all these effects, which are potential
candidates for influencing fatigue damage. Based on these considera-
tions, the new fatigue criterion proposed in this work can be expressed
as

=N f N N S( , , )f 1 2 (2.1)

where Nf is the fatigue life, and N1 and N2 are parameters related to the
normal components (or deformation variables) acting on the 1st and
2nd plane, respectively, and S is the parameter related to the shear
deformation.

According to the research in [1,2], for most materials, the failure
plane is mainly controlled by the maximum principal stress (strain).
This experimental observation is an indication that the normal com-
ponents play the main role in fatigue damage [14] (they can be termed
as tension-type failures). However, it is also found that for some ma-
terials, the fatigue damage is mainly affected by the shear components
[14] (so-called shear-type failures). To be consistent with these ob-
servations, the fatigue criterion should be revised to accommodate
different failure types. This can be described by equations of the form

=N f N N S( , , )f
max
1 2 (2.2)

=N f S N N( , , )f
max

1 2 (2.3)

For tension-type failure, the normal component is assumed to be the
key factor for fatigue damage and Eq. (2.2) should be used. For shear-
type failure, Eq. (2.3) should be accepted, assuming that the shear
component is the controlling magnitude.

According to the proposed failure mechanism, the influence of the
normal and shear components can be taken into account, regardless of
whether a crack exists or not. Therefore, this new failure mechanism
can be applied in both crack initiation and propagation processes.

2.2. Fatigue damage parameter

Fig. 3(a) shows a typical stress-strain curve for a metallic material
with a non-proportional relationship between stress and strain as a
consequence of material plasticity. As a consequence, when the fatigue
data are plotted in terms of stress or strain parameters (see Fig. 3(b)),
the resulting fatigue curve based on strain parameters will be steeper
than the fatigue curve based on stress parameters. Therefore, life pre-
dictions based on strain magnitudes are expected to be more stable.

The failure mechanism described in Fig. 2 reflects that the normal
stress (strain) components have an effect not only on its own plane, but
also on the orthogonal plane. Here we consider the simple example of a
specimen subjected to uniaxial loading under elastic conditions. The
strain and stress states are shown in Fig. 4. The Mohr's strain circle
reflects the material response on the orthogonal plane but the Mohr's
stress circle gives no indication about the situation on the orthogonal
plane because the corresponding stress component is zero. And, as a
consequence, the energy component on the orthogonal plane is also
zero. Therefore, neither the stress magnitudes nor the energy magni-
tudes can reflect the contribution of the orthogonal plane.

The complete characterization of the fatigue damage should be

Fig. 2. Proposed failure mechanism: Influence of the loading components on the failure
plane (red dotted line). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 3. (a) Typical shape of a material stress-strain curve; (b) fatigue curves in log-log scale.
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divided into two parts. One is the accurate description of the material
response at a particular time instant during the fatigue cycle, and the
other one is the definition of a representative magnitude that can be
used to capture the influence of the loading condition in one cycle.

The concept of “critical plane” is very useful to define stress or
strain magnitudes relevant to fatigue damage under multiaxial loading.
However, there is not a universally applicable criterion. This is because
there are some drawbacks in these criteria, as can be analysed using the
example shown in Fig. 5.

In Fig. 5, for illustration purposes, only Mohr's strain circle is used.
εc and γc represent the normal and shear strain on the critical plane
defined according to any of the existing criteria. The parameters on the
critical plane are used to predict multiaxial fatigue damage. However,
as shown in Fig. 5, a single point is not enough to fully describe the
material state. For example, there are more than one Mohr's circle
passing through point (εc, γc), the big circle and the small circle in the
figure. At least another point is needed to determine in a unique manner
the material state, for instance, point (εc′, γc′) or point (εc″, γc″). When
two points are settled, a unique material state is defined.

Therefore, it is proposed to use the deformation state of the material
on the critical plane (εc, γc) and on the orthogonal plane (εc′, γc′) to
establish the representative material state. This can be illustrated con-
sidering the case of a material showing tension-type failure where the
critical plane is that of the maximum principal strain. Under uniaxial
loading conditions, the difference of the stress or strain state between
the critical plane and the orthogonal plane is the maximum, which is
helpful for decreasing the error and, at the same time, the state on the
orthogonal plane can also be related to the Poisson effect. Another
reason for our proposal is that the determination of the mathematical

form of the Mohr's circle is easier when the orthogonal plane is con-
sidered, as illustrated graphically in Fig. 5 with points (εc′, γc′) and (εc″,
γc″).

Based on the discussion above, a new fatigue criterion based on
strain components is proposed in this work. Following the general ideas
reflected in Eqs. (2.2) and (2.3), Eq. (2.4) is proposed for tension-type
failure and Eq. (2.5) for shear-type failure:

+ + =N a N b S f N( )ε
max

n ε n γ f1 2 (2.4)

+ + =S a N b N f N( )γ
max

s ε s ε f1 2 (2.5)

where in Eq. (2.4), Nε
max
1 is the maximum value of the normal strain

components on the failure plane, Nε2 is the normal strain component on
the plane orthogonal to the failure plane and Sγ is the shear strain
component; an is a material constant that represents the influence of the
normal component on the orthogonal plane (because of the Poisson
effect) and bn is a material constant representing the influence of the
shear component on fatigue damage. Similarly, in Eq. (2.5), Sγ

max is the
maximum value of the shear strain components on the failure plane, Nε1
is the normal strain component on the failure plane, Nε2 has the same
meaning as in Eq. (2.4), as is a material constant reflecting the influence
of the normal component on the failure plane and bs is the coefficient
that represents the influence of the normal component on the ortho-
gonal plane.

Another important issue for the complete characterization of the
fatigue damage is the decision on the representative magnitude to be
used to capture the influence of the loading condition in one cycle.
Excluding the situations where high temperature creep deformation can
be significant during the loading cycle, the fatigue damage is in-
dependent of the material state between the limit points of the cycle.
Generally speaking, the amplitude, the mean value and the limit points
(maximum and minimum points) during the cycle are enough to cap-
ture the influence of the loading condition in one cycle. Based on these
assumptions, the objective of this work is to put forward an equivalent
parameter that captures the effect of all these variables.

There are different parameters that can represent the loading con-
dition in some simple fatigue tests. For example, in fully reversed uni-
axial loading, fully reversed torsion loading, in-phase reversed tension
and torsion loading, 90° out-of-phase tension and torsion loading, the
expressions using amplitude and mean value have similar meanings.
But for some other loading states, such as those with non-zero mean
loading, and complex non-proportional loading, the parameters related
to the loading amplitude cannot reflect the influence of the mean
loading, and conversely, the expressions using mean values cannot re-
flect the influence of amplitude. To overcome these drawbacks, given a
certain magnitude Q (which can be any stress or strain component) we
propose to use a parameter in the form of “effective” or “equivalent”
magnitude as

= − −∗Q ξ Q ξ Q· (1 )·max min (2.6)

where ∗Q is the defined equivalent parameter, Qmax and Qmin are the
maximum and minimum value of the corresponding magnitude, and ξ
is a material-dependent constant that ranges between 0 and 1. If =ξ 1,

∗Q is equal to the maximum value, if =ξ 0, ∗Q is equal (in absolute
value) to the minimum value and if =ξ 0.5, ∗Q represents the variation
range. For other values of ξ , depending on the particular material, the
influence of the maximum, the minimum and the range of the selected
parameter can be reflected, i.e., the influence of the loading condition.
This calculation method for the equivalent parameter can be used to
evaluate the normal components in Eqs. (2.4) and (2.5). In this way, for
the normal components, the difference between the tension and com-
pression state can also be distinguished. On the other hand, as the effect
of shear components is independent of the sign, the range of shear
strain will be used. Then Eqs. (2.4) and (2.5) give

− − + − − + =ξε ξ ε a ξε ξ ε b γ f N(1 ) ( (1 ) ) Δ ( )max min
n

max min
n f1 1 2 2 (2.7)

Fig. 4. Mohr’s strain and stress circles under uniaxial loading.

Fig. 5. Determination of the material state based on Mohr’s circle.
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+ − − + − − =γ a ξε ξ ε b ξε ξ ε f NΔ ( (1 ) ) ( (1 ) ) ( )max s
max min

s
max min

f1 1 2 2 (2.8)

It should be noted that if there are insufficient fatigue test data, for
example, if there are no data under non-zero mean load and some
complex non-proportional loading conditions, it is not necessary to use
the equivalent parameter in Eq. (2.6). In this case, one can use the range
directly to simplify the criterion:

+ + =ε a ε b γ f NΔ Δ Δ ( )max
n n f1 2 (2.9)

+ + =γ a ε b ε f NΔ Δ Δ ( )max
s s f1 2 (2.10)

According to Chen et al. [14], the critical plane is that corre-
sponding to the maximum of the normal or the shear component, de-
pending on the different failure types. It has also been reported that the
direction of the critical plane depends not only on the loading state, but
also on the material properties [1]. However, here we assume that the
most damaging plane is that of either maximum tension or maximum
shear, ignoring the influence of material properties, as the main focus of
this work is on the definition of a new fatigue criterion. Because, ac-
cording to the study by the authors [31], when a proper fatigue para-
meter is established, the influence of the direction of the critical plane is
not very significant and a rough estimate of the direction of the critical

plane is enough. So in this article, a rough estimation of the critical
plane direction will be used.

The qualitative explanation of the proposed fatigue criterion is il-
lustrated in Fig. 6. We assume that Fig. 6(a) and (b) are Mohr’s strain
circles under conditions of tension-type failure, while Fig. 6(c) and (d)
correspond to shear-type failure. The solid black circle represents a si-
tuation of fully reversed uniaxial loading, the dotted black circle re-
presents the fully reversed torsion loading and the red1 solid circle re-
presents multiaxial loading conditions. The black point represents the
loading plane and the red points represents the failure plane. In order to
simplify the discussion in this qualitative analysis, we assume that for
tension-type failure, the failure plane is the one with maximum prin-
cipal strain, and that for shear-type failure, the failure plane is that with
maximum shear strain. The three circles in Fig. 6(a) and (c) are as-
sumed to have the same fatigue life, possibly with different coefficients
in Eqs. (2.9) and (2.10), i.e., different materials.

For the same fatigue life, the Mohr’s circles of fully reversed uniaxial
and torsion loading have a different interpretation, depending on the

Fig. 6. Schematic illustrating the proposed fatigue criterion.

1 For interpretation of color in Fig. 6, the reader is referred to the web version of this
article.
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failure type. In the case of tension-type failure, as in Fig. 6(a), the
maximum principal strain of the fully reversed torsion loading is less
than that under the fully reversed uniaxial loading. This is easy to proof,
using Eq. (2.7). In this case, the influence of the normal components on

the plane orthogonal to the critical plane can be used to correlate the
torsion curve to the uniaxial curve. In Fig. 6(a) we see that if the torsion
Mohr’s strain circle is smaller (that corresponding to ∗εT ), it means that
the influence of the normal components on the plane orthogonal to the

Fig. 7. Loading paths considered in this work.
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critical plane is more significant.
Fig. 6(b) is the explanation of the influence of the non-proportional

multiaxial fatigue loading in the case of tension-type failure. The
Mohr’s circles in the figure represent the strain state of the material at
different time instants during the cycle. For non-proportional loading,
the more severe the non-proportional condition, the more intense the
changing of the shear components. In this case, the influence of the
shear components can be used to correlate the multiaxial fatigue curve
to the uniaxial curve. This is true according to the experimental test,

that non-proportional loading can aggravate the fatigue damage
[12,23].

For shear-type failure, assuming again equal fatigue lives, the re-
lationship between the Mohr’s circles of fully reversed uniaxial and
torsion loading are shown in Fig. 6(c), where it is clear that the max-
imum shear strain of the fully reversed torsion loading is bigger than
that under the fully reversed uniaxial loading. In this case, the influence
of the normal component on the critical plane can be used to correlate
the uniaxial curve to the torsion curve. It can be seen in Fig. 6(c) that if

(a) Inconel 718                                         (b)  304  stainless steel

(c) Mild steel (d) Waspaloy A

(e) Waspaloy F  (f) Haynes 188 

Fig. 8. Life prediction results.
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the uniaxial Mohr’s strain circle is smaller, it means that the influence
of the normal component on the critical plane is more significant.
Fig. 6(d) is the explanation of the influence of the non-proportional
multiaxial fatigue loading under shear-type failure. The more severe the
non-proportional condition, the more intense the changing of the
normal components.

3. Validation of the proposed criterion

A huge amount of experimental results available in the bibliography
[6–10,19–30] has been used to assess and validate the capabilities of

the proposed multiaxial fatigue criterion. These experimental data in-
clude a total of 20 different materials and 40 loading paths. Such a
variety of loading paths covers very different stress ratios, waveforms,
phase differences, mean stresses, normal and shear loading, effects of
non-proportionality and geometries of test-pieces. Details on the testing
procedure, loading conditions, material properties, etc. can be found in
the corresponding Refs. [6–10,19–30]. The different loading paths
covered in these experiments are shown in Fig. 7 in the form of strain
components. The fatigue lives predicted with the proposed multiaxial
criterion are shown in Fig. 8 compared with the experimental lives. The
inset in each graph refers to the loading paths represented in Fig. 7. The

(g) SNCM630                                             (h) 1Cr 18Ni 9Ti

(i) Austenite 102                                       (j) Hot rolled 45 steel

(k) S460N (l) 16MnR
Fig. 8. (continued)
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continuous lines and the dotted lines plotted in Fig. 7 represents the
factors of 3 and 2 in life, respectively.

Fig. 8 shows that, for all the materials and loading paths analyzed in
this work, the vast majority of the prediction results are within a life
factor of 2, and the rest are within a life factor of 3, except one data
point of 2024T3 and one data point of CuZn37. To the best of the au-
thors’ knowledge, there is no criterion other than the new approach
proposed in this work that can be used for so many materials and
loading paths. It has to be pointed that the fatigue analysis presented in
this work is valid for 2D situations with arbitrary phase angles between
normal and shear loading components. Therefore, the validation has

been performed for these 2D cases. The application of the present ap-
proach to general 3D situations and/or random loading conditions
would require further work. For the present version of the analysis
procedure, it can be claimed that the proposed criterion is a universally
applicable multiaxial fatigue criterion under 2D cyclic loading.

4. Conclusions

A new fatigue failure mechanism is proposed that overcomes some
of the weaknesses detected in other methods. In addition, a new fatigue
parameter is established, which accounts for normal- and shear-type

(m) BT9                                                 (n) Pure titanium

(o) GH4169                                                     (p) S335 J2 

(q) TC4                                                        (r)  2024 T3

Fig. 8. (continued)
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failure, influence of both normal and shear loading components,
Poisson effect, non-proportional loading, maximum, minimum and
mean loading, and the different influence of tension and compression
normal loading. A huge number of materials (20) and loading paths
(40) have been used to validate the capabilities of the proposed mul-
tiaxial fatigue criterion. The vast majority of the fatigue lives predicted
with this criterion fall within a factor 2 compared with the experimental
observations. The new proposed fatigue criterion can be accepted as a
universally applicable multiaxial fatigue criterion in 2D cyclic loading.
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A B S T R A C T

A multiaxial fatigue criterion recently developed by the authors for 2D conditions is extended here to 3D si-
tuations and applied to predict fatigue damage in rail welded joints with the help of an explicit finite element
model. Contact theory and axle box acceleration response in frequency domain are used to validate the finite
element model. The influence of depth and length of the welded joints is analyzed. It is found that fatigue
damage is more severe with shorter and deeper welded joints. When the length of the welded joints is less than
150mm, fatigue damage is greatly increased with the increasing of the depth. When the depth is less than
0.1 mm, fatigue damage is not relevant, regardless of the length. When the depth is greater than 0.3 mm, fatigue
damage increases significantly with the decreasing of the joint length, especially when the length is less than
150mm. When the welded joints are long enough, the depth restriction can be relaxed. This work can provide
guidance and theoretical support for maintenance and repair of rail welded joints.

1. Introduction

Railway transportation system is becoming increasingly important
with the progress of high speed and heavy haul vehicle. However, some
problems arise accompanied by the advantages [1,2], for example,
much more severe damage of the rail. There are different forms of rail
damage, namely, fatigue, wear and plastic flow. With the development
of advanced materials, smelting processing and optimization of wheel
and rail profiles, the damage of wear and plastic flow is more controlled
nowadays, and fatigue damage is becoming the most serious problem in
rails [3]. Being one of the weakest points in railway systems, the da-
mage of welded joints is a delicate problem; what is more, welded joints
appear repeatedly along the track.

Due to the discontinuities and profile changes, intense wheel-rail
impact can occur at welded joints, which significantly increases the
contact force and causes harmful vibrations of the vehicle and the track
system. This results in damage of the track system and the vehicle.
Research into welded joints is urgently needed to increase the economic
benefits of railway transportation and the operational safety of vehicles.

A brief review of the research status on rail welded joints is given
here. Zhao et al. [4] studied the welded joints from the material
properties perspective. The microstructure, hardness, S-N curve and
fatigue fracture performance were studied. It was found that the fatigue
performance of welded joints is mainly affected by the upset pressure,
higher upset pressure can help to improve the fatigue strength. Xu et al.
[5] studied the influence of the evolution of welded joints profile. A

vehicle-track coupled dynamic model was used to investigate the effect
of the geometric evolution of welded joints. The dynamic wheel-rail
contact force in both time domain and frequency domain was studied. It
was found that the evolution of welded joint geometry has great in-
fluence on the force in time domain, but has little effect in frequency
domain. Grossoni et al. [6] used a vertical vehicle-track interaction
model to study the influence of longitudinal profiles in rail welded
joints. Wheel-rail contact force, especially P1 force and P2 force (the
first and second peak of the contact force at the welded joint, respec-
tively) were used to evaluate the influence of different welded joint
profiles. Ma et al. [7] studied the residual stresses in the joint resulting
from the welding process and used a finite element model to simulate
the process. The results showed that the residual stress distribution in
the welded joints is very complex and that the peak value of residual
stress is high. Using finite elements, Jun et al. [8] studied the influence
of the residual stress on the crack growth rate at the welded joints with
a semi-elliptical surface crack. It was found that the crack growth rate
was strongly influenced by the magnitude of the residual stress, i.e.,
decreasing tensile stresses and increasing compressive stresses in the
rail head help to slow down crack propagation. Wen et al. [9] studied
the welded joints damage based on the dynamic contact force and
plastic deformation. A multi-body model was used to calculate the
dynamic wheel-rail contact force, and a 3D finite element model of rail
was used to investigate the plastic deformation. It was found that the
train running speed, wavelength and wave depth of the rail welded
joints have a great effect on the wheel-rail contact force. Correa et al.
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[10] studied the dynamic interaction caused by welded joints. Wheel-
rail contact was represented by a non-linear Hertzian spring. The dy-
namic contact force and the wheel vertical displacement were used to
evaluate the response at the welded joints. Li et al. [11] studied the
plastic deformation at welded joints on the curved rail with a 3D finite
element model. The distributions of normal and tangential forces in the
contact area were calculated using contact theory and these distribu-
tions were then used as input for finite element stress analysis. The
main conclusion was that the amplitude of the irregularities at welded
joints has a great effect on the plastic deformation. Steenbergen [12]
studied the dynamic contact force at welded joints. It was found that
the P1 force is directly proportional to the inclination of the ramp (the
ratio of height to length) and the train speed. The influence of some
other parameters, such as bending stiffness and rail mass, on the dy-
namic contact force was also studied. Cai et al. [13] investigated the
dynamic elastic-plastic stress state when a wheel passes through a rail
joint using finite elements. The effects of train speed, axle load and
height difference on the contact force and the corresponding stresses
and strains were studied. It was found that the height difference at the
rail joint has a significant influence on the contact force, stress and
strain. Li et al. [14] examined the damage at the welded joints with the
help of an explicit finite element model. Dynamic contact force, stress
and strain were used to evaluate the rail damage. Molodova et al.
[15,16] studied the dynamic response at the welded joint with the help
of experimental axle box acceleration. An explicit finite element model
was used to reproduce this phenomenon. The dynamic response in both
time domain and frequency domain was studied. It was found that the
response changes significantly in the time domain due to the lateral
movement of the wheelset, and that the response in the frequency do-
main can capture the dynamic characteristics correctly.

Regarding research on fatigue prediction in railway systems, there
are several groups working on this subject area, using empirical
methods and multiaxial fatigue criteria; see the work of Magel [17] for
a comprehensive review. Two empirical methods are commonly used in
railway systems. One of them is the shakedown map developed by
Johnson [18]. In this shakedown map, material response is divided into
four categories, namely, pure elastic state, elastic shakedown state,
plastic shakedown state and ratchetting state. The shakedown map can
be used in wheel-rail fatigue damage prediction [19,20] using the
maximum normal contact pressure, the material shear yield strength
and the traction coefficient (the ratio of tangential force to normal
pressure). The shakedown map theory is a simple method to predict
fatigue damage but it only provides a qualitative analysis. The other
commonly used method in railway systems for fatigue prediction is the
RCF (rolling contact fatigue) damage parameter [21,22], which is based
on the friction energy between wheel and rail. The RCF damage para-
meter is calibrated and validated by means of the experimental test. It is
claimed that the RCF damage parameter can be used to consider the
competitive mechanisms between wear and rolling contact fatigue. At

the same time, the accelerating effect of the liquid on micro-crack
propagation can also be taken into consideration when distinguishing
the direction of the creep force. However, as mentioned above, the RCF
damage parameter is not based on multiaxial fatigue theory; it is an
empirical method. Apart from these two commonly used methods, there
are also some researchers trying to use multiaxial fatigue criteria to
predict the fatigue damage in railway system [23]. For example, Jo-
sefson et al. [24] gave the life prediction of fatigue crack initiation and
propagation in welded joints with the help of a nonlinear finite element
model. The initiation of fatigue crack was assessed using the shear-
stress-based multiaxial fatigue criterion developed by Van [25] and the
analysis of fatigue crack propagation was based on a Paris-type crack
growth law. It was found that welding residual stresses tend to increase
the risk of fatigue initiation. Liu et al. [3] used a 3D finite element
model and a multiaxial fatigue criterion developed by themselves [26]
to predict fatigue damage in railway wheels; the sub-modeling tech-
nique was used to reduce calculation time. Ekberg et al. [27] predicted
the wheel-rail contact fatigue problem applying Hertz contact theory
and the multiaxial fatigue criterion developed by Van [25]. Xin et al.
[28] used a 3D explicit finite element model and an energy-based
multiaxial fatigue criterion developed by Jiang et al. [29] to predict the
fatigue damage of a crossing nose.

After this brief introduction of the state of the art in the research of
rail welded joints and the prediction of fatigue damage in railway
systems, it can be concluded that dynamic contact force, plastic de-
formation, and dynamic stresses and strains are the magnitudes most
commonly used to study damage in these components. However, one
should recognize that welded joints can behave as defect-like features
that require a special treatment for failure assessment. This is rather a
typical multiaxial loading-unloading process and, therefore, an appro-
priate multiaxial fatigue criterion should be used in this situation to
predict the fatigue damage. Even though some researchers tried to
predict fatigue damage with multiaxial fatigue criteria, there is not a
universally applicable multiaxial fatigue criterion which can be used for
all materials and loading conditions [30,31].

The main motivation of this paper is the extension of a universally
applicable multiaxial fatigue criterion recently proposed by the authors
[32] from 2D to 3D loading conditions to predict fatigue damage in
welded joints. For the implementation of this analysis, a three-dimen-
sional explicit finite element model is developed to capture the material
response in the welded joints. Contact theory and axle box acceleration
response are used to validate the finite element model. The influence of
the length and depth of the welded joints on fatigue damage is studied.

2. Measurement process

In order to validate the dynamic response of the explicit finite ele-
ment simulation, the axle box acceleration (ABA) has been measured
between two stations at one metro line in Spain. The axle box

Fig. 1. Installation and location of the sensors for ABA measurement.
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acceleration response in vertical direction is recorded, as well as the
online velocity. The configuration of the measurement can be seen in
Figs. 1 and 2. Fig. 1 shows the location of the sensor for axle box ac-
celeration measurements; Fig. 2 reveals the location of the sensor for
velocity recording. According to operational requirements, the response
at the same location in different passes should be similar, but there are
some random factors that disturb the response. Therefore, the mea-
surement was repeated three times at the same line, in order to elim-
inate the random error. Due to curve, switch and crossing, etc. in the
running line, and also the accelerating and braking operation, the
running velocity is changing continuously. In order to remove the in-
fluence of the changing velocity, one time period is picked here, as
shown in Fig. 3. Different colors suggest velocities in different passes,
the horizontal axis represents time, the starting of the time is 0 s, which
means that the metro starts to leave from one metro station, the vertical
axis represents running velocity. It can be seen that in this picked time
period, the velocity is almost a constant value and the velocities of
different passes are almost the same (the difference is less than 1%),
which is around 75 km/h.

The vertical axle box acceleration response during this picked time
period can be seen in Fig. 4; different colors represent the responses in
different passes. It should be pointed out that the signal is shown after
2000 Hz low pass filter. It can be seen that there are 7 major axle box
acceleration peaks with equal spacing distribution during 144–150 s,
which are caused by seven welded joints (numbered in red between 1
and 7). It can be noticed that the responses in different passes are si-
milar, except that the amplitudes are slightly different. This difference
can be due to the lateral movement of the wheelset, for example

hunting movement, and some other random factors, as also stated and
explained in [15,16]. Even though the response in time domain can be
different in different passes, the response in frequency domain is almost
the same [15,16]. To capture the main factors and ignore the minor
factors, the research in this work is based on the response in the 1st
pass.

According to the measurement data, the length of the affected area
of the welded joints (where the fluctuation of the ABA is more severe
than the average fluctuation where there is no welded joints) is between
0.4 m and 0.9 m during 144–150 s with a speed of 75.65 km/h. Based
on this, we assume that the affected area of the welded joint with a
speed of 75.65 km/h is 1.0 m in this work. In order to study the re-
sponse in frequency domain, the PSD (Power Spectral Density) results
of the axle box acceleration at each welded joint (Number 1–7) are
shown in Fig. 5. It can be seen that the main axle box acceleration
responses at the welded joints are below 400 Hz, specifically, there are
two main peaks, which are around 210 Hz and 310 Hz.

3. Model description

A 3D explicit finite element model is built with the help of ABAQUS,
see Fig. 6. Due to the fact that the response at the welded joints is
mainly in vertical direction, in order to simplify the modeling and also
because of the symmetry of the model on a straight line, only half of the
wheel-set is built in this study. Since running on straight line, the flange
is not in contact with the rail gauge, the flange is ignored and only
wheel tread is considered in this study: the profile of the wheel is

Fig. 2. Installation and location of the velocity sensor.

Fig. 3. Velocity condition of the picked time period: time 144–150 s,
V=75.65 km/h.

1 2 3 54
6

7

Fig. 4. The axle box acceleration response in the vertical direction during time
interval 144–150 s (75.65 km/h).

1st main peak   

2nd main peak 

Fig. 5. PSD of axle box acceleration at welded joints.
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S1002, and rail profile is UIC 54. The distance between sleepers is
750mm. The total length of the track is 10.5 m, which contains 14
groups of track supporting systems; it has been validated that this
length is accurate enough to capture the dynamic response [33]. The
detailed information of the model parameters is listed in Table 1
[33–35].

The mesh size near the contact surface between wheel and rail is
about 1.2 mm, which can be used to get an accurate contact result

between wheel and rail [36]. The mesh size far from the contact surface
is 50mm and a transitional mesh is used between them to decrease the
number of elements and increase the calculation efficiency. The contact
is modeled as a surface-to-surface configuration in ABAQUS [37],
friction coefficient between them is 0.3. The part above the wheel-set is
modeled as a sprung mass, which is connected by the primary sus-
pension with the wheelset. There are two supporting systems of the
track, one is the pad between rail and sleeper, we call it 1st pad in this
article, the other one is the pad between sleeper and ground, it is called
2nd pad here. The sleeper and the rail can move freely in vertical di-
rection, the symmetry constraint is applied on the symmetry surface of
the axle. The coordinate system is shown in Fig. 6 and running direction
is –Z.

The calculation process is described below. At first, a static calcu-
lation is performed under the gravity loading. After that, the result from
the static calculation is used as initial condition for the dynamic cal-
culation. At the same time, velocity and traction moment are applied in
the dynamic calculation: a traction coefficient of 0.2 and a velocity of
72 km/h are used in this work. Because of the differences between static
and dynamic calculation methods, there will be an initial disturbance at
the beginning of the dynamic calculation. After some calculation time,
the dynamic result will reach a stable condition. The dynamic result is
picked after the stable region. The explanation of static calculation
region, establishing stable state region and dynamic solution region can
be seen in Fig. 6.

3.1. Validation of contact result

For fatigue damage prediction, an accurate stress-strain response is
essential. Since no available experimental technique can be found to
determine the dynamic contact stress as well as the stress and strain
response below the surface, analytical and numerical approaches are
commonly used to solve these problems [36,38]. It is well known that
the finite element technique is a good method to describe the wheel-rail
contact situation [36,39]. Elastic-plastic material properties, the com-
plex contact surface, dynamic response, both surface and inside stress
and strain can be well described using finite elements. Because the
contact situation in this study is between wheel tread and rail head, in
this situation, the Hertz’s contact theory [40] and Kalker’s theory
(Fastsim) [41] can be used to get an accurate result [42]. In this article,
a simple validation of the contact result from finite element model
(FEM) is performed with the help of Hertz’s contact theory in normal
contact and simplified Kalker’s theory (Fastsim) in tangential contact.
The detailed validation can be found in [36].

In order to have an intuitive comparison, the result of normal
pressure and surface shear stress at the maximum pressure point in
longitudinal axis (Z direction) is shown in Fig. 7. The FEM result is

Establish 
stable 
state 

Dynamic 
solution 

Static 
calculation 

Z 
X

Y Running direction 

Welded joint 

Fig. 6. Finite element model of the wheel-rail contact.

Table 1
Parameters of the finite element model.

Components Parameters Values

Sprung mass Mass (Mc) 8 t
Wheel Type S1002

Diameter (DW) 0.86m
Young’s modulus (EW) 210GPa
Poisson’s ratio (νW) 0.3
Density (ρW) 7900 kg/m3

Rail Type UIC54
Young’s modulus (ER) 210 GPa
Poisson’s ratio (νR) 0.3
Density (ρR) 7900 km/m3

Sleeper Young’s modulus (ES) 34.5 GPa
Poisson’s ratio (νS) 0.25
Density (ρS) 6600 kg/m3

Primary suspension Vertical stiffness (Kcv) 0.88MN/m
Vertical damping (Ccv) 4 kNs/m

1st pad Vertical stiffness (K1) 750MN/m
Vertical damping (C1) 45 kNs/m

2nd pad Vertical stiffness (K2) 45MN/m
Vertical damping (C2) 45 kNs/m

(a) Contact pressure         (b) Surface shear stress

running direction running direction 

Fig. 7. Validation of contact analysis.
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taken in the dynamic solution area (in Fig. 6). For comparison con-
venience, translation is done in Z direction to make sure that the Z
coordinate of the maximum pressure point is zero. In Fig. 7(a), it can be
seen that the maximum pressure from FEM results is slightly less than
that in Hertz’s theory, and the contact area from FEM results in long-
itudinal direction is slightly larger than that with Hertz’s theory. This is
a consequence of the discretization in the finite element modeling: a
more refined mesh in FEM would provide more accurate results [36],
but the calculation time could be more than ten times longer. So a mesh
size of 1.2 mm is chosen in this article due to the balance between
calculation time and result accuracy. In Fig. 7(b), it can be seen that the
area of the frictional saturated zone (surface shear stress is equal to the
production of contact pressure and friction coefficient) is similar be-
tween the results from FEM and Fastsim.

3.2. Validation of axle box acceleration response in frequency domain

According to the analysis in Section 2, the main response of the axle
box acceleration at the welded joints is below 400 Hz (Fig. 5). In this
study, we focus on the frequency response below 600 Hz. The profile of
the welded joints of the measured line is not available. But according to
previous research [9,14,42–45], the irregularity at the welded joints in
longitudinal direction is a combination of the long wavelength and
short wavelength defects. The long wavelength defect is usually around
1m in length and 0.1–0.3mm in depth, the short wavelength defect is
usually about 0.1–0.2m long and 0.1–0.4 mm deep. The short wave-
length defect is more dangerous because it can lead to higher impact
contact forces. In this article, we mainly focus on the short wavelength
irregularities.

Due to the lateral movement of the wheelset, such as hunting
movement, etc., the contact points at the same location in different
passes will be different. It is difficult to study the influence of the ir-
regularities in lateral direction. So in this study, the influence of the
profile in lateral direction is ignored, and we only focus on the irre-
gularities in longitudinal direction.

According to [5,15,16], the changing of the welded joints profile
has a great influence on the dynamic contact force and axle box ac-
celeration in time domain. Even though the actual geometrical profile
of the welded joint is known, the lateral movements of the wheelset,
such as hunting movement, and some other random factors make it
difficult the comparison between the calculations and the experimental
tests in time domain. However, the changing of the welded joint profile
has little influence on the response in frequency domain. In this study,
the response in frequency domain is used to compare with test data.

A typical measured mature welded joint profile [42] is used in this
study, several artificial short wavelength irregularities in a cosine wave
form with different length (100mm, 150mm, 200mm) and depth
(0.1 mm, 0.3 mm, 0.5 mm) are used to study the influence of the profile
at the welded joints [9,45]. The artificial short wavelength irregula-
rities at welded joints can be sag and bulge [2], and it is found that the
bulge form is the mature one [5]. Based on the analysis above, the
adopted irregularities and the nomenclature for the different defects
used in this work are shown in Fig. 8. The welded joint is placed be-
tween the two sleepers in the dynamic solution region, which can be
seen in Fig. 6.

The axle box acceleration results in frequency domain from FEM
calculations with different welded joint profiles (velocity 72 km/h) are
shown in Fig. 9. From Fig. 9(a)–(c), it can be seen that there are also
two main peaks at the welded joints. The first main peak is between
214 Hz and 253 Hz, the second peak is between 351 Hz and 371 Hz. We
choose the middle median value as the characteristic value, so the two
main peaks from FEM calculations are 233 Hz and 361 Hz. Compare
with the test results, in Fig. 5, where the two main peaks are around
210 Hz and 310 Hz. It can be seen that the results from FEM calcula-
tions and tests are similar. Considering the influence of the welded joint
profile, running velocity, lateral movement and some other random

factors in actual situation, the results from FEM calculations can be
accepted. Apart from the two main peaks, there are also some negligible
peaks in different calculation cases with different artificial welded
joints profiles.

The results with the typical measured mature welded joint profile
are shown in Fig. 9(d). It can be seen that the two main peaks are
234 Hz and 332 Hz, which are closer to the test results. Apart from the
two peaks, the response in frequency domain with the measured profile
is much more complex than the artificial profiles. This also indicates
that the profile of the welded joints has influence on the axle box ac-
celeration response in frequency domain. But it has to be pointed out
that the artificial profiles used in this work can reveal the main features
of the response at the welded joints in frequency domain.

4. Fatigue damage prediction

Fatigue damage in rails results from the interaction between wheel
and rail, which will lead to a very severe stress state, especially, in the
case of short wavelength track irregularities, such as welded joints,
switches and crossings. In these regions, the intense impact can lead to
very high stresses and strains, which can result in a dramatic de-
gradation in the fatigue damage resistance ability of the rail. Rail fa-
tigue damage prediction is a complicated task due to the complex
multiaxial loading condition. A simplified diagram of the loading state
of the rail in straight line without defect is depicted in Fig. 10, which
shows that the stress-strain state is multiaxial. However, the loading
condition at the welded joints is even more complex, making it more
difficult to predict fatigue damage.

There is not a universally applicable multiaxial fatigue criterion
which can be applied for all materials and multiaxial loading conditions
[30,31]. Very recently, Lu et al. [32] have established a universally
applicable multiaxial fatigue criterion for 2D cyclic loading, showing
that the method can be used for a wide range of materials and multi-
axial loading conditions and providing excellent fatigue predictions.

A brief summary of Lu’s criterion is given here to facilitate the un-
derstanding of the analysis below, see Ref. [32] for the specific details.
The original Lu’s criterion has been developed for two-dimensional
cyclic loading. The general form of the criterion can be written as

=FP f N N S( , , )1 2 (1)

where FP is the fatigue parameter to be defined. We denote the critical
plane as 1st plane and the plane orthogonal to the critical plane is called
2nd plane; N1 and N2 are the normal components (of stress or strain, as
discussed below) acting on the 1st and 2nd plane, respectively, and S is
the parameter related to the shear components.

According to different failure types, namely normal-type failure and
shear-type failure, Lu’s criterion can be formulated in two different
forms. Different components are used as the key factor in the fatigue
parameter under different failure types, i.e., Eq. (2) for normal-type
failure and Eq. (3) for shear-type failure.

=FP f N N S( , , )max
1 2 (2)

=FP f S N N( , , )max
1 2 (3)

where the superscript “max” is used to represent the maximum
equivalent component on the critical plane.

As mentioned above, the analysis of the fatigue failure mechanisms
and the validation of the criterion in [32] are based on 2D cyclic
loading conditions. For a more general stress and strain state in 3D
situations, some modifications must be made to the original Lu’s cri-
terion. The fatigue failure mechanisms in a 3D stress and strain state are
illustrated in Fig. 11. The dotted line indicates the final fatigue failure
plane, the cube with solid line represents the material before de-
formation and the cube with dashed line represents the deformed ma-
terial. Six stress (strain) components are necessary in general 3D
loading to describe the mechanical state of the material: three normal

C. Lu et al. International Journal of Fatigue 113 (2018) 78–87

82



stress (strain) components, S11, S22 and S33, and three shear stress
(strain) components, S12, S13 and S23. Note that, looking on the de-
formation failure mechanisms shown in Fig. 11, only five out of these
six components have effect on the fatigue damage in a 3D situation,
namely, denoting the direction of the critical plane as direction 1, S23
has no contribution to fatigue damage, because it cannot induce de-
formation on the critical plane.

For ease of description, we assume that we have already established
the final direction of the fatigue critical plane in a Cartesian 3D co-
ordinate system. We call the three direction 1st, 2nd, and 3rd direc-
tions, respectively, for convenience, being the 1st direction the one
perpendicular to the critical plane. Directly inherited from the original
Lu’s criterion, it is true that the normal loading components on the

critical plane are relevant to the fatigue damage, as shown in Fig. 11(A)
and (B). At the same time, the normal loading components on the 2nd
and 3rd planes also have influence on the fatigue damage because of the
Poisson deformation effect, as shown in Fig. 11(C)–(F). The shear
components in 12 and 13 directions will have an influence on the fa-
tigue damage because of the decomposed vector on the critical plane, as
shown in Fig. 11(G)–(J). However, the shear component in 23 direction
will not have an influence on the fatigue damage, as it induces no de-
formation on the critical plane.

According to the analysis above, Lu’s criterion can be extended to a
3D situation, and the general form of the fatigue parameter in 3D
conditions has the form

 (a) Measured defect (b) Artificial defects
Fig. 8. Profile of the defects used in this work.

(a) Length100 mm.         

   (d) Measured profile.

(b) Length150 mm.         

(c) Length 200 mm.         
Fig. 9. Axle box response at welded joints in frequency domain.
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=FP f N N N S S( , , , , )1 2 3 12 13 (4)

where N1, N2 and N3 are the normal components on the three normal
directions, S12 and S13 are the shear components on the 12 and 13 di-
rections. For normal-type failure and shear-type failure, revised forms

are used, Eq. (5) for normal-type failure and Eq. (6) for shear-type
failure,

=FP f N N N S S( , , , , )max
1 2 3 12 13 (5)
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Fig. 10. Multiaxial loading state of rail.
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Fig. 11. Deformation failure mechanism in 3D.
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= +FP f S S N N N(( ) , , , )12
2

13
2 1/2

1 2 3
max

(6)

Based on the deformation failure mechanism in a 3D situation
shown in Fig. 11, the contributions to fatigue damage resulting from
each loading component are independent of each other. The final fa-
tigue failure damage is assumed to follow a summation rule; therefore,
the final extension of Lu’s criterion in 3D situations can be represented
as indicated in Eq. (7) for normal-type failure and Eq. (8) for shear-type
failure,

= + + + +FP N a N N b S S( ) ( )max
n n1 2 3 12 13 (7)

= + + + +FP S S a N b N N( ) ( )s s12
2

13
2 1/2

1 2 3
max

(8)

where an, bn, as and bs are material-dependent parameters.
As discussed in [32], given a certain magnitude Q (which can be any

stress or strain component), an equivalent or effective parameter can be
defined to represent the influence of the loading conditions,

= − −∗Q ξ Q ξ Q· (1 )·max min (9)

where Q∗ is the defined equivalent parameter, Qmax and Qmin are the
maximum and minimum values of the corresponding magnitude, and ξ
is a material-dependent constant which ranges between 0 and 1. If
ξ=1, Q∗ is equal to the maximum value, if ξ=0, Q∗ is equal (in ab-
solute value) to the minimum value and if ξ=0.5, Q∗ represents the
amplitude. The equivalent parameter is used to calculate the normal
components. In this way, for the normal components, the difference
between the tension and compression state can also be distinguished.
On the other hand, as the effect of shear components is independent of
the sign, the range of shear components will be used.

In this work, FEM calculations are used to obtain the stress-strain
state and to predict the fatigue damage at the welded joints. As the FEM
results are referred to the global xyz coordinates (a fixed coordinate
system) and the direction of the critical plane is not known beforehand,
all possible directions must be checked.

To obtain the material response in all directions and to determine
the direction of the critical plane, a coordinate rotation has been ap-
plied with the help of Euler angles. The coordinates, after the Euler
rotation, are called XYZ coordinates. The coordinate transformation is
given by

= −ε C ε C[ ] [ ][ ][ ]XYZ xyz
1 (10)

where ε[ ] is the strain tensor, subscripts xyz and XYZ mean the strain
tensors in the original global coordinates and in the new coordinates
after transformation, respectively. C[ ] is the coordinate transformation
matrix. In particular, we use the zXZ order to perform this coordinate
transformation, the rotation angles in zXZ order coordinate transfor-
mation are α, β and γ, respectively, as illustrated in Fig. 12. In this
definition, the coordinate transformation matrix can be written as

=
⎡

⎣

⎢
⎢
⎢

− +
− − − +

−

⎤

⎦

⎥
⎥
⎥

C

cosαcosγ sinαcosβsinγ sinαcosγ cosαcosβsinγ sinβsinγ
cosαsinγ sinαcosβcosγ sinαsinγ cosαcosβcosγ sinβcosγ

sinαsinβ cosαsinβ cosβ
[ ]

(11)

For the final fatigue damage prediction, firstly, the direction of the
1st direction should be established; the method is described below.
Because of symmetry, only a half space is used to check all possible
directions. This is achieved by using the ranges of Euler angles as α=0,
0≤ β < π, 0≤ γ < π/2. With these constraints, every direction in a
half space can be covered by X and Y directions in a unique form. After
calculation of the material stress-strain state in each direction during
the loading process, the direction corresponding to the maximum range
of the normal strain is defined as the 1st direction. Secondly, after the
determination of 1st direction, all directions orthogonal to the 1st di-
rection are analyzed. From these perpendicular directions, that corre-
sponding to the maximum range of the normal strain is defined as the
2nd direction. Finally, the 3rd direction is determined using the right

hand rule. In this way, the final failure directions in a 3D Cartesian
coordinate system are fully settled. In order to decrease the calculation
time, 3 degree is chosen as the angle step in each direction. It should be
pointed out that the direction of the critical plane is influenced by
material properties and loading conditions [46]. However, in [31], it
has been found that when a proper fatigue parameter is used, a rough
estimate of the direction of the critical plane is enough to give a rea-
sonable fatigue prediction.

It is well known that because of cyclic hardening or cyclic softening,
the material cyclic stress-strain response curve is different from that in
the monotonic case. In order to take the influence of the cyclic loading
condition into consideration, the cyclic stress-strain properties of UIC
860 grade 900 A rail [47] are used in this work for the finite element
calculation, namely, strength coefficient, K'=1747MPa and cyclic
strain hardening exponent n'=0.152. However, the experimental fa-
tigue information necessary for calibration of the material coefficients
of the new fatigue criterion is not available for this rail material in 3D
conditions. In this work, we assume that the rail material has the same
material-dependent coefficients as those of hot-rolled 45 steel in 2D
conditions [32], which is the common strategy to extend fatigue cri-
terion from 2D to 3D [3].

During the FEM calculations, the point of the maximum Von Mises
stress is chosen as the most damaging location for fatigue failure (in
fact, the Von Mises stress is used as the fatigue parameter in some fa-
tigue models). It should be noted that the stress and strain states in the
rail are essentially compressive. In this case, the influence of the mean
stress can be assumed to be represented by the amplitude and the Mises
stress. After the determination of the most damaging point, the material
stress-strain state at this point during the passing of the wheelset is
analyzed to evaluate the fatigue damage. The results of the fatigue
damage in different cases are shown in Fig. 13. The horizontal axis
represents the depth of the welded joints: 0.1 mm, 0.3 mm and 0.5mm.
The vertical axis represents the value of the fatigue parameter. Different
colors mean different lengths of the welded joints: black, red and dark
blue mean that the lengths of the welded joints are 100mm, 150mm
and 200mm, respectively. The light blue represents the result with the
measured profile. The details of the profiles used in the calculations are
shown in Fig. 8.

The most evident conclusion from Fig. 13 is that fatigue damage is
more significant with shorter and deeper welded joints. More specifi-
cally, when the length of the welded joints is less than 150mm, fatigue
damage increases significantly with increased joint depth. When the
depth of the welded joints is less than 0.1mm, fatigue damage is not

Fig. 12. Coordinate rotation with the help of Euler angles (zXZ order).
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relevant, regardless of the joint length. When the depth is greater than
0.3 mm, fatigue damage increases sharply with decreasing joint length,
especially when the length is less than 150mm. With regard to the
measured profile, Fig. 8 shows that the longitudinal wavelength of the
defect in the deepest region (between 0.2 and 0.4 mm approximately) is
around 300mm. It can be observed that, due to the length of the
measured profile, fatigue damage is not significant.

Some conclusions can be drawn from the above analysis. To reduce
fatigue damage in welded joints, it is advisable to increase the length of
the welded joints to more than 150mm. At the same time, decreasing
the depth of the welded joints also helps to reduce the fatigue damage,
it is better to limit the depth of the welded joints to less than 0.3mm.
When the length of the welded joints is great enough, the restriction on
the depth can be relaxed.

5. Conclusion

In this article, the universally applicable multiaxial fatigue criterion
in 2D cyclic loading conditions developed by the authors is extended to
3D situation. The criterion is then applied to predict fatigue damage in
rail welded joints. An explicit finite element model is built to obtain the
mechanical response of the material when the wheelset passes across
the welded joint. Contact theory and axle box acceleration are used to
validate the finite element model. The influence of the depth and length
of the welded joints on the fatigue damage is studied. It is found that
the fatigue damage is more significant with shorter and deeper welded
joints. When the length of the welded joints is less than 150mm, the
fatigue damage increases strongly with the increasing of the joint depth.
When the depth of the welded joints is less than 0.1 mm, the fatigue
damage is not relevant regardless of the joint length. When the depth of
the welded joints is greater than 0.3mm, the fatigue damage increases
significantly with decreasing length of the joint, especially when the
length is less than 150mm. When the length of the welded joints is
great enough, the restriction on the depth of the welded joints can be
relaxed. The analysis procedure and the conclusions of this work can
provide guidance for maintenance and repair of rail welded joints. The
proposed methodology also provides theoretical support for the un-
derstanding of the fatigue damage in rail welded joints.
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A B S T R A C T

A multiaxial fatigue criterion is proposed, which can be seen as a modification of a previous criterion presented
by the authors. The influence of the unique material state can be taken into consideration, as well as the range
and mean value of the variables involved in the fatigue parameter for depicting the influence of the loading
condition. Definitions of the out-of-phase failure and out-of-phase failure angle are proposed, as well as an out-
of-phase failure parameter that can be used to express the interdependent relationship with the out-of-phase
failure, in both normal-type and shear-type failure. An explicit physical interpretation of different failure types is
proposed. After validation and comparison with experimental results for different loading conditions and ma-
terials, it is concluded that the prediction ability of this modified multiaxial fatigue criterion is better than that of
the original Lu’s criterion, as well as than those of the other commonly used multiaxial fatigue criteria.

1. Introduction

Multiaxial fatigue damage is a widespread issue in engineering.
Because of the concealed initiation and propagation, it always leads to
serious loss of material properties and eventually sudden failure.
However, the prediction of multiaxial fatigue damage is still a com-
plicated problem since, compared with uniaxial fatigue, there are many
factors that can play a relevant role [1]. From the last century, a huge
number of multiaxial fatigue criteria have been proposed by different
researchers [2–11], but there are still some specific drawbacks that
need further analysis.

A summary of some commonly used multiaxial fatigue criteria is
presented below. Brown and Miller [12] presented a strain-based
multiaxial fatigue criterion, assuming that the multiaxial fatigue da-
mage is a result of the interaction between normal and shear compo-
nents. The fatigue parameter (FP) is defined following a summation rule
in terms of shear and normal strain components,

= +FP γ kf ε( )max n (1)

where the critical plane is the one on which shear strain reaches its
maximum value, γmax is the maximum shear strain amplitude, εn is the
normal strain on the critical plane, f denotes a function of the normal
strain, and k is a material dependent constant, which can be used for
modifying the influence of the normal strain. Following the same idea,
Kandil et al. (KBM criterion) [13] gave an explicit expression for the

function f , in the form,

= +FP γ k εΔmax n (2)

where εΔ n is the range of the normal strain on the critical plane; the
other variables have the same meaning as those in Eq. (1). In this cri-
terion, the influence of the mean value of normal strain is ignored.
However, the experimental evidences have demonstrated that the mean
value has a significant effect on fatigue damage [14,15].

Shang et al. [16] established a multiaxial fatigue criterion based on
an equivalent strain form (Shang criterion), which is formally similar
(except by the chosen strain variables) to a Mises strain,

⎜ ⎟= + ⎛
⎝

⎞
⎠

∗FP ε
γ1

3
Δ

2n
max2

2

(3)

where the critical plane is the one on which the maximum range of
shear strain is obtained, γΔ max is the maximum range of shear strain, ∗εn
is the normal strain excursion between two turning points of the shear
strain in a loading cycle. It is argued that the influence of loading his-
tory can be well reflected due to the use of ∗εn . However, it should be
pointed out that the influence of the mean normal strain is ignored. In
addition, it has been discussed in [1] that Mises criterion can give an
acceptable fatigue prediction in in-phase loading conditions, but that
the predictions are not accurate enough in out-of-phase loading. The
drawbacks of Shang’s criterion are inherited from Mises criterion.

Chen et al. [17] put forward an energy-based multiaxial fatigue
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criterion (CXH criterion), which assumes that the fatigue damage is the
collective effect of normal and shear strain energies. It is well known
that different materials have different failure types [7,12]; the im-
provement of this criterion is that different types of failure are taken
into consideration, i.e., normal-type failure and shear-type failure. For
normal-type failure, Eq. (4) is used,

= +FP ε σ τ γΔ Δ Δ Δn
max

n (4)

where the critical plane is the one on which the range of the normal
strain is maximum. εΔ n

max is the maximum range of normal strain; σΔ n,
γΔ and τΔ are the ranges of normal stress, shear strain and shear stress,

respectively, on the critical plane. For shear-type failure, Eq. (5) is used,

= +FP γ τ ε σΔ Δ Δ Δmax n n (5)

where the critical plane is defined as that corresponding to the max-
imum shear strain range. γΔ max is the maximum range of shear strain
and the other variables have the same meaning as the corresponding
ones in Eq. (4). In this criterion, the decision on how to choose between
normal-type and shear-type failure is not based on physical arguments.
In fact, the recommendation in CXH criterion is to use the most con-
servative of the predictions obtained with Eqs. (4) and (5). In addition,
the influence of the mean value is ignored.

Apart from the multiaxial fatigue criteria discussed above, some
other criteria can also be mentioned. For example, Ince and Glinka [18]
proposed an elastic-plastic stress-strain multiaxial fatigue parameter.
Gates and Fatemi [19] established a multiaxial fatigue criterion con-
sidering the influence of notches and stress gradients. Zhu et al. [20]
presented a criterion combining the critical distance theory and strain
energy gradient. Wu et al. [21] proposed a criterion with the help of
shear strain and normal strain energy. A complete list of all the mul-
tiaxial fatigue criteria is impossible, some other criteria can be found in
[22–32]. But until now, there is not a well-accepted multiaxial fatigue
criterion which can be used for all materials and loading conditions.
Recently, the authors have proposed a new energy-based multiaxial
fatigue criterion [33,34] and then extended the criterion to a more
general form for both normal and shear-type failure, which can be used
for a wide range of materials and loading conditions in 2D and 3D si-
tuations [35,36]. Noticing that 20 materials available in the literatures
were used to validate the capability of Lu criterion, and the prediction
were favorable for every checked material [35], it was suggested Lu
criterion can be used as a universally applicable multiaxial fatigue
criterion [35]. After additional examination of the previous multiaxial
fatigue criteria proposed by the authors, as well as other criteria [35], it
is found that there are still some drawbacks and unreasonable issues

that deserve further analysis.
In this article, the disadvantages will be discussed and a modified

version of the multiaxial fatigue criterion proposed by the authors [35]
will be presented. The modified criterion is compared with other
commonly used multiaxial fatigue criteria using experimental data
available for various materials and a huge number of multiaxial loading
conditions.

2. Proposed multiaxial fatigue criterion

One kind of classifications among the multiaxial fatigue criteria is
that, depending on the used magnitudes, they can be divided into stress-
based methods, strain-based methods, criteria based on the combina-
tion of stress and strain, and energy-based fatigue criteria. It is usually
stated that stress-based criteria are appropriate for high cycle fatigue
prediction and that strain-based criteria can be used in both low cycle
and high cycle fatigue, depending on the amount of plastic deforma-
tion. It is also argued that the phenomenon of material hardening/
softening can be taken into account by using the combination of stress
and strain components and energy-based criteria. However, Lu et al.
[33,35] have found that there is no need to distinguish the multiaxial
fatigue criteria into stress-based, strain-based, stress–strain-based and
energy-based criteria. The reason is that, for a specific material, the
relationships between stress, strain and energy components are pre-
scribed. This means that if one of the set of variables is known, then the
other magnitudes can be calculated. Therefore, life predictions would
be the same with the different criteria, the only difference being the
mathematical form of the relationship between fatigue parameter and
fatigue life, the results in [33,35] support this argument. In practical
situations, due to data scatter and some other random error in obtaining
the fatigue data, the predictions can be slightly different. Thus, a critical
point is to establish an accurate fatigue law, rather than the type of
physical magnitude (stress, strain or energy) used in the criterion.

In addition, the review of multiaxial fatigue criteria indicates that
different functional forms are proposed for establishing the criteria,
even with the same variables. For example, commonly used expressions
include summation rules, products of variables, power laws, sum of
squares, etc. But none of these expressions is favorable for all materials
and loading conditions.

As explained in [35], only the components on the critical plane are
not enough to predict the fatigue damage, because the mechanical re-
sponse of the material cannot be completely described with the com-
ponents on one material plane. This is the reason why using the com-
ponents on the two orthogonal planes can give a better fatigue damage

Nomenclature

FP fatigue parameter
γmax maximum shear strain amplitude
k material-dependent constant
εn normal strain

εΔ n range of normal strain
∗εn normal strain excursion
γΔ max maximum range of shear strain
σΔ n range of normal stress
τΔ range of shear stress
γΔ range of shear strain

Ps material state parameter
Po, PoS andPoN out-of-phase parameter
f and g function
N and ∗N normal components on two orthogonal planes
S shear components on two orthogonal planes
∼N mean value of the normal components on two orthogonal

planes

kN and kS material-dependent coefficient for material state
ζN and ζS material-dependent coefficient for out-of-phase failure
Qmax and Qmin maximum and minimum value of a certain magni-

tude
ω material constant for loading condition

∗Q equivalent parameter of a certain magnitude
ΔQ and Qmean range and mean value of a certain magnitude
m material constant for mean value
W material constant to define a dimensionless variable

NΔ and ∗NΔ range of normal components on two orthogonal planes
SΔ range of shear components on two orthogonal planes
∼NΔ range of mean value of the normal components on two

orthogonal planes
PΔ oS and PΔ oN range of out-of-phase parameter

σt1 stress amplitude in fully reversed torsion
σa1 stress amplitude in fully reversed axial loading
Np predicted fatigue life
Ne experimental fatigue life
n number of samples in fatigue testing

C. Lu et al. International Journal of Fatigue 114 (2018) 323–330

324



prediction [34]. It is also found that different materials display different
failure types, namely, normal and shear-type failure; an explicit phy-
sical interpretation is presented for different failure types in [35]. The
fundamentals of this work follow the same ideas as in [35].

Some preliminary comments should be made first. Although mate-
rial properties and loading conditions have an effect on the critical
plane direction [1], it is reported in [34] that when an appropriate
fatigue parameter is used, a rough estimate of the critical plane direc-
tion is enough to provide satisfactory fatigue damage predictions. In
this work, the material plane with the maximum normal magnitude
(stress, strain or energy) is defined as the critical plane in normal-type
failure, and the plane with the maximum shear magnitude is defined as
the critical plane in shear-type failure, as shown in Fig. 1, where, for
illustration purposes, only Mohr’s strain circles are used. Fig. 1(a) and
(b) correspond to normal-type and shear-type failures, respectively. It is
important to notice that the two orthogonal planes in normal and shear
type failure are different. In normal-type failure, the two orthogonal
planes are the maximum normal response plane and its corresponding
orthogonal plane, while in shear-type failure, the two orthogonal planes
are the maximum shear response plane and its corresponding ortho-
gonal plane. The black points represent the situation with a rough es-
timate of the critical plane direction, ignoring the influence of material
properties and loading condition on the direction of the critical plane,
which will be used in this work. The conditions at a different plane (the
one for which the influence of material properties and loading condi-
tions would have been taken into account) are also depicted with the
red points (in this case, the method would be the same as the im-
plementation process performed in this work, but a rotation should be
carried out first to get the referenced coordinate system). In the case of
the rough estimate of the critical plane direction, in Fig. 1(a), it can be
seen that for normal-type failure, the components on the two ortho-
gonal planes are needed to define the unique material state. Similarly,
for the shear-type failure in Fig. 1(b), two orthogonal planes are also
needed, but because of the symmetry conditions in shear-type failure,
only the components on one material plane (black points) are enough;
this situation can also be thought of as a combination of the shear
component and the mean value of the normal components on the two
orthogonal planes. However, when the influence of material properties
and loading conditions on the direction of the critical plane is taken into
account, it can be seen that, for normal-type failure, the components on
the two orthogonal planes are also needed. In the case of shear-type
failure, although symmetry still exists, the components on one material
plane are not enough to represent the material state uniquely; the mean
value of the normal components on the two orthogonal planes and the
shear components are necessary to define the unique material state (the
same as the situation with a rough estimate of the critical plane di-
rection). Based on the analysis above, the components on the two or-
thogonal planes are used in this work for fatigue damage prediction in
normal-type failure; the shear components and the mean value of the
normal components on the two orthogonal planes are used for fatigue
damage prediction in shear-type failure.

In terms of fatigue analysis, it is clear that only the “changing of
variables” (time-varying variable) can lead to fatigue damage. From
this point of view, the fatigue criteria based on stress invariants (in-
cluding the hydrostatic stress) are not correct. As shown in Fig. 2, when
the loading condition changes following “the rule of the circle”, the
stress invariants are not changing; however, changing the loading
condition would lead to fatigue damage. This means that fatigue da-
mage is influenced by the changing of each component, not just by the
“overall” changing of all of them. Apart from this, the stress invariants
cannot reveal the fact that there is a certain direction corresponding to
the critical plane.

For multiaxial fatigue predictions, it is common to distinguish into
different types of loading conditions, such as fully reversed axial
loading, fully reversed torsion loading, in-phase loading and out-of-
phase loading conditions. In some of the existing fatigue criteria, no

fitting coefficients are used [17,37], then meaning that there is an
implicit assumption that fatigue damage is the same in all loading
conditions. Although this type of approach is very appealing, its pre-
diction capabilities are limited, and only acceptable for some materials
and loading conditions [34]. For other kinds of fatigue criteria, there
are some fitting coefficients that are material dependent. These
methods also introduce some problems. For example, these criteria use
fully reversed axial and fully reversed torsion fatigue test data to fit the
material coefficients [12,13,29,31,32], and then use the corresponding
fatigue parameter to predict fatigue damage under other loading con-
ditions, such as out-of-phase loading or even random loading (with a
proper cycle counting method). This means that the “material condi-
tion” under out-of-phase and complex loading conditions is assumed to
be the same as that in fully reversed axial and fully reversed torsion
loading conditions. However, this is not always true, because the ex-
perimental measurements indicate that the out-of-phase conditions can
aggravate fatigue damage [45]. This is the reason why these multiaxial
fatigue criteria could be not good enough in fatigue damage prediction
in out-of-phase loading and some complex loading situations. There are
also some criteria that try to consider the influence of the out-of-phase
loading conditions [38–40], then improving the prediction ability.
However, the question of how to consider the effect of the out-of-phase
loading is still a problem, as there is not a well-accepted method to
explain its influence.

Now we will discuss about the nature of the “out-of-phase”, and give
the definition of some important variables characterizing the out-of-
phase situation. Usually, the term “out-of-phase” is employed to de-
scribe the loading condition. For example, reversed axial/bending and
reversed torsion are frequently used in multiaxial fatigue testing, with
waveforms of sinusoidal, triangular, trapezoidal, etc. shape.; and there
can be a phase delay (phase angle) between the loading components.
The case where there is no phase difference is called the in-phase
loading condition. However, the nature and intrinsic quality of the out-
of-phase condition is not the phase difference itself, but the changing of
the direction of the principal stress/strain [1]. In this work, apart from
the out-of-phase and in-phase loading conditions, we will define the
out-of-phase and in-phase failure. The failure when the direction of the
principal stress/strain is changing during cycling will be called out-of-
phase failure. In-phase failure is the condition at which the direction of
the principal stress/strain is not changing during cycling. In this regard,
note that out-of-phase failure not only happens in the out-of-phase
loading, but it can appear under some complex multiaxial loading si-
tuations. Similarly, in-phase failure not only happens under in-phase
loading; it can also occurs under some complex multiaxial loading
conditions. The angle changing of the principal stress/strain during a
loading cycle will be defined as the out-of-phase failure angle. Ac-
cording to this definition, only when the failure is an out-of-phase
failure (the out-of-phase failure angle is not zero), the influence of the
“out-of-phase” should be taken into consideration.

Based on the analysis above, it is concluded that fatigue damage is
determined by two different mechanisms. One is the changing of each

Fig. 1. The direction of the critical plane: (a) normal-type failure, (b) shear-type
failure.
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component, which can be used to describe the unique material response
state; another part is the out-of-phase parameter, which can be used to
represent the influence of the out-of-phase failure. Therefore, the gen-
eral form of the fatigue parameter can be written as,

=FP f P P( , )s o (6)

where FP is the fatigue parameter, f is a function (to be established),
and Ps and Po are the parameters representing the material state and the
influence of the out-of-phase failure.

From the previous definition, it can be seen that for normal-type
failure, if it is not in an out-of-phase failure situation, the shear com-
ponents on the two orthogonal planes will always be zero. Only in an
out-of-phase failure situation, the shear components are changing and
are not always zero. From this point of view, we can see that the in-
fluence of the out-of-phase failure and the shear components on the two
orthogonal planes are interdependent. It should be pointed out that
because of symmetry, the situations of the shear components on the two
orthogonal planes always have the same value but with different di-
rections (in Mohr’s circle).

Similarly, for shear-type failure, when there is not an out-of-phase
failure situation, the critical plane will always be that corresponding to
the maximum shear plane. There is no difference between the normal
components on the critical plane and the mean value of the normal
components on the two orthogonal planes. Only when it is in an out-of-
phase failure situation, there will be a difference between the normal
components on the critical plane and the mean value of the normal
components on the two orthogonal planes. From this point of view, the
out-of-phase failure and the difference between the normal components
on the critical plane and the mean value of the normal components on
the two orthogonal planes is interdependent. The same as in normal-
type failure, because of the “symmetry” as well, the situation of the
difference between the normal components on each of the two ortho-
gonal planes and the mean value of the normal components on the two
orthogonal planes also have the “same” value but with “different di-
rections”.

Based on the analysis above, Eq. (6) can be rewritten as Eq. (7) for
normal-type failure and Eq. (8) for shear-type failure.

= ∗FP f g N N P( ( , ), )oS (7)

= ∼FP f g S N P( ( , ), )oN (8)

where g is a certain function of the components used to characterize the
material state. In normal-type failure, N and ∗N represent the normal
components on the two orthogonal planes and PoS is the parameter
describing the influence of the out-of-phase failure, which is a function
of the shear components. In shear-type failure, S and ∼N are the shear
components and the mean value of the normal components on the two
orthogonal planes and PoN is the parameter describing the influence of
the out-of-phase failure, which is a function of the difference between
the normal components on the critical plane and the mean value of the

normal components on the two orthogonal planes.
Regarding the functional form for constructing the fatigue para-

meter, in this article, following the same idea as in [35], we use a
summation rule, Eq. (9) for normal-type failure and Eq. (10) for shear-
type failure,

= + +∗FP N k N ζ P( )N max N oS (9)

= + +∼FP S k N ζ P( )S max S oN (10)

where k and ζ are material-dependent coefficients for describing the
material state and the out-of-phase failure condition; subscripts N and S
represent the situation in normal-type and shear-type failure, respec-
tively. It should be pointed out that because the components on the two
orthogonal planes are used to predict the fatigue damage, the higher
value of the material state parameter is used for fatigue damage pre-
diction, which is represented by the subscript “max”.

After establishing the main variables of the fatigue parameter, we
analyze here the influence of the loading condition, which is relevant
on fatigue damage prediction. In a previous article [35], the authors
have defined an equivalent parameter, ∗Q , to describe the effect of the
loading condition,

= − −∗Q ωQ ω Q(1 )max min (11)

whereQ is a certain physical magnitude for fatigue prediction, ω is a
material-dependent constant ranging between 0 and 1. Qmax and Qmin
are the maximum and minimum value of the corresponding magnitude.
If ω=1, Q* is equal to the maximum value, if ω=0, Q* is equal (in
absolute value) to the minimum value and if ω=0.5, Q* represents the
variation range. For other values of ω, depending on the particular
material, the influence of the maximum, the minimum and the range of
the selected parameter can be reflected, i.e., the influence of the loading
condition.

With this definition, it was assumed that the influence of the max-
imum and minimum values, and the range/amplitude can be all taken
into consideration. At the same time, because of the using of the
maximum, minimum value and material-dependent constant, the in-
fluence of the mean value can also be taken into account, even though
in an approximate manner. Nevertheless, some drawbacks can be
identified in this equivalent parameter. The major contribution of this
equivalent parameter is a subtraction of the maximum and minimum
value; this means that the equivalent parameter is an equivalent
“range/amplitude”. However, it is well known that the influence of the
mean value cannot be taken into consideration with an expression of a
“range/amplitude”. What is more, the coupled relationship between the
coefficient of the maximum and minimum values in Eq. (11) is an ar-
tificial constraint, which is not necessarily correct.

In this work, we redefine the equivalent parameter to take into
account the influence of the range/amplitude and the mean value. Once
these two magnitudes (range/amplitude and mean value) are known,
the other relevant magnitudes characterizing the loading condition can
be obtained from them [35]. It is known that in fatigue, the most im-
portant feature is the changing of the corresponding magnitude. Be-
cause when there is no changing, it is like a “static” condition, and a
“static” condition will not lead to fatigue damage. Regarding the in-
fluence of the mean value, it is known that the same range/amplitude
with a higher mean value will cause a more severe fatigue damage. This
can be thought of as a situation where the amplitude/range is the main
variable, while the mean value acts as a correcting factor. Hence, an
equivalent parameter is proposed as,

= × ⎛
⎝

+ ⎞
⎠

∗Q m Q
W

ΔQ 1 mean

(12)

where ΔQ and Qmean are the range and mean value of the corresponding
magnitude, W is a material-dependent constant introduced for dimen-
sional purposes (same units as Q) and m is a material-dependent coef-
ficient that quantifies the influence of the mean value.

Fig. 2. A special loading condition.

C. Lu et al. International Journal of Fatigue 114 (2018) 323–330

326



As discussed above, the fatigue parameter is made up of two terms,
i.e., a material state parameter and an out-of-phase failure parameter.
The equivalent parameter is only used for the material state parameter.
Recall that the components representing the out-of-phase failure on the
two orthogonal planes have the same amplitude with different direc-
tions (sign), the “overall” mean value is zero. At the same time, as the
components on each orthogonal plane always change from zero, the
influence of the mean value on each orthogonal plane can be taken into
consideration by the amplitude of the corresponding components.
Another important fact is that only a higher mean “material state” will
increase the fatigue damage, so for the out-of-phase failure parameter,
there is no need to consider the influence of the mean value, only the
range is used. Note also that, according to experimental observations
[41], the mean shear components has little effect on fatigue damage.
Therefore, the coefficient for the mean shear components will be
usually taken as zero. In the case of some materials, which can be af-
fected by the mean shear components, in this article, we still keep the
mean shear component coefficient, but it should be pointed out that it is
zero in most cases.

There is still an important effect that should be discussed. The mean
value of a certain magnitude not only affects the magnitude itself but it
can have an effect on the fatigue parameter. Otherwise, when this
magnitude does not change, the influence of its mean value will be
ignored. However, this is not true, since even though this magnitude is
not changing, it can still provide a more dangerous state with a higher
mean value. Therefore, the final form of the criteria is proposed as Eq.
(13) for normal-type failure and Eq. (14) for shear-type failure,

⎜ ⎟= + + ⎛
⎝

+ ⎞
⎠

⎛
⎝

+ ⎞
⎠

∗
∗

FP N k N ζ P m N
W

mk
N

W
((Δ Δ ) Δ ) 1 1N max N oS

mean
N

mean

(13)

⎜ ⎟= + + ⎛
⎝

+ ⎞
⎠

∼ ∼
FP S k N ζ P m N

W
((Δ Δ ) Δ ) 1S max S oN

mean

(14)

As discussed at the beginning of Section 2, the variable (stress,
strain, energy) used in the fatigue parameter is not particularly re-
levant. In this work, we still use the strain components as in [35].
Material-dependent coefficient k can be obtained with the help of fa-
tigue data under fully reversed axial and fully reversed torsion loading
conditions. ζ can be derived from fatigue data when the mean value is
zero on the critical plane, for instance, under 90° out-of-phase loading
with null mean values of the applied normal and shear loads. m can be
calibrated using the fatigue data under non-zero mean value on the
critical plane. The yield strain is chosen as W for dimensional purposes
in this work.

In a previous study [35], we already gave the physical interpreta-
tion of the normal-type and shear-type failures. Here, that physical
interpretation will be further refined. In this work, the relationship
between the material response states under fully reversed axial and
torsion loading conditions are still used to define the different failure
types.

Mohr’s stress circles are used to explain the different failure types in
Fig. 3. The black solid circle and the black dotted circle represent the
material response state under fully reversed axial and torsion loading
conditions, respectively, with the same fatigue life. The red dotted
circle represents the limit situation of the material response state under
fully reversed torsion. It is important to realize that every component

Fig. 3. The explanation of normal-type and shear-type failure.

C. Lu et al. International Journal of Fatigue 114 (2018) 323–330

327



has influence on the fatigue damage, and will increase the value of the
fatigue parameter. It means that no component can repair or renovate
the fatigue damage, or decrease the value of the fatigue parameter.

It can be seen that there are three relationships between the mate-
rial response states under fully reversed axial and torsion loading
conditions, depending on the amplitudes of the involved variables. In
Fig. 3(a), the amplitude of the fully reversed torsion (σt1) is less than
half of the amplitude of the fully reversed axial (σa1), i.e., <σ σt a1

1
2 1. In

this case, the material can only follow a normal-type failure. Because if
the material would follow a shear-type failure, this would require

<k 0S , which means that the normal components will repair or re-
novate the fatigue damage. In the limit case, the FP could be less than
zero, which would mean that there is no fatigue damage, which is not
physically acceptable. In Fig. 3(b), >σ σt a1 1; in this case, the material
can only follow a shear-type failure, because a normal-type failure
would require <k 0N , which means that the normal components will
repair or renovate the fatigue damage, which is also not true. In
Fig. 3(c) (this is the most common situation for engineering materials),

≤ ≤σ σ σa t a
1
2 1 1 1. In this situation, the material can exhibit a normal-type
failure or a shear-type failure, depending on the characteristics of the

Fig. 4. Different loading paths considered in this work.
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material itself. Under these conditions, in practice, we will use the
failure type that gives the minimum prediction error.

The original Lu’s criterion [35] provides excellent prediction cap-
abilities for a huge number of materials and loading conditions.
Nevertheless, there are some extra improvements in the version we are
describing in this work.

First, the definition of the equivalent parameter is modified. In the
previous work, the equivalent parameter is in the form of an equivalent
“range”, where the influence of the mean value is ignored. In this new
criterion, both the range/amplitude and the mean value are taken into
consideration. Secondly, in the previous criterion, the critical plane is
defined as the one with the maximum range of normal and shear
components for normal and shear-type failure, respectively, and the
influence of the out-of-phase failure is taken into account by means of
the shear components for normal-type failure and the normal compo-
nents on the orthogonal plane for shear-type failure. The problem in
this definition is that the relationship between the out-of-phase failure
and the out-of-phase failure parameter is not interdependent. In this
new criterion, the material plane with the maximum normal and shear
response are defined as the critical plane for normal and shear-type
failure. The shear component is used to express the influence of the out-
of-phase in normal-type failure and the difference between the normal
components on the critical plane and the mean value of the normal
components on the two orthogonal planes is used to express the influ-
ence of the out-of-phase in shear-type failure. In this way, the re-
lationship between the out-of-phase failure and the out-of-phase failure
parameter is interdependent. In addition, a complete interpretation of
the normal-type failure and shear-type failure is provided in this work
based on a physical argument. At the same time, in our previous study,
the influence of the components on the orthogonal plane on the fatigue
damage was interpreted as a consequence of the Poisson effect. In this
study, we modify this idea: the influence of the components on the
orthogonal plane is used as part of the description of the unique ma-
terial response state, and Poisson effect can be included in the expres-
sion of the unique material response.

3. Validation and comparison

A comparison of the present work with some of the commonly used
multiaxial fatigue criteria, i.e., KBM, Shang, CXH and Lu’s criterion is
presented in this section. For the comparison, only materials for which
experimental data are available for many complex multiaxial loading
conditions have been chosen, since the improvements can be revealed
with such complex loading conditions. The experimental data used for
this comparison have been taken from references [42–44], which are
strain controlled. It should be pointed out that stress controlled and
strain controlled tests are different in terms of practical considerations
of the necessary set-up. And also because of the elastic range, the sta-
bilized hysteresis cycle can be different. However, the proposed cri-
terion can be used in both stress and strain controlled test in terms of
the selected variables. More details about the experiment configuration
and material properties can be found in the corresponding references.
The different loading paths covered in the experiments analyzed in this
work are shown in Fig. 4, in the form of strain components. The fatigue
life predictions are shown in Fig. 5, where the horizontal axis represents
the experimental lives, the vertical axis represents the prediction re-
sults. The inset symbols in Fig. 5 refer to the loading paths described in
Fig. 4. The dotted lines and the solid lines represent a life factor of 2 and
3, respectively. It can be seen that the prediction results with any of the
analyzed criteria are acceptable. In order to have a clearer and quan-
titative comparison among the different criteria analyzed here, the
mean relative error is used. This is defined as,

=
∑ −

Error
n

n N N
N1

| |p e

e

(15)

where Np and Ne are the predicted life and the experimental life, re-
spectively, n is the number of samples used in the fatigue testing. The
prediction error obtained with the different criteria is shown in Fig. 6.

It can be seen that the prediction with each of the criteria used for
comparison is good, because the prediction error are always less than 1.

(a) Inconel 718 

(b) S460N 

(c) Hot rolled 45 steel 
Fig. 5. Life prediction results.
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Note that a life prediction within a factor of 2 (or 3) would mean an
average error less than 1 (or 2) in this plot. Compared with other
multiaxial fatigue criteria, Lu’s criterion can give a better life predic-
tion. At the same time, the new criterion can increase the prediction
capability compared with the original Lu’s criterion with a smaller
prediction error.

4. Conclusions

In this article, a modified version of the multiaxial fatigue criterion
proposed by the authors is presented. The influence of the unique
material response state can be taken into consideration, as well as the
range and the mean value of the components in the fatigue parameter
for representing the influence of the loading condition. Apart from the
out-of-phase loading condition, the definition of the out-of-phase
failure and out-of-phase angle are proposed. In addition, an out-of-
phase failure parameter which can be used to express the inter-
dependent relationship with the out-of-phase failure is defined, in both
normal-type and shear-type failure. The comprehensive explicit phy-
sical interpretation of different failure types is explained. After valida-
tion and comparison with different loading conditions and materials, it
is concluded that this modified multiaxial fatigue criterion exhibits
improved prediction capabilities compared with the original Lu’s cri-
terion and with other commonly used multiaxial fatigue criteria.
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Abstract 

A full explicit FEM simulation of wheelset passing through switch panel is carried out for the 

first time. The real 3D geometry of the switch panel is used, both vertical and lateral response are 

taken into consideration. The dynamic interaction is analyzed, it is found that the damage 

mechanism on the switch blade and stock rail is a complex interaction of wear, fatigue and impact, 

which can be well described by explicit FEM simulation.  Parametric analysis of running speed, 

traction coefficient and the friction coefficient between switch blade gauge surface and wheel 

flange indicates that decreasing running speed can help to reduce the damage on switch panel. 

The traction coefficient has little influence on the maximum impact response, but a higher traction 

coefficient is beneficial for eliminating the dynamic response after the maximum impact response 

point. The influence of the friction coefficient on the dynamic impact response is not significant, 

but a lower friction coefficient is favorable for decreasing the wear damage on the switch blade 

and increasing running safety. This work can provide a good understanding of the interaction on 

switch panel and give theoretical support for maintenance and repair.  

Keywords 

Explicit finite element; switch panel; wheel-rail impacts; dynamic contact force; damage 

mechanism 

1. Introduction 

Railway transportation is gaining popularity due to the development of high-speed and 

heavy-haul vehicle, as well as some other advantages, such as energy and environmental 

friendly, comfort and safety, etc. However, disadvantages always coexists with 

advantages. Higher speed and heavier haul vehicle will lead to a much more violent 

dynamic contact force between wheel and rail, which is one of the fundamental sources 

of the damage in railway industry. Being one of the weakest points in railway system, 

switch and crossing (turnout) stands a high percentage of the budget for the maintenance 

and repair [1-4].  

A simplified structure diagram of a left-hand switch and crossing is displayed in Figure 

1. It can be seen that there are three main parts in a switch and crossing, i.e., switch panel, 

closure panel and crossing panel. Because of the complex and terrible service condition, 

the degradation of switch and crossing is much more serious than the other parts [5,6], 

especially the switch panel [4], which stands a large piece of the failure components in 

the track system. In order to improve the economic efficiency and operational safety, a 

better understanding of the interaction mechanism at the switch panel is necessary.  
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Figure 1. A simplified structure diagram of a left-hand switch and crossing. 

Plenty of work have been performed with different methods to study switch and 

crossing. With the help of MultiBody Systems (MBS) simulation, Palsson [7] studies the 

degradation of both switch panel and crossing panel. The influence of the geometry, i.e., 

rail profile, track gauge and component stiffness of the track superstructure, such as rail 

pad stiffness, are analyzed. It is found that an optimized gauge widening in the switch 

panel can help to decrease the contact force and wear damage on the switch blade. The 

degradation in the crossing panel can be alleviated by a reduction of the rail pad stiffness. 

Lagos et al. [8] study the influence of wheel and turnout profiles on the interaction 

between turnout and vehicle, it is found that the geometrical design of the turnout has a 

critical effect, while the influence of the wheel profile is not significant. Wang et al. [9] 

study the evolution of the rail profiles in the switch panel, the rolling contact situation 

between wheel and rail is modelled with the help of semi-Hertzian theory and improved 

FASTSIM algorithm. Archard’s wear model is used to calculate the wear damage and 

predict the evolution of the profile. The prediction result is validated by field 

measurements. Markine et al. [10] study the damage of the crossing nose. The influence 

of the supporting structure, as well as the wheel/rail geometry on the vertical dynamic 

contact force at the crossing nose is investigated. The results reveal that wheel/rail 

geometry has significant effect on the vertical dynamic contact force on the crossing nose, 

and varying the stiffness of the supporting structure can be used to reduce the degradation. 

Nicklisch et al. [11] study the influence of the geometry and stiffness on the degradation 

of switches and crossings. It is found that the switch panel design can be improved by a 

gauge widening at the switch entry to decrease the wear and rolling contact fatigue of the 

switch panel. At the same time, with this widening gauge, a thicker switch blade can be 

used, which is beneficial for improving the wear damage resistance of the switch blade. 

In addition, it is also found that the degradation of the crossing panel can be relieved by 

decreasing the stiffness of the track supporting system.  

Based on finite element modelling (FEM), Xin et al. [12] study the initiation of rolling 

contact fatigue crack and give the fatigue life prediction for the crossing nose with the 

help of an explicit 3D finite element model. The material property, i.e., elastic-plastic 

behavior and kinematic hardening phenomenon are taken into consideration. The critical 

plane based multiaxial fatigue criterion developed by Jiang and Sehitoglu is used for 

fatigue damage prediction. Noticing the main response at the crossing nose is in vertical 

Check rails 

Wing rails 

Crossing nose 

Facing Move Trailing Move 

Crossing panel Closure panel Switch panel 

through 

diverging Closure rails Switch blade Stock rails 



direction, only vertical response is studied and lateral response is ignored in their study. 

Pletz et al. [13] study the dynamic response when the wheelset passing through the 

crossing panel, dynamic contact force and Mises stress are used as the evaluation 

magnitudes. The influence of the axle load, running speed and running direction are 

studied, as well as the rolling/sliding behavior of the contact condition. The result reveals 

that sliding happens during the transition process when the wheel transferring between 

the wing rail and the crossing nose. It should be pointed out that only vertical response is 

taken into account.  

The combination of MBS and FEM are also adopted to study switch and crossing. Xu 

et al. [14] study the dynamic interaction between wheel and switch blade and the influence 

of the worn profile on the contact behavior on the switch blade. MBS is used to get the 

dynamic response when the wheelset passes the switch panel, then static FEM calculation 

is performed to determine the distribution of contact stress and internal stress on switch 

blade. Johansson et al. [15] present a methodology to simulate the degradation of the 

switch blade. At first, the MBS model is used to calculate the interaction between 

wheelset and switch blade with the consideration of the stochastic variations, such as 

wheel profile, train speed, friction coefficient. Then a quarter static finite element model 

is established to calculate the wear and plastic deformation of the switch blade with the 

output data from MBS calculation. It should be pointed out that the static FEM calculation 

can give an accurate result of the contact solution, but the influence of some important 

dynamic parameters cannot be taken into consideration, f.e., rotation, running speed, 

traction torque, inertia, etc.  

Based on the literature review about the study on switch and crossing, it can be seen 

that MBS is usually used to analyze the influence of different variables, due to the 

advantages of calculation efficient. The overall results, such as the dynamic contact force 

etc. are always used as the evaluation magnitudes in MBS calculation. Regarding to FEM 

calculation, because of the detailed calculation result of stress and strain, which is the 

most relevant components for wear and fatigue damage prediction, FEM is usually used 

for these purposes. An important fact should be pointed out, that the service condition of 

switch panel and crossing panel are different, i.e., in the crossing panel, the main response 

is in vertical direction, lateral response is not relevant. This is the reason that the lateral 

response can be ignored in the calculation about the crossing panel [12,13]. However, the 

response in lateral and vertical direction are both significant at the switch panel due to the 

service condition.  

In this article, a full explicit FEM simulation of the wheelset passing through the switch 

panel is carried out for the first time. The real 3D switch panel in a line of Metro Madrid 

is used. Both vertical and lateral response are taken into consideration. The dynamic 

interaction and damage mechanism on the switch panel is analyzed, as well as the 

influence of running speed, traction coefficient and the friction coefficient between switch 

blade gauge surface (inside surface) and wheel flange.  

2. Model description 

The switch and crossing used in this article is taken from a line in Metro Madrid, the 

detailed information of the gauge dimension can be seen in Figure 2. The 3D model of 

the switch panel is built with the help of a three-dimensional modelling software (Figure 



3), and the finite element model is established in ABAQUS, which can be seen in Figure 

4.  

In the finite element model, 8-node linear brick reduced integration element [16] is 

used to discrete wheelset and switch panel. The contact problem between wheelset and 

switch panel are modeled as surface to surface configuration [16]. The mesh size on the 

contact surface is 1 mm, the size of the element far away from the contact region is 100 

mm, non-uniform transitional mesh is used to decrease the number of elements and 

increase the calculation efficiency. The wheel profile is S1002, the profile of the stock 

rails (left and right stock rails in Figure 4) are UIC 60. Because the response of the part 

above the primary suspension belongs to a low frequency response, which has little 

influence on the interaction between wheelset and rail. The part above the wheelset is 

modeled as a sprung mass, which is connected by the primary suspension, which is 

modelled as spring and damping elements in FEM. The switch panel (switch blade, left 

and right stock rails in Figure 4) is connected to the ground with the help of spring and 

damping elements in both lateral and vertical directions as boundary condition. The total 

number of elements and nodes are 2.28 × 106 and 2.67 × 106 respectively. The length 

of the track is 8 m, which includes 14 groups of track supporting systems. A global 

Cartesian coordinate system is used in the model, which can be seen in Figure 4, Y axis 

is the vertical direction, X axis is the lateral direction, Z axis can be determined by right 

hand law, the center of the wheelset axle is the original point of the coordinate system. 

The switch blade and right stock rail (Figure 4) are modeled as two entities, which are 

connected to the ground respectively. The contact condition between the outside surface 

of the switch blade and the gauge surface (inside surface) of the right stock rail is complex, 

in this article, it is modelled as tie constrain between them, the influence of the frictional 

energy between them is ignored in current study. It should be pointed out that due to the 

influence of the curve (140m) in the diverging line (Figure 1), the position of the wheelset 

is not in the center position of the track, it is placed at the “center” position according to 

the right stock rail.  

Two calculation processes are performed for the research. At first, a static calculation 

is carried out under the gravity load. Afterwards, a dynamic calculation is performed with 

the displacement results from the static calculation as the initial condition. The plan 

structure diagram of the model can be seen in Figure 5 in both YZ and XY sections. It 

can be seen that in this model, both vertical and lateral suspension parameters are taken 

into consideration, which is necessary for the study of the interaction at switch panel. The 

building of the lateral components in the primary suspension is described as follows. In 

the static calculation in Figure 5(b), only the vertical parameter of the primary suspension 

is taken into consideration, static calculation is performed in order to determine the 

balanced state under gravity load condition. After this, the lateral parameter of the primary 

suspension is introduced based on the balanced result, which can be seen in Figure 5(c). 

At the same time, the running speed and rotation speed are introduced as the initial 

condition, and the traction moment are applied as the boundary condition. Because of the 

differences between static and dynamic algorithms and loading conditions, there will be 

a disturbance at the beginning of the dynamic calculation [17]. After some time, the result 

will reach a stable state, the dynamic result is taken from the region where the result is 

stable. The detailed parameter of the model can be seen in Table 1 [17,18]. The traffic 

situation in this study is always the facing move in the diverging line, which is explained 

in Figure 1.  



 

Figure 2. Gauge dimension of the switch panel.  

 

Figure 3. 3D model of the switch panel. 

 

Figure 4. Explicit finite element model.  
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(a) Structure diagram in YZ section. 

  

(b) Static structure diagram in XY section. 

 

(c) Dynamic structure diagram in XY section. 

Figure 5. The plan structure diagram. 



Components Parameters Values 

Sprung mass Mass (Mc) 14.6t 

Wheel 

Type S1002 

Diameter (D) 0.86m 

Distance of wheels (Lw) 1.353m 

Young’s modulus (E) 210GPa 

Poisson’s ratio (ν) 0.3 

Density (ρ) 7900kg/m3 

Rail (left/right) 

Type UIC60 

Gauge, widening amount (Lr) 1.435m+0.01m 

Young’s modulus (E) 210GPa 

Poisson’s ratio (ν) 0.3 

Density (ρ) 7900km/m3 

Rail cant (ψ) 1/20 

Switch blade 

Young’s modulus (E) 210GPa 

Poisson’s ratio (ν) 0.3 

Density (ρ) 7900km/m3 

First suspension 

Vertical stiffness (Kcv) 0.88MN/m 

Vertical damping (Ccv) 4kN.s/m 

Lateral stiffness (Kcl) 0.225MN/m 

Lateral damping (Ccl) 1.8kN.s/m 

Track supporting 

Vertical stiffness (K1v) 22MN/s 

Vertical damping (C1v) 200kN.s/m 

Lateral stiffness (K1l) 14MN/s 

Lateral damping (C1l) 160kN.s/m 

Table 1. Parameters of finite element model.  

3. Calculation results 

In our previous study [17], the explicit finite element model is validated from the 

perspective of contact solution and axle box acceleration response. In the calculation case 

in this study, the wheelset is passing through the switch panel in the facing move direction 

to the diverging line (Figure 1). The running speed is 10 m/s (36 km/h), the traction 

coefficient is 0.2, which can be seen as the ratio of the tangential force (resulted from the 

traction moment) to the nominal normal loading. The friction coefficient between the 

wheel tread and the stock rails is 0.3. In practice, in order to reduce the damage of the 

switch blade, lubricant is always used on the gauge face (inside surface) of the switch 

blade to decrease the friction coefficient. In this article, friction coefficient 0.06 is used 

in the contact between wheel flange and the gauge face of the switch blade. The results 

of the dynamic contact forces are shown in Figure 6.  



  

                     (a) Right stock rail                                         (b) Switch blade 

 

(c) Left stock rail 

Figure 6. Dynamic contact force. 

In Figure 6(a), it can be seen that around 0.016 s, the vertical dynamic contact force on 

the stock rail reaches a stable value (SD below 5%). Figure 6(b) reveals that the impact 

between the wheelset and the switch blade happens around 0.02 s. It can be noticed that 

when the impact happens, the dynamic contact force on the right stock rail in Z direction 

decreases slightly but not significant, it is because the contact force in Z direction is 

mainly resulted from the traction moment. Before the impact, the contact force on the 

right stock rail in X direction is a combination of the creep force and the lateral 

decomposed component of the gravity load, which is negligible compared with vertical 

contact force. However, it increases intensely when the impact happens. It is because of 

the relative lateral movement between the contact surfaces of the wheel tread and the right 

stock rail. The contact force on the right stock rail in Y direction decreases suddenly when 

the impact takes place, the reason is that the supporting for the wheel load starts to transfer 

from the right stock rail to the switch blade as soon as the impact happens and also 

because of the “climbing” movement of the wheelset resulted from the contact between 

wheel flange and gauge surface of the switch blade.  

In Figure 6(b), it can be seen that due to the impact, the contact force on the switch 

blade in X and Y direction increases fiercely with the same curve shape (nearly a constant 

ratio), noticing the contact force in X direction is higher than that in Y direction, which 

means that these two contact forces are resulted from the same reason, i.e., the impact, 

which is mainly in the lateral direction. The contact force in Z direction on the switch 



blade is negligible, which means that at this moment, the traction force (resulted from the 

traction moment) is mainly acting on the right stock rail. Figure 6(c) is the result of the 

contact force on the left stock rail, it can be seen that there is a disturbance of the vertical 

(Y direction) and longitudinal (Z direction) contact force when the impact happens, but it 

goes back to the balanced state quickly and the disturbance is not significant compared 

with that on the right stock rail. The lateral (X direction) contact force holds a certain 

value during the impact because of the relatively movement of the contact surfaces 

between the left stock rail and wheel tread.  

Figure 7 is the result of the total contact force on the stock rails and switch blade. It 

can be seen that in this calculation case, the total contact force on the switch blade is 

slightly higher than that on the right stock rail at the maximum impact response time point. 

However, considering the fact of the thin section of the switch blade, it suffers a much 

more dangerous state compared with the right stock rail at this moment. The contact force 

on the left stock rail has an un-significant fluctuation, and it goes to the balanced state 

quickly.  

  

             Figure 7. Total dynamic force.                        Figure 8. Contact area. 

Figure 8 is the result of the contact area. Noticing that the contact area on the left and 

right stock rails are not the same, it is because the wheelset is not locating in the center 

position of the track and discrete mesh. It can be seen that the changing of the contact 

area on the stock rail is not obvious, due to the fact that the contact point is on the top of 

the stock rail, while the contact area on the switch blade is increasing a lot due to the 

conformal contact between the contact surfaces. The sudden change of the contact area 

on the switch blade (around 0.07 s and 0.09 s) is resulted from the changing of the contact 

point position and the discrete mesh. A refined mesh can help to relieve this error, but 

with a higher calculation effort.  

One important issue should be announced, i.e., in the result of the contact force on the 

switch blade, it can be seen that there are two slopes at the beginning of the impact. The 

first slope is much steeper, sustains around 0.6 mseg. This phenomenon can be explained 

with the help of contact area. In Figure 8, it can be seen that at the beginning of the impact, 

the contact area increases like an impulse function, which is the process of establishing 

the contact. This abrupt changing of the contact area lasts around 0.6 mseg as well. It 

reveals that the first steep slope of the contact force is a result of the establishing process 

of the contact between switch blade and wheel flange.   

 



 

Figure 9. Contact situation in picked time instance.  
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   The interaction between wheelset and rail is the essential reason for the damage on 

switch panel, in order to have an instinctive understanding of the interaction, detailed 

contact result during the impact is shown in Figure 9. According to the dynamic contact 

force on the switch blade (Figure 6), the result at 5 time points (t1-t5) are picked, they are 

0.0195 s, 0.0200 s, 0.0205 s, 0.0250 s and 0.0300 s respectively, which cover the contact 

state before, establishing and during the impact process and the time point of the 

maximum contact force on the switch blade. In Figure 9, the vertical axis is the running 

direction, which is –Z direction in Figure 4, the horizontal axis is X direction in Figure 4. 

The contact situation of the left stock rail, switch blade and right stock rail in the picked 

time instances are described. The hollow points and the solid black points represent the 

slip region and the adhesion region, the adhesion region means there is no relative velocity 

between the two contact bodies (wheel and rail surface), in other words, according to the 

Coulomb friction law, the surface tangential force is less than the production of the normal 

force and the friction coefficient. Correspondingly, the slip region can be defined in the 

opposite situation.  

It can be seen that the contact state on the right and left stock rails are not symmetrical. 

At the same time, it can be noticed that the impact happens between 0.0195 s and 0.0200 

s, because at 0.0195 s, there is no contact on the switch blade. During the impact, the 

contact state on both right and left stock rails are changing, but not synchronous. The 

contact situation on the right stock rail becomes fully slip state between t3 and t4. 

However, the contact state on the left stock rail only has a trend towards fully slip. It 

suggests that the changing of the contact state on the right stock rail is more intense due 

to the impact compared with that on the left stock rail. Because of the lubrication between 

switch blade gauge face and wheel flange, the contact condition is always in a fully slip 

state. In addition, it can be seen that the contact position on the switch blade is in front of 

that on the stock rails, due to the geometrical changing of the switch blade.  
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Figure 10. Damage of the switch panel.  



A photo of the general damage on the switch panel can be seen in Figure 10(a). It can 

be noticed directly that there are different damage forms on the switch panel. One is the 

damage on the switch blade, i.e., unstable crack and wear, which is a result of the impact 

on the switch blade and the sliding contact condition between wheel flange and switch 

blade gauge surface. This can be reflected by the dynamic contact force on the switch 

blade (Figure 6) and the contact state on the switch blade (Figure 9) from explicit FEM 

calculation. The other one is the fatigue and wear damage on the stock rail (right stock 

rail in Figure 4). In Figure 10(a), it can be seen that there is an obvious contact band on 

the stock rail, this fact can be presented by the result in Figure 9, that the contact state on 

the right stock rail changes into a fully slip state during the impact, which will lead to a 

serious wear damage.  

In order to gain some understanding of the damage mechanisms on the switch blade, 

optical images of the damaged zone are shown in Figures 10(b)-10(d). Some contact 

fatigue “spots” can be identified in Figure 10(b). However, these fatigue “spots” can be 

eliminated due to the severe wear on the switch blade. Figure 10(c) shows that material 

loss on the switch blade eventually leads to unstable cracking (brittle fracture), as there 

are no indications of plastic deformation.  The red circle in Figure 10(c) indicates the 

presence of some fatigue propagation, which may be in the origin of unstable crack 

propagation. In Figure 10(d), there are evidences of fatigue crack growth, and here the 

wear level is not sufficiently high to remove the fatigue crack. This analysis indicates that 

the damage mechanism on the switch blade is a complex interaction of fatigue damage, 

wear and impact. The competitive mechanism of wear can help to eliminate the fatigue 

damage and lead to a thinner switch blade. Fatigue damage is apparently behind the 

chipping observed in part of the switch blade. Once some material is chipped away under 

this mechanism, impacts in the remaining edge are accountable for the final serious 

material loss on the switch blade.  

Now, the influence of running speed, traction coefficient and the friction coefficient 

between the switch blade gauge surface and wheel flange will be discussed. As shown in 

Figure 10, the damage of the switch panel always happens at the switch blade side (switch 

blade and right stock rail in Figure 4). In the following analysis, the dynamic contact force 

on the switch blade and right stock rail will be used as the relevant magnitude to evaluate 

the influence.  

The results can be seen in Figure 11-Figure 13. The influence of running speed is 

illustrated in Figure 11, the result indicates that a higher speed will introduce a much more 

serious impact and a more violent contact force on the switch blade, which is detrimental 

to switch blade. At the same time, a higher running speed will also result in a further 

wheel load reduction on the right stock rail, wheel sliding will happen.  

In Figure 12, the result on the switch blade with different traction coefficient indicates 

that, the maximum impact response is not changing with different traction coefficient. 

However, a higher traction coefficient will help to decrease the dynamic response after 

the maximum impact response, providing a faster elimination of the impact influence. 

The result on the right stock rail also reveals that the traction coefficient has little 

influence of the maximum impact response, but a higher traction coefficient is beneficial 

to alleviate the influence of the impact. At the same time, it should be noticed that after 

the maximum impact response time point, a higher traction coefficient will lead to a 

higher tangential force in the running direction on the right stock rail, which is true 

because the longitudinal contact force is provided by the traction force. However, the 



tangential force in lateral direction after the maximum impact response time point 

decreases with a higher traction coefficient.  

The influence of different friction coefficient between the switch blade gauge surface 

and wheel flange can be seen in Figure 13. The influence of the friction coefficient on the 

dynamic impact response is not obvious. But it should be pointed out that a higher friction 

coefficient between the switch blade gauge surface and the wheel flange can increase the 

wear damage on the switch blade, which is unfavorable for reducing the damage of the 

switch panel. In addition, a higher friction coefficient between the switch blade gauge 

surface and the wheel flange will reinforce the “climbing” ability of the wheelset, which 

is not beneficial for running safety.   

  

                          (a) Right rail                                                 (b) Switch blade 

Figure 11. Results with different speed.  

  

                          (a) Right rail                                                 (b) Switch blade 

Figure 12. Results with different traction coefficient.  



   

                          (a) Right rail                                                 (b) Switch blade 

Figure 13. Results with different friction coefficient between switch rail gauge surface 

and the wheel flange.  

4. Conclusion 

In this article, a full explicit FEM simulation of the wheelset passing through the switch 

panel is carried out for the first time to study the interaction between wheelset and switch 

panel. The real 3D geometry of the switch panel is used, both vertical and lateral response 

are taken into consideration. The dynamic interaction between wheelset and switch blade 

is analyzed, as well as the damage mechanism on the switch panel. The influence of 

running speed, traction coefficient and the friction coefficient between switch blade gauge 

surface and wheel flange is studied. The result indicates that full explicit FEM simulation 

can be used to capture the detailed interaction behavior between wheelset and switch 

panel. The damage mechanism on the switch blade and the stock rail is a complex 

interaction of wear, fatigue and impact, which can be explained by the result of the 

explicit FEM simulation.  

With the parametric analysis, it is found that decreasing running speed can help to 

reduce the damage on the switch panel. The traction coefficient has little influence on the 

maximum impact response, but a higher traction coefficient is beneficial for eliminating 

the dynamic response after the maximum impact response point. The friction coefficient 

between switch blade gauge surface and the wheel flange has little effect on the dynamic 

impact response on the switch panel, but a lower friction coefficient can help to decrease 

the wear damage on the switch blade and improve running safety. This work can provide 

a good understanding of the interaction on the switch panel and give theoretical support 

for maintenance and repair of the switch panel.  
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Abstract 

A complete unified multiaxial fatigue criterion is proposed in this article. On the basis of an 

evolved deformation failure mechanism: 1) reasonable description and unification for different 

failure modes (normal and shear) could be obtained. 2) rational explanation from both physical 

and mathematical perspectives could be provided for different failure status (in-phase and out-of-

phase). A material-dependent index (h) is proposed to establish the appropriate expression of the 

fatigue parameter. The definition of critical material state plane is presented, which solves the 

conflict between the directions of critical plane and fatigue failure. The unique material response 

state, as well as the loading performance (represented by the median and range of the 

corresponding magnitudes) can be fully considered. This multiaxial fatigue criterion can be 

regarded as a complete unified version of currently existing multiaxial fatigue criteria under the 

proposed deformation failure mechanism, which covers the criteria based on stress, strain, stress-

strain, energy, normal and shear-type failure, stress invariants (second invariant and hydrostatic 

stress), volumetric and distortion criteria. The comparison with experimental results reveals that 

this complete unified multiaxial fatigue criterion is valid for extensive loading conditions and 

materials with the minimum prediction error.  

Keywords 

Multiaxial fatigue; in-phase and out-of-phase failure status; deformation failure mechanism; 

fatigue life prediction; normal and shear-type modes;  

1. Introduction 

Metallic materials are widely used in industry. With the development and improvement 

of materials technology, composite materials, heat treatment, surface treatment, grain 

boundary strengthening, hardness, etc., other damage forms can be alleviated, but fatigue 

is still one of the most serious concerns in engineering [1]. This includes railway, 

automotive, aerospace and marine industries, as well as bridges, power station reactors, 

pressure vessels, etc. Very frequently, the initiation and early propagation of fatigue 

damage are not observable and an unexpected failure can lead to a serious accident and 

lamentable loss of lives and properties [1]. Even though the study of multiaxial fatigue 

damage lasts more than one century, further research is still needed.  

Regarding the study of fatigue damage, many methods have been proposed. In the first 

place, uniaxial fatigue damage was studied and characterized, due to the simpler forms of 

loading conditions and material response. Compared with uniaxial fatigue, multiaxial 

fatigue is a more complex problem because of the huge number of influencing factors 
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[2,3]. In the earlier methods, some equivalent fatigue parameters were used in multiaxial 

fatigue damage prediction, such as Tresca and Mises criteria. It is found that these fatigue 

parameters can be used and give acceptable predictions for in-phase loading status. 

However, for the prediction under some complex loading conditions, the results are not 

satisfactory, because the out-of-phase effect, which has been proved to have a relevant 

effect on fatigue damage [4], cannot be taken into consideration.  

Some widely used multiaxial fatigue criteria are briefly reviewed in the following. 

Wang and Brown (WB criterion) [5] proposed a strain-based criterion, in which the 

concept of critical plane is adopted. They suggested that the combined effect of shear and 

normal strain is the source of the fatigue damage. The definite constitution of their FP 

(fatigue parameter) is demonstrated as,  

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
+ 𝑠𝜀𝑛

∗                                                     (1) 

    The material plane with the maximum range of shear strain (∆𝛾𝑚𝑎𝑥) is resolved as the 

critical plane. Normal strain excursion is denoted by 𝜀𝑛
∗ , which can be calculated by two 

shear strain turning-points on the critical plane. The effect of the material property can be 

pictured by a material-dependent coefficient 𝑠, . It is claimed that because of the using of 

normal strain excursion, the performance of the loading condition can be taken into 

consideration. It can be seen in Eq. 1, the behavior of the mean normal magnitudes is 

absolutely neglected. However, it is known that this variable has different levels of 

influence on fatigue damage depending on the material properties [6-8]. Also note that 

the mathematical form of this criterion is based on a summation rule; this will be 

discussed later on in the paper.  

Shang and Wang [9] presented another strain-based multiaxial fatigue criterion (SW 

criterion) in the following form,  

𝐹𝑃 = √𝜀𝑛∗
2 +

1

3
(
∆𝛾𝑚𝑎𝑥

2
)
2

                                            (2) 

    The same variables as those in the WB criterion are used, but the functional form is 

different. In fact, the FP has the similar construction to a Mises strain (apart from the 

picked strain variables). It is claimed that the criterion can take the performance of 

proportional or non-proportional loading into consideration. However, in this criterion, 

the behavior of the mean normal magnitudes is also ignored as well. 

Chen et al. established a multiaxial fatigue criterion [10], the influence of the mean 

normal magnitudes (represented by normal mean stress) is taken into consideration (Chen 

criterion), 

𝐹𝑃 = (1 +
𝜎𝑛

𝑚

𝜎𝑓
′ )√3𝜀𝑛∗

2 + (
∆𝛾𝑚𝑎𝑥

2
)
2

                            (3) 

where 𝜎𝑓
′ represents axial fatigue strength coefficient, 𝜎𝑛

𝑚 represents normal mean stress. 

Apart from the item indicating the performance of the mean normal magnitudes, the form 

of this criterion is similar to that of SW criterion.  
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In addition to the multiaxial fatigue criteria introduced previously, there are still a lot 

of work can be found in the documents, namely, Susmel criterion [11,12], Carpinteri and 

Spagnoli (CS criterion) [13], Findley criterion [14], Sines criterion [15], Crossland 

criterion [16], Papadopoulos criterion [17], Fatemi and Socie (FS criterion) [18], Glinka 

criterion [7], Jiang and Sehitoglu (JS criterion) [19], etc. Complete description of all 

multiaxial fatigue criteria is not possible in this article. Some reviews are given by Macha 

and Sonsino [20], Beaver [21], You and Lee [22], Fatemi and Shamsaei [23],  

In this article, a complete unified multiaxial fatigue criterion will be presented, it could 

be regarded as an in-depth improved Lu criterion [2,4]. Some of the problems in the 

current multiaxial fatigue criteria will be discussed and solved from both physical and 

mathematical perspectives. A comprehensive explicit physical interpretation based on the 

deformation failure mechanism will be described for different failure modes (normal and 

shear). The conditions in in-phase and out-of-phase failure will be fully considered, as 

well as the performance of loading conditions, such as mean value and range of the 

corresponding magnitudes and the unique material response state. Finally, we present a 

comparison with some other commonly used criteria, with the help of fatigue test from 

extensive materials and loading conditions.  

2. A complete unified multiaxial fatigue criterion 

Before describing this complete unified multiaxial fatigue criterion, some important 

concepts and definitions have to be stated. Fatigue experiments indicate that the fatigue 

damage always follows a certain direction in a given loading condition [3]. The definition 

of critical plane is proposed for describing this particular plane. It is then accepted that 

the fatigue damage should be predicted based on stress-strain magnitudes acting on this 

plane. The fatigue plane direction (the critical plane) is mainly affected by the principal 

direction, but loading conditions and material properties also have an influence on it [3]. 

However, previous studies of the authors [24,25] reveal that, for fatigue damage 

prediction, the influence of an accurate determination of the direction of the critical plane 

is not relevant; the influence of the fatigue parameter is significantly more important. In 

this article, a rough estimate of the critical plane direction (fatigue failure direction) is 

used, i.e., the maximum principal stress (strain) plane, ignoring the influence of loading 

conditions and material properties.  

Regarding the concepts of “in-phase” and “out-of-phase”, as discussed in [4], these 

terms are normally used to describe the loading conditions in multiaxial fatigue. Apart 

from these, out-of-phase and in-phase failure are also suggested [4]. The situation when 

the principal direction is unchanged within the loading cycle is defined as in-phase failure, 

and out-of-phase failure indicates the changed principal direction. Following these 

definitions, the parameters for describing corresponding failure states can also be defined 

[4].  

2.1. Deformation failure mechanism 

A reasonable assumption is that the material failure is determined by the normal 

loading, see Figure 1(a). However, some researchers argued that shear loading is the 

controlling variable for plasticity and suggested the failure mechanism depicted in Figure 

1(b). Later on, it is well accepted that both normal and shear loading have an influence 

on fatigue damage. Socie [26] proposed a failure mechanism based on crack propagation, 
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see Figure 1(c), suggesting the dominant factor is shear component, and that the normal 

component acts as an adjusting factor. However, only under the situation with an existing 

crack, this crack propagation failure mechanism is justifiable; but not for fatigue initiation 

stage [2]. Based on critical plane conception, another generally accepted failure 

mechanism is also popular, assuming that the final fatigue failure is affected by a certain 

interaction between shear and normal magnitudes on this plane. But there is not an explicit 

physical interpretation about the failure mechanism of the critical plane based criteria.  

There are two kinds of failure types (normal and shear). With regard to normal type, 

we usually suppose that the critical plane is the one at which a certain normal magnitude 

reaches the maximum (maximum value, maximum range or amplitude of 

stress/strain/energy). For shear-type failure, it is supposed that the plane with a maximum 

value of a certain shear magnitude is the critical plane. After determination of the critical 

plane, corresponding magnitudes on it are collected for fatigue damage prediction.  

Some issues require further consideration with regard to the critical plane. One is that 

the unique material state cannot be fully described with the help of one material plane. 

For this reason, better predictions are obtained using two orthogonal planes [2,4]. Note 

also that different magnitudes used in different failure types [2,4]. With regard to normal-

type, the magnitudes of shear and normal components within a group of planes in the 

maximum principal response direction are used. For shear-type failure, due to the 

symmetry, the mean value and difference between normal magnitudes, and shear 

magnitudes within a group of planes in the maximum shear response direction are used. 

The reasons for this choice are detailed in [4]. Another point that deserves attention is a 

conflict that the principal direction has significant influence on the direction of the fatigue 

failure plane, but the critical plane defined by the maximum shear plane gives a better 

fatigue damage prediction.  

To solve the problems discussed above, a new failure mechanism called deformation 

failure mechanism is proposed in [2]. However, there are some difficulties in its physical 

interpretation. In this article, the deformation failure mechanism will be fully established 

and explained. For this purpose, apart from the critical plane (representing the fatigue 

failure plane), another important concept, which will be called ‘critical material state 

plane’, is proposed to solve the conflict between critical plane direction and fatigue failure 

plane direction. Fatigue damage prediction is performed by the relevant magnitudes on 

the critical material state planes. In particular, with regard to normal type, the group of 

planes in the maximum normal response direction are defined as the critical material state 

planes, in the condition of shear type, the group of planes in the maximum shear response 

direction are defined as the critical material state planes. 

No matter if it is a normal or shear type, the basic principle in deformation failure 

mechanism is that, the fatigue failure is the result of the deformation state/material state 

on the fatigue failure plane (critical plane). The actual deformation state/material state 

can be decomposed into various basic deformation/material states. The basic states 

considered in [2] are depicted in Figure 2, the failure plane is indicated by the red dotted 

line. In particular, A-D represent the situation in in-phase failure and E-F describe the 

condition in out-of-phase failure [4].  However, note that the deformation failure 

mechanisms proposed in Figure 2 are only valid for normal-type failure, i.e., the critical 

material state planes are in the maximum principal response direction. The explanation 

for shear-type failure is missing, i.e., when the critical material state planes are in the 

maximum shear response direction. Another problem is that the basic 
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deformation/material state in A-B and C-D are the same. In addition, to describe the 

material state, according to this deformation failure mechanism proposed in Figure 2, the 

material state, which is represented by normal components within the critical material 

state planes, loses the important information on the relationship between the material 

states on them. Moreover, in previous articles [2,4], a proposal for distinguishing normal 

and shear type was presented, see Figure 3; details can be found in the corresponding 

references. In [4], it is explained that Figure 3(c) is the situation for common isotropic 

engineering metal materials. In that case, both types are reasonable, and the final decision 

is the one which provides the minimum error. That time, there was a question in the 

authors’ mind, i.e., because the failure mechanism is the same in both types, just with 

different magnitudes to establish the fatigue parameter. This difference should be 

reflected by the function of the final fatigue damage curve, but the life prediction should 

be the same with both types. However, the results in previous study showed that shear-

type failure always give a better prediction. That time, the authors could not explain this 

phenomenon. 

The problems discussed above are solved in this article, and a complete deformation 

failure mechanism is presented. Figure 4 shows the new proposed deformation failure 

mechanisms in both types.  

In previous version, see Figure 2, with regard to normal type, the material state is 

described by the normal magnitudes on critical material state planes separately, in this 

way, the information on the relationship between the magnitudes on them is missing. In 

the new version, both the material state and the information on the relationship between 

the magnitudes on critical material state planes can be expressed.  

The plots in Figure 4 represent the basic deformation/material states, any other 

deformation/material states can be obtained by a combination of the basic ones. The 

magnitude used to describe the basic deformation/material state in deformation failure 

mechanism will be called ‘basic failure magnitude’. It should be pointed out that the same 

basic deformation/material state can be described by different groups of basic failure 

magnitudes. For example, notice here that the basic failure magnitudes in shear and 

normal-type failure are different. The critical plane (fatigue failure plane) is represented 

by the red dotted line, the un-deformed material state is indicated by the solid black 

contour and the basic deformation/material state under the corresponding basic failure 

magnitudes is described by the dotted black contour.  

Figure 4(a) describes the situation for normal-type failure, where the normal 

magnitudes’ difference and mean value, and the shear components within critical material 

state planes (a group of planes in the maximum principal direction) are used as basic 

failure magnitudes to describe the basic deformation/material state for fatigue damage 

prediction. A1-D1 depict the in-phase failure situation, while E1 and F1 indicate the out-

of-phase failure situation. Figure 4(b) shows the condition in shear type, where the shear 

magnitudes, the normal magnitudes’ mean value and difference within critical material 

state planes (a group of planes in the maximum shear direction) are used as basic failure 

magnitudes, describing the basic deformation/material state for fatigue damage prediction. 

Similarly, A2-D2 describe the in-phase failure situation, and E2 and F2 show the situation 

with regard to out-of-phase failure. In our previous work, the deformation failure 

mechanism was only explained in normal-type failure [2]. In this article, the deformation 

failure mechanisms in both types are fully explained for both in-phase failure and out-of-

phase failure situations. What need to be specified is that no matter which basic failure 

magnitudes are chosen, the critical point is that the basic deformation/material state in 
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deformation failure mechanism depicted in Figure 4 is fully covered. The predictions with 

different groups of basic failure magnitudes will be the same, the sole distinction is the 

function of the final fatigue damage curve, because different groups of basic failure 

magnitudes can be transformed between them. For example, this means that the 

predictions based on both types (normal and shear) are the same; there is no need to 

distinguish into normal or shear type. Thus, with respect to both fatigue initiation and 

propagation stages, the proposed deformation failure mechanism is sensible, as it is well 

accepted that maximum shear plane controls fatigue initiation, and maximum principal 

plane is relevant for fatigue propagation.  

2.2. Establishing the fatigue parameter 

Even though for building fatigue parameter, there are many factors that need to be paid 

attention, in the authors’ opinion, several essential issues need to be mainly addressed. 

One of them is describing the phenomenon of out-of-phase, a second factor is accounting 

the effect of loading mean value, finally, the choice of an appropriate mathematical 

expression for the relevant magnitudes.  

The first two issues have been addressed in [2,4]. For example, the out-of-phase failure 

phenomenon has been considered with different methods [27-39], i.e., the minimum 

circumscribing circle and hypersphere, the minimum circumscribing ellipse and ellipsoid, 

the longest projection, the longest chord, the maximum rectangular and prismatic hull and 

moment of the loading path, etc. Regarding the influence of the loading mean value, either 

a correcting term is used to take its effect into account [10,40-44] or the loading mean 

value is used directly to establish the fatigue parameter [15,17,45,46]. Recently, the 

authors have put forward a multiaxial fatigue criterion [2,4], in which the out-of-phase 

failure phenomenon could be expressed by a corresponding parameter. At the same time, 

the loading mean value is taken into account. The prediction results indicate that this 

multiaxial fatigue criterion is effective for extensive loading conditions and materials, 

and gives a favorable prediction [2,4].  

As mentioned above, the choice of an appropriate functional form for the relationship 

among the relevant magnitudes is crucial to establish the fatigue parameter. Some of the 

most commonly used relationships are in the form of a summation rule [5,14,47-54], a 

summation of squared magnitudes [9,10,13,55-57] and some others [18,41,58]. However, 

based on the study of different materials [13,17,40,59,60], the prediction with a certain 

expression form (summation or square summation) is not always appropriate for all 

materials. It is insinuated that each material displays its own unique material property 

through different expression forms. But this important fact is totally ignored in previous 

studies, the expression form of the fatigue parameter is always fixed beforehand for all 

the materials. 

The out-of-phase failure phenomenon is already being expressed [2,4]. Now, another 

important element comes out, namely, the fatigue “condition” in in-phase failure should 

be the same. For example, the fatigue “condition” in conventional fatigue test conditions, 

f.e., in-phase uniaxial/bending and torsion, fully reversed torsion and uniaxial should be 

the same.  

Now, we will discuss the structure of the current multiaxial fatigue parameters 

available in the literature. The fatigue criteria that do not need a calibration of material-

dependent constants (without an explicit physical meaning) [44,61] are easy to use but do 
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not always give a satisfactory result for every material [25]. The fatigue data used to 

calibrate the multiaxial fatigue criteria are usually taken from loading condition under 

torsion and uniaxial test. Considering the fact that the failure “condition” in in-phase, 

torsion and uniaxial loading are the same, the fatigue damage prediction under in-phase 

loading conditions can be performed by the established fatigue parameter with each 

multiaxial fatigue criterion directly. Now let us break away from the physical perspective, 

and just focus on the mathematical representation. This default method is not necessarily 

correct. Because in this default method, one constraint is assumed to be solved beforehand, 

i.e., the mathematical form of the fatigue parameter. The constraints on the fatigue 

“condition” under in-phase failure, which is determined by the in-phase, torsion and 

uniaxial fatigue test data, are of the form,  

𝑓(𝐹𝑃𝑎) = 𝑓(𝐹𝑃𝑡) = 𝑓(𝐹𝑃𝑖)                                           (4) 

where f is a certain function used for establishing the fatigue parameter, fatigue parameter 

is abbreviated as FP, and subscripts a, t and i represent the loading conditions of uniaxial, 

torsion and in-phase, respectively. In the current multiaxial fatigue criteria, the last 

constraint in Eq. 4 is not necessary satisfied. From the mathematical perspective, as there 

are two constraints in Eq. 4, two material-dependent constants should be obtained to have 

a unique solution for each material. However, the current multiaxial fatigue criteria only 

obtain one material-dependent constant from Eq. 4, because another material coefficient, 

which is represented by the fatigue parameter function, is assumed to be settled down 

beforehand. From the analysis above and the study of the current multiaxial fatigue 

criteria, a new index, h index, is suggested to be the other important material-dependent 

parameter. This is explained in the following. 

In [2,4], Lu’s criterion has been validated for extensive loading conditions and 

materials. In this article, Lu’s criterion is used as the basic frame to incorporate some 

modifications based on the above considerations. For facilitating the understanding of the 

proposed modifications, Lu’s criterion is introduced briefly in the following, more details 

can be found in the corresponding references [2,4]. The basic form of Lu’s criterion is 

described as,  

𝐹𝑃 = 𝑓(𝑃𝑠, 𝑃𝑜)                                                        (5) 

where f is the function for establishing the fatigue parameter, material state is expressed 

by 𝑃𝑠 and out-of-phase phenomenon is described by out-of-phase parameter 𝑃𝑜. At the 

same time, 𝑃𝑠 and 𝑃𝑜 are used to describe the basic deformation/material states depicted 

in Figure 4. According to the failure type, i.e., normal and shear, Eq. 5 was decomposed 

into Eq. 6 (normal-type) and Eq. 7 (shear-type). The critical plane (fatigue failure plane) 

in this criterion is the maximum principal response plane for both types (ignoring the 

effect of loading conditions and material properties).   

𝐹𝑃 = 𝑓(𝑔(𝑁,𝑁∗), 𝑃𝑜𝑆)                                              (6) 

𝐹𝑃 = 𝑓(𝑔(𝑆, �̃�), 𝑃𝑜𝑁)                                               (7) 

where the material response state could be depicted by the specific function 𝑔. In Eq. 6, 

a group of planes in the maximum principal directions are defined as the critical material 

state plane for normal type. The unique material response state could be expressed by the 

normal components N and N* on critical material state planes; The out-of-phase 
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phenomenon could be pictured by PoS (parameter of the shear magnitudes on critical 

material state planes). In Eq. 7, a group of planes in the maximum shear direction are 

defined as the critical material state planes for shear type failure. The specific material 

response state could be pictured by shear magnitudes S and mean normal components �̃� 

on critical material state planes, the out-of-phase phenomenon could be described by PoN  

(parameter constructed by normal components difference on critical material state planes). 

It need to be indicated that there is an interdependent relationship between out-of-phase 

failure phenomenon and parameter [4].  

Based on the analysis above about the deformation failure mechanisms in Section 2.1, 

the magnitudes for describing the material state should be modified. For normal type, 

material state is pictured by the normal components´ mean value and difference on critical 

material state planes, and out-of-phase phenomenon is described by the shear components 

on critical material state planes. For shear type, material state is pictured by the shear 

magnitudes and the normal magnitudes´ mean value on critical material state planes, and 

the out-of-phase phenomenon is described by the normal magnitudes´ difference on 

critical material state planes. Then the revised versions of the criterion are given by Eq. 8 

(normal) and Eq. 9 (shear),   

𝐹𝑃 = 𝑓(𝑔(𝑁𝐷 , �̃�), 𝑃𝑜𝑆)                                              (8) 

𝐹𝑃 = 𝑓(𝑔(𝑆, �̃�), 𝑃𝑜𝑁)                                                (9) 

where 𝑁𝐷 is the normal magnitudes´ difference on critical material state planes, the other 

variables have the same meanings as those in Eq. 6 and Eq. 7.  

      In this work, in the first step, we still inherit the summation rule, which is adopted for 

the fatigue parameter in [2,4]. Eq. 10 (normal) and Eq. 11 (shear) are used. 

𝐹𝑃 = (𝑁𝐷 + 𝑘𝑁�̃�) + 𝜁𝑁𝑃𝑜𝑆                                        (10) 

𝐹𝑃 = (𝑆 + 𝑘𝑆�̃�) + 𝜁𝑆𝑃𝑜𝑁                                           (11) 

where the influence of material state is indicated by material-dependent constants k’s and 

the phenomenon of out-of-phase is described by material-dependent coefficients 𝜁′𝑠 ; 

normal and shear type are denoted with the help of subscripts N and S. Notice here that, 

for parameter 𝑃𝑠, the magnitudes 𝑁𝐷 and �̃� in normal-type failure have equal importance, 

the same as 𝑆  and �̃� in shear-type failure. For example, the fatigue prediction with 𝑁𝐷 +

𝑘𝑁�̃� or �̃� + 𝑘𝑁𝑁𝐷 are the same, the only difference is a scaling constant of the fatigue 

parameter.  

    In addition, in this article, according to the analysis above about the “condition” in in-

phase failure situation, a new material-dependent constant, the h index, is introduced in 

the material state parameter 𝑃𝑠 (in Eq. 5), which can also be seen as an in-phase failure 

parameter, noticing that parameter 𝑃𝑜 (in Eq. 5) is zero in in-phase failure situations. In 

this way, an improved fatigue parameter is defined as, Eq. 12 (normal) and Eq. 13 (shear),  

𝐹𝑃 = (𝑁𝐷
ℎ𝑁 + (𝑘𝑁�̃�)

ℎ𝑁
)
1 ℎ𝑁⁄

+ 𝜁𝑁𝑃𝑜𝑆                                    (12) 
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𝐹𝑃 = (𝑆ℎ𝑆 + (𝑘𝑆�̃�)
ℎ𝑆

)
1 ℎ𝑆⁄

+ 𝜁𝑆𝑃𝑜𝑁                                        (13) 

Following the same idea as in [4], for counting different performance of loading 

situations, the equivalent parameter is also used,  

𝑄∗ = ∆Q × (1 + 𝑚
𝑄𝑚𝑒𝑎𝑛

𝑊
)                                               (14) 

where equivalent parameter is represented by 𝑄∗, corresponding mean value and range of 

the picked variable is represented by 𝑄𝑚𝑒𝑎𝑛 and ∆Q, the effect of mean value is calibrated 

by a material-dependent coefficient m, W is functioned for dimensionless. Then with the 

consideration of equivalent parameter, the complete versions of the fatigue parameters 

are given in Eq. 15 (normal) and Eq. 16 (shear), reasons can be found in [4].   

𝐹𝑃 = ((∆𝑁𝐷
ℎ𝑁 + (𝑘𝑁∆�̃�)

ℎ𝑁
)
1 ℎ𝑁⁄

+ 𝜁𝑁𝑃𝑜𝑆) (1 + 𝑚𝐷
𝑁𝐷

𝑚𝑒𝑎𝑛

𝑊
) (1 + 𝑚�̃�

𝑁 �̃�𝑚𝑒𝑎𝑛

𝑊
)        (15) 

𝐹𝑃 = ((∆𝑆ℎ𝑆 + (𝑘𝑆∆�̃�)
ℎ𝑆

)
1 ℎ𝑆⁄

+ 𝜁𝑆𝑃𝑜𝑁) (1 + 𝑚𝑆
𝑆𝑚𝑒𝑎𝑛

𝑊
) (1 + 𝑚�̃�

𝑆 �̃�𝑚𝑒𝑎𝑛

𝑊
)              (16) 

Experimental results indicate that the shear mean loading has little effect on fatigue 

damage [62], but note that in the special cases of materials where the mean value of shear 

components has an influence, the expression is still kept. But it should be pointed out that 

in normal cases, 𝑚𝑆 and 𝑚𝐷 are 0. According to all of these considerations, in most cases, 

the proposed multiaxial fatigue criterion is given by Eq. 17 (normal) and Eq. 18 (shear),  

𝐹𝑃 = ((∆𝑁𝐷
ℎ𝑁 + (𝑘𝑁∆�̃�)

ℎ𝑁
)
1 ℎ𝑁⁄

+ 𝜁𝑁𝑃𝑜𝑆) (1 + 𝑚�̃�
𝑁 �̃�𝑚𝑒𝑎𝑛

𝑊
)                    (17) 

𝐹𝑃 = ((∆𝑆ℎ𝑆 + (𝑘𝑆∆�̃�)
ℎ𝑆

)
1 ℎ𝑆⁄

+ 𝜁𝑆𝑃𝑜𝑁) (1 + 𝑚�̃�
𝑆 �̃�𝑚𝑒𝑎𝑛

𝑊
)                         (18) 

In this way, the fatigue criterion is valid from both physical and mathematical 

perspectives and the drawbacks in the current multiaxial fatigue criteria for in-phase 

failure situation can be solved. In addition, different types (normal and shear) could be 

merged into a unified version. The material-dependent constants can be determined as 

follows. k and h can be calibrated based on Eq. 4 to get a unique solution; experimental 

data under out-of-phase loading conditions with zero mean loading could be used to 

determine the constant 𝜁 ; 𝑚�̃�  can be resolved with non-zero mean loading data. 

Dimensionless coefficient W is represented by the yield strain. It is important to 

emphasize that the h index proposed in this work can also be used in other multiaxial 

fatigue criteria to improve the prediction capability.  

Although two failure types (normal and shear) are explained from each perspective 

(Figure 4), the predictions based on these two failure types are the same, proving that the 

deformation failure mechanism is validated. That is, when the basic deformation/material 

state in deformation failure mechanism depicted in Figure 4 is fully covered, the 

prediction with different groups of basic failure magnitudes will be the same, no matter 

which magnitudes are chosen. Because there is a certain law between the chosen basic 

failure magnitudes. From this perspective, two failure types (normal and shear) can be 

unified.  
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In this article, the basic failure magnitudes are represented by strain components to 

describe the basic deformation/material state depicted in Figure 4. As explained in [4], as 

there is a certain constitutive law relating to each other for a certain material, there is no 

need to distinguish among energy, strain and stress based criteria. The chosen magnitudes 

(energy, strain, stress) only affect the function relating the fatigue parameter and the 

fatigue life. Similarly, as explained above, the same basic deformation/material state can 

be pictured by different groups of basic failure magnitudes, because they can be 

transformed between each other. Then, stress or energy components can also be used as 

the basic failure magnitudes. From this perspective, this criterion can be seen as a unified 

version of energy, strain and stress-based criterion. From another perspective, in Figure 

4, A1-D1 in Figure 4(a) can be seen as representative of the influence of volumetric 

changing magnitudes, whereas E1 and F1 in Figure 4(a) display the influence of distortion 

changing magnitudes. Even in this way, A1-D1 in Figure 4(a) still represent the 

deformation failure mechanism in in-phase failure conditions and E1 and F1 in Figure 

4(a) represent the deformation failure mechanism in out-of-phase failure conditions. In 

Figure 4(b), A2 and B2 can be seen as the influence of distortion changing magnitudes, 

C2-F2 describe the effect of volumetric changing magnitudes. The same as before, A2-

D2 in Figure 4(b) also represent the deformation failure mechanism in in-phase failure 

conditions and E2 and F2 represent the deformation failure mechanism in out-of-phase 

failure conditions. From this viewpoint, volumetric and distortion magnitudes (which are 

functions of shear and normal components) can be used as the basic failure magnitudes, 

because they can also fully describe the deformation failure mechanism in Figure 4. In 

this way, the criterion can be thought of as a volumetric and distortion criterion. Moreover, 

the deformation failure mechanisms depicted in Figure 4 can also be regarded as a 

representation of the influence of the hydrostatic magnitudes and the second stress (or 

strain) invariant. From this perspective, the hydrostatic and the second invariant can be 

used as the basic failure magnitudes. In this way, this criterion can be seen as an invariant-

based criterion (also functions of shear and normal components).  

According to the analysis above, it is visible that the multiaxial fatigue criteria currently 

existing in the literature could be unified by the multiaxial fatigue criterion based on 

proposed deformation failure mechanisms. The criterion covers energy, strain and stress 

based criteria, as well as normal and shear-type failure criteria, criteria based on stress (or 

strain) invariants, and volumetric and distortion criteria.  

    Compared with the previous criterion proposed in [2,4], the improvements of this 

complete unified multiaxial fatigue criterion presented in this article are detailed here. 

One is that the deformation failure mechanism is fully interpreted in both failure types 

(normal and shear), for different failure status (in-phase and out-of-phase). In addition, 

the two failure types (normal and shear) can be unified in this proposed deformation 

failure mechanism. Another major improvement is that the definition of critical material 

state plane is proposed in this article, which solves the conflict between the directions of 

critical plane and fatigue failure. The principal direction has strong effect on failure plane 

direction, but the fatigue criterion according to shear critical plane gives a better 

prediction. Besides, the h index is proposed to establish the functional form of the fatigue 

parameter for each material, which solves the problems in in-phase failure situations. 

Moreover, in the view of  the proposed deformation failure mechanisms (Figure 4) for 

two failure types (normal and shear), the current multiaxial fatigue criteria is unified, 

covering the energy, strain, stress-based criteria, invariant-based criteria (second invariant 

and hydrostatic), and volumetric and distortion criteria, normal and shear-type failure 
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criteria. The other multiaxial fatigue criteria can be included and unified in this proposed 

complete unified criterion.  

3. Validation and comparison 

    For the validation of the prediction capability of the proposed multiaxial fatigue 

criterion, extensive fatigue data with different loading conditions and materials is 

collected. For the purpose of showing the improvements of this criterion, several fatigue 

criteria are used for comparison, namely, WB criterion [5], Chen criterion [10], and Lu 

criterion [4]. The used materials, detailed information about the fatigue test configuration, 

loading conditions and material properties are detailed in the corresponding references 

[63-71]. The prediction results are shown in Figure 5. 

The experimental life and predicted life are represented by the horizontal axis and 

vertical axis, respectively. The dotted and solid lines indicate factor 2 and factor 3 of life, 

respectively, and the different colors denote the prediction results with different 

multiaxial fatigue criteria. It is clear that, generally speaking, the picked fatigue criteria 

can provide an appropriate prediction, but the criterion proposed in this work provides 

more accurate predictions. For the purpose of prediction error quantification, a measured 

error is adopted.  

𝐸 =
∑

|𝑁𝑝−𝑁𝑒|

𝑁𝑒

𝑛
1

𝑛
                                                   (19) 

where experimental life and predicted life are denoted as 𝑁𝑒 and 𝑁𝑝, number of samples 

is represented by n and E is the mean relative error. Figure 6 describes the comparison of 

the prediction error. The horizontal axis represents different materials, the vertical axis 

indicates the prediction error and different colors represent the prediction results with 

different criteria. It can be seen that the criteria used for comparison always give a good 

prediction, as the mean relative error is less than 1 with any of them, which means that 

the predicted life is located inside a factor 2 of life. At the same time, it can also be noticed 

that the proposed criterion in this work provides the most accurate prediction with the 

smallest error for all the analyzed materials. The original Lu’s criterion can also give good 

predictions, as well as WB criterion; the prediction error with Chen’s criterion is slightly 

higher. The other criteria are not as good as the proposed criterion, because the basic 

deformation/material state in deformation failure mechanism are not fully described, as 

well as the lack of reasonable descriptions  for the situations of in-phase and out-of-phase 

failure. 

    For the purpose of having an intuitive understanding about the influence of the 

proposed h index, an example is given here (according to experimental data in [65]), see 

Figure 7. The value of h index is represented by the horizontal axis, the prediction error 

in in-phase loading conditions is represented by the vertical axis. The reason for selecting 

the in-phase loading data to show the influence of h index is that, in previous studies, the 

material-dependent h index is assumed to be known beforehand, i.e., h index is assumed 

to be 1 or 2 in most criteria. In this case, one of the constraints in the in-phase failure 

situation (see Eq. 4) is ignored, then the prediction for the in-phase loading conditions 

does not necessarily follow the same failure “condition” as in torsion and uniaxial 

situations, which will introduce some artificial error. Figure 7 shows that, for this material 
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[65], the material-dependent constant (h index) is 1.5, only in this way, the failure 

“condition” in in-phase failure (in-phase, torsion and uniaxial loading) will be the same, 

and the constraint for in-phase failure situation (Eq. 4) is fulfilled.  

From the above results, one suggestion is derived for fatigue testing. Fatigue test data 

under the loading conditions of fully reversed torsion and uniaxial are commonly used as 

the most fundamental components in fatigue damage prediction. Because of the data 

discretization and some artificial or stochastic error in data acquisition, in order to have 

an accurate fatigue prediction, it would be advisable that the fatigue life distribution under 

the loading conditions of fully reversed torsion and uniaxial would cover the life range 

for all the other multiaxial fatigue loading conditions. In addition, for accurate calibration 

of h index, more than 5 samples under in-phase loading is suggested in fatigue test with 

different level of in-phase loading.  

From the validation and comparison results, we conclude that the complete unified 

multiaxial fatigue criterion proposed in this work is valid for both failure types (normal 

and shear) based on the proposed deformation failure mechanism with a comprehensive 

explicit physical interpretation, and that these two failure types can be merged into a 

unified version. Different failure status (in-phase and out-of-phase) can be well described 

from both physical and mathematical perspectives. At the same time, the performance of 

the loading condition can be captured by the mean value and range of corresponding 

magnitudes. The defined fatigue parameter can completely describe the unique material 

response state. The proposed criterion based on deformation failure mechanisms is a 

unified version of the current existing multiaxial fatigue criteria. Compared with other 

multiaxial fatigue criteria, the proposed criterion is valid for extensive loading conditions 

and materials with the minimum prediction error. The other criteria are not complete, 

because the basic deformation/material state depicted in Figure 4 are not fully covered by 

the basic failure magnitudes.  

A simplified version of the proposed complete unified multiaxial fatigue criterion is 

suggested here. For a rough estimate, especially when the fatigue data in complex loading 

condition with non-zero mean value is not available, the range can be used instead of the 

equivalent parameter in Eq. 14. In addition, noting that the original Lu’s criterion also 

provides a good predicted result, in the initial design or for an approximate fatigue life 

estimation, h index can be assumed to be 1 or 2 to simplify the calculation.  

4. Conclusion 

In this article, being regarded as an in-depth improved Lu criterion, a complete unified 

multiaxial fatigue criterion is presented. The two failure types (normal and shear) are 

reasonably described and unified with a comprehensive explicit physical interpretation 

based on deformation failure mechanism. The in-phase and out-of-phase failure 

mechanisms can be well described from both physical and mathematical perspectives. 

The unique material response state, as well as the loading effect (represented by the 

median and range of the corresponding magnitudes) are fully considered. A material-

dependent index (h index) is proposed to establish the appropriate mathematical 

expression of the fatigue parameter for each material. The definition of critical material 

state plane is presented, which solves the conflict in the directions of critical plane and 

fatigue failure. According to the proposed deformation failure mechanism, the proposed 
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multiaxial fatigue criterion can be thought of as a complete unified version of currently 

existing multiaxial fatigue criteria, which covers those based on energy, strain and stress, 

stress or strain invariants (second invariant and hydrostatic), volumetric and distortion 

criteria, and normal and shear-type failure criteria. After comparison with other criteria, 

it can be suggested that the complete unified multiaxial fatigue criterion is valid for 

extensive loading conditions and materials with the minimum prediction error.  
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Figure captions 

 

Figure 1. Failure mechanism. 

 

Figure 2. A schematic of the deformation failure mechanism showing the influence of the 

loading components on the failure plane (red dotted line) [2]. 

 

Figure 3. Determination between normal and shear type failure. 

 

Figure 4. Illustration of the proposed deformation failure mechanisms. 

 

Figure 5. Prediction results with different criteria. 

 

Figure 6. Mean relative error of different criteria. 

 

Figure 7. Relationship between the prediction error and h index. 
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(a) Failure mechanism by normal loading. 

 

(b) Failure mechanism by shear loading. 

 

(c) Failure mechanism based on crack propagation. 

Figure 1. Failure mechanism. 
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Figure 2. A schematic of the deformation failure mechanism showing the influence of 

the loading components on the failure plane (red dotted line) [2].  
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Figure 3. Determination between normal and shear type failure. 
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(a) Normal-type failure 

 

(b) Shear-type failure 

Figure 4. Illustration of the proposed deformation failure mechanisms. 
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                      (a) 16MnR steel                                             (b) Mild steel 

 

                    (c) 304 stainless steel                                             (d) BT9 

 

                      (e) Pure titanium                                                 (f) S355 J2 
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                             (g) TC4                                                  (h) 2024 T3 

 

                           (i) CuZn37                                            (j) Sintered iron 

Figure 5. Prediction results with different criteria. 
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Figure 6. Mean relative error of different criteria. 
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Figure 7. Relationship between the prediction error and h index. 
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Abstract 

A methodology for studying the fatigue damage on the switch blade considering the influence of 

the randomness of the impact position is proposed in this article. This methodology combines 

explicit FEM, multiaxial fatigue criterion and statistical analysis. Lu criterion is used for fatigue 

damage evaluation and is extended from 2D to 3D condition. Based on the results, it is found that 

the randomness of the impact position on the switch blade can decrease the maximum fatigue 

damage value and smooth the fatigue damage function distribution on the switch blade. In the 

perspective of fatigue damage, regarding service life improvement for switch blade, increasing 

traction coefficient and decreasing friction coefficient between wheel flange and switch blade 

gauge surface is beneficial but not significant. The most important factor is the running speed. 

This work can provide theoretical foundation for the design and maintenance work of switch 

panels.  

Keywords 

Explicit finite element model; switch blade; multiaxial fatigue criterion; stochastic fatigue 

damage; fatigue life. 

1. Introduction 

Switch and crossings (turnouts) play an important role in railway transportation, 

moreover due to its special function and service condition, the expenditure on 

maintenance, replacement and repair of switch and crossing occupies a significant 

percentage in railway system [1][2][3][4]. Especially, most of the degradation of switch 

and crossing takes place on the switch panel [4][5]. A deep understanding of the damage 

on switch panel is not only helpful for increasing economic efficiency, but also beneficial 

for running safety.  

Important research about the switch panel has been published by different authors in 

the last years. Palsson [6] studied the damage on switch panel, using Multi-Body System 

(MBS) calculation. The effect of track gauge and profile at switch panel was studied. It 

was concluded that, the geometrical character on the switch panel is relevant for switch 

blade degradation, f.e., gauge widening optimization is favorable for decreasing the wear 

damage and contact force. The influence of switch and wheel profiles was studied with 

MBS by Lagos et al. [7] , it was suggested that the influence of switch panel profile is 

significant, but the wheel profile effect is not relevant. Wang et al. [8] studied the profile 

evolution on switch panel with MBS, Archard wear model was adopted for wear damage 
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prediction, and calculation results were validated with the help of field test. Nicklisch et 

al. [9] investigated the degradation on switch panel with the help of MBS, it was figured 

out that, at the switch entry, a gauge widening is beneficial for decreasing rolling contact 

fatigue (RCF) and wear damage. In addition, this gauge widening can increase the 

thickness of switch blade and improve the resistance capability for wear damage. Xu et 

al. [10] studied the switch panel from the perspective of contact behavior, the influence 

of worn profile and the dynamic interaction were investigated, with the combination of 

MBS and static finite element model (FEM). In particular, the dynamic response results 

were calculated in MBS, and the contact behavior was calculated by static FEM. For 

simulating the switch blade degradation, Johansson et al. [11] proposed a methodology 

with the help of MBS and static FEM. MBS was performed for interaction calculation, 

taking into account of the influence of stochastic variations, and provided the input 

parameters for static FEM calculation, which was used to calculate the wear and plastic 

deformation on the switch blade.  

 

(a) Overall damage on switch panel. 

 

(b) Zoom in.  

Figure 1. Damage on switch panel.  

Recently, Lu et al. [5] studied the interaction and damage mechanism on the switch 

panel with a full explicit FEM for the first time. It was found that the damage mechanism 

on the switch panel is a combination of multiaxial fatigue, wear and unstable crack 

resulted from the impact [5]. A typical damage on the switch panel can be seen in Figure 

1. Wear damage leads to material loss and thickness reduction of the switch blade. At the 

same time, there is a competition mechanism between wear and multiaxial fatigue, i.e., 

switch blade 

stock rail 

zoom in 



in some places, wear can eliminate the multiaxial fatigue damage, but in other places, 

wear is not enough to remove the produced fatigue damage, this special spot could be the 

source of the unstable crack, which can be seen in Figure 1(b), detailed explanation can 

be found in the corresponding reference [5].  

Due to the complexity of multiaxial fatigue damage, empirical methods are mostly used 

in railway engineering [12][13][14][15][16], i.e., the shakedown map and RCF parameter. 

At the same time, multiaxial fatigue criterion are also adopted by some researchers to 

study the fatigue damage. For instance, for studying the fatigue damage at rail joints, 

Josefson and Ringsberg [17] investigated from both fatigue propagation and initiation 

perspectives. The fatigue initiation was evaluated by a multiaxial fatigue criterion 

established by Van [18]. At the same time, the propagation of fatigue crack was assessed 

by Paris crack growth law. Liu et al. [19] predicted the fatigue damage of railway wheels, 

with the help of the multiaxial fatigue criterion established by himself [20]. Xin et al. [21] 

predicted crossing nose fatigue damage with the help of a criterion proposed by Jiang et 

al. [22].  

However, because of a large number of influencing factors in multiaxial fatigue 

damage [23], it is hardly to establish a multiaxial fatigue criterion of universal application 

[24][25]. Lately, Lu et al. put forward a multiaxial fatigue criterion of general application, 

which is effective for a large scope of loading conditions and materials with a favorable 

fatigue damage prediction [26], and then fatigue damage prediction of rail joint is 

performed with an extension version of this multiaxial fatigue criterion from 2D to 3D 

condition [27].  

To the authors knowledge, up to the date there is not published research about the 

fatigue damage on switch panel with a multiaxial fatigue criterion. Moreover, due to the 

important variation of the impact position on the switch blade, which is a result from the 

geometry of switch panel and the relative lateral displacement of wheelset with the switch 

panel, the approach to predict the fatigue damage on switch panel should be different 

from other components. In this case, the influence of the randomness of the impact point 

on the fatigue damage should also be taken into consideration. In this article, fatigue 

damage with the consideration of the randomness of the impact position on the switch 

blade will be investigated, with the help of a full explicit FEM [5], a further modified 

version of the multiaxial fatigue criterion proposed by Lu et al. [28][29] and a statistical 

analysis .  

2. Model description 

2.1 A full explicit FEM 

A full explicit FEM developed in [5] is used to calculate the material response for 

fatigue damage prediction of the switch blade in this study, which can be seen in Figure 

2. The geometry of the switch panel performed for calculation is based on a metro line in 

Spain, the profile of the wheel is S1002. The rail, i.e., right and left stock rails, the switch 

blade, and the wheelset are discretized by reduced linear integration elements with 8-

nodes [30], the components over the primary suspension is represented with a sprung 

mass, connecting to the wheelset with damping and spring element, covering vertical and 

lateral directions. The contact configuration is established by surface to surface contact 

pattern [30], 1 mm is adopted as the dimension of the mesh near contact surface, the 

dimension of the grid out of the contact region is up to 100 mm. For decreasing calculation 



scale and improving computational efficiency, transitional meshes are performed between 

contact surfaces and non-contact region. The right and left stock rails and switch blade 

are connected with the ground by damping and spring units separately, in both vertical 

and lateral directions. The definition of the global coordinate system and running 

direction can be seen in Figure 2. A track length of 8 m, containing 14 track supporting 

sets, is built for calculation. The overall amount of nodes and elements are 2.67 × 106 

and 2.28 × 106. Detailed information about modeling and calculation process can be 

found in [5].  

 

Figure 2. A full explicit FEM.  
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(a) Normal type failure 

 

(b) Shear type failure 

 Figure 3. Deformation failure mechanism in 2D condition.  
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2.2 Multiaxial fatigue criterion 

The multiaxial fatigue criterion used in this article is a further development [28][29] of 

the universally applicable multiaxial fatigue criterion proposed by Lu et al. [26], which 

can be seen as a complete unified version of the current multiaxial fatigue criterion [29]. 

Based on the detailed definite physical explanation about deformation failure mechanism 

proposed in [29], which can be seen in Figure 3, where σ and τ represent the normal and 

shear loading within critical material state planes [29], subscript max and min represent 

the relative dimension of the loading on them, the cap means the mean value of the 

corresponding magnitudes on them. The in-phase and out-of-phase states are able to be 

figured out in both failure types, moreover, the different failure types can be unified [29]. 

Noticing that original Lu criterion is established in 2D condition [29], in this article, it 

will be extended into 3D situation. For ease of understanding and description, brief 

introduction is presented, detailed information about Lu criterion can be found in [29].  

The primary constitution of Lu criterion is described in Eq. 1.  

𝐹𝑃 = 𝑓(𝑃𝑠, 𝑃𝑜)                                                        (1) 

where FP is the shortening of fatigue parameter, f represents the function, 𝑃𝑠 and 𝑃𝑜 are 

material state parameter (in-phase failure parameter) and out-of-phase failure parameter 

[29]. In addition, the basic deformation/material state demonstrated in Figure 3 can also 

be fully covered by 𝑃𝑠 and 𝑃𝑜, for both failure types [29].  

Even though in [29], it is already validated and explained that the different failure types 

are equivalent and have the same fatigue damage prediction capability, distinguishing 

between normal and shear type is not essential. In this article, the extension of Lu criterion 

will still be described in both types in 3D condition, just to validate the unification of 

different failure types in 3D situation.  

Under 2D condition, Eq. 2 for normal type and Eq. 3 for shear type are used.  

 𝐹𝑃 = (𝑁𝐷
ℎ𝑁 + (𝑘𝑁�̃�)

ℎ𝑁
)
1 ℎ𝑁⁄

+ 𝜁𝑁𝑃𝑜𝑆                                    (2) 

𝐹𝑃 = (𝑆ℎ𝑆 + (𝑘𝑆�̃�)
ℎ𝑆
)
1 ℎ𝑆⁄

+ 𝜁𝑆𝑃𝑜𝑁                                        (3) 

where the influence of the loading conditions and material property on the critical plane 

direction is disregarded [25], the maximum principal response plane is identified as the 

critical plane. k and h are material dependent constants to express the influence of material 

state and 𝜁 is a material dependent constant to describe the influence of out-of-phase 

failure, subscript N and S stand for the normal and shear types. 𝑁𝐷  and �̃�  are the 

difference and the mean value of the normal components on critical material state planes, 

𝑆 stands for shear components on critical material state planes.  

    Equivalent parameter defined in Eq. 4 is employed to describe the loading condition 

performance,  

𝑄∗ = ∆Q × (1 +𝑚
𝑄𝑚𝑒𝑎𝑛

𝑊
)                                               (4) 



where 𝑄∗  is the defined equivalent parameter, 𝑄𝑚𝑒𝑎𝑛  and ∆Q are the mean value and 

range of the selected magnitude Q in the fatigue parameter, material dependent coefficient 

W is employed for dimensionless, material dependent constant m is managed for 

expressing the performance of loading mean value. The final version of Lu criterion in 

2D condition for conventional engineering metal materials are Eq. 5 (normal type) and 

Eq. 6 (shear type) [29]. Noticing that the magnitudes (stress, strain, energy) are not of 

great importance in fatigue prediction [28], each of them (stress, strain, energy) can be 

used in Lu criterion.  

𝐹𝑃 = ((∆𝑁𝐷
ℎ𝑁 + (𝑘𝑁∆�̃�)

ℎ𝑁
)
1 ℎ𝑁⁄

+ 𝜁𝑁∆𝑃𝑜𝑆) (1 + 𝑚𝑀
�̃�𝑚𝑒𝑎𝑛

𝑊
)                   (5) 

𝐹𝑃 = ((∆𝑆ℎ𝑆 + (𝑘𝑆∆�̃�)
ℎ𝑆
)
1 ℎ𝑆⁄

+ 𝜁𝑆∆𝑃𝑜𝑁) (1 + 𝑚𝑀
�̃�𝑚𝑒𝑎𝑛

𝑊
)                        (6) 

For 3D conditions, the general form is the same with that described in Eq. 1. Noticing 

that in 2D conditions, because it is a plane material response state, i.e., one plane (plane 

12) is sufficient for describing the material response state. However, in 3D situations, 

three planes (plane 12, plane 13 and plane 23, represented by the superscript 12, 13 and 

23) are needed to describe the material response state completely. The general form in 

3D conditions can be derived from Eq. 1 into Eq. 7: 

𝐹𝑃 = 𝑓((𝑃𝑠
12, 𝑃𝑜

12), (𝑃𝑠
13, 𝑃𝑜

13), (𝑃𝑠
23, 𝑃𝑜

23))                                (7) 

Following the same idea and failure mechanism in 2D conditions, the deformation 

failure mechanism in 3D condition is presented in Figure 4. It can be noticed that in 3D 

conditions, only normal type is depicted in Figure 4 about the deformation failure 

mechanism. Because the three shear planes in 3D conditions is difficult to describe in a 

schematic diagram. Nevertheless, it will be explained that the normal and shear types still 

can be unified in 3D conditions in the following. Figure 4(a) demonstrates the un-

deformed material state and the definition of the directions of the critical material state 

planes, Figure 4(b) is the basic deformed states in 3D conditions, all the other material 

response state is able to be described by the association of the basic items. A-D and M-N 

express the basic deformation states within plane 12, E-H and O-P depict the basic 

deformation states within plane 13, I-L and Q-R describe the basic deformation states 

within plane 23. In addition, in 3D conditions, three directions are needed to determine a 

certain space, then all these three directions can be influenced by the out-of-phase 

conditions, A-L describe the basic deformation states under in-phase states, M-R depict 

the basic deformation states under out-of-phase states. The other material deformation 

state, f.e., the tension hydrostatic state is the combination of C, G and K, the compress 

hydrostatic state is the combination of D, H and L, the other state, such as invariant, 

volumetric and distortion magnitudes etc., can be described by different associations of 

the basic items. Assuming the fatigue damage in 3D condition described by the three 

planes (plane 12, plane 13 and plane 23) follows a summation law, Eq. 8 is obtained.  

𝐹𝑃 = 𝑓(𝑃𝑠
12, 𝑃𝑜

12) + 𝑓(𝑃𝑠
13, 𝑃𝑜

13) + 𝑓(𝑃𝑠
23, 𝑃𝑜

23)                         (8) 

Based on the deformation failure mechanism proposed in Figure 4, Eq. 2 and Eq. 3 are 

extended into Eq. 9 (normal) and Eq. 10 (shear). Still it can be seen that the normal type 

failure and shear type failure are equivalent.   
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Applying the equivalent parameter described in Eq. 4, Eq. 11 (normal) and Eq. 12 

(shear) can be obtained in 3D conditions.  
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(a) Un-deformed material state.  
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(b) Deformed material state.  

Figure 4. Deformation failure mechanism in 3D condition. 
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2.3 Statistical analysis method 

Due to the geometry of the switch panel and the relative lateral displacement between 

the wheelset and the switch blade, the influence of the random distribution of the impact 

points on the switch blade should be taken into consideration. To illustrate this concept, 

a schematic diagram of this phenomenon can be seen in Figure 5. It can be seen that the 

position of the impact point on the switch blade may change considerably, the range of 

the impact point could vary tens of centimeters up to some meters, depending on the 

actual characteristics of switch and crossing, speed of the vehicle and actual 

characteristics of the running gear and wheel profile. The influence of the stochastic 

distribution is more extraordinary on the switch blade compared with other parts of track 

infrastructure, because of the special geometry of the switch panel. It should be pointed 

out that the average angle α at the beginning of the switch panel used in this work is 

1.8429° (in the case of the adopted switch panel).  

The relative lateral displacement between the wheelset and the switch blade that 

ultimately generate the randomness of the impact point may be caused by several factors, 

such as differences between actual wheel profiles of the different wheelsets [7] (typ. 1 to 

3 mm), response of the vehicle movement with track irregularities [31] (typ. 1 to 8 mm), 

wear in the switch blade [8] (typ. 2 to 3 mm), etc. 

In the proposed methodology, it is assumed that the position of the impact point is 

mainly influenced by the relative lateral displacement between the wheelset and the 

switch blade. Noticing that, even though, the yaw movement of the wheelset can also 

have some effect on the impact position, it will be not considered in the proposed 

methodology. This simplification is considered to introduce a minor error because the 

radius at the switch panel is at least hundreds of meters, and the influence of the yaw 

movement on the longitudinal direction of the impact position can be only some 

millimeters [5]. This variation is very small compared with the tens of centimeters or even 

meters of the range of the impact position, thus it can be ignored. The estimated 

distribution of the impact points along the running direction can be seen in Figure 6. The 

vertical axis represents the impact ratio of each point, the horizontal axis follows the 

running direction, and translation in the longitudinal direction is performed to make sure 

that the boundary of the impact region is the original point (coordinate 0) in the horizontal 

axis in Figure 6, the range of the impact point on the switch blade in longitudinal direction 

is around 730 mm for the used switch and crossing in this study.  



 

Figure 5. Random distribution of the impact points on switch blade.  

 

Figure 6. The distribution of the impact points along the running direction.  

 Based on the results in Figure 6, to estimate the statistical distribution of the impact 

points, it has been assumed the relative lateral position between the wheel and the switch 

blade follows a Gaussian distribution with σ=25 mm, the 3 sigma impact region varies 

between 330 mm and 480 mm. These estimated values should be adjusted for every case 

study with the actual ones provided by experimentation. Now, if the fatigue damage 

function along the longitudinal direction is known at each impact point, the overall fatigue 

damage with the consideration of the randomness of the impact position can be obtained. 
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3. Calculation results 

The traffic situation for the calculation is facing move into diverging line (Figure 5). 

The original calculation case is defined as: the speed of 36 km/h (10 m/s) is adopted in 

the calculation, traction coefficient (calculated by the tangential force generated by 

traction torque and nominal normal force) is 0.2, the friction coefficient within stock rail 

and wheel tread contact is 0.3. In reality, lubricant is usually applied on switch blade 

inside face (gauge surface) for the purpose of reducing damage on switch blade. For this 

reason, the friction coefficient between switch blade gauge surface and the wheel flange 

is set as 0.06. The rail material is UIC 860 grade 900 A rail [27].  

Because of the expensive computation for the interaction between wheelset and switch 

panel with a full explicit FEM simulation, it is impossible to do the simulations at each 

impact position. Due to the slightly variation of the angle at the beginning of the switch 

blade, it is assumed that the fatigue damage function along the longitudinal direction 

following the same rule at each impact position, only with a different starting point, just 

to show the methodology proposed in this article.  

 

Figure 7. Coordinate rotation according to Euler angle. 

The material response state of the switch blade is calculated from explicit finite element 

model, where the material response state result is described according to a fixed global 

coordinate system. For fatigue damage calculation with Lu criterion, a coordinate rotation 

should be performed under Euler rotations, which can be seen in Figure 7. Coordinate xyz 

is the original global coordinate, coordinate XYZ is the coordinate system after rotation. 

The Euler rotation is performed by: 

[𝜀𝑋𝑌𝑍] = [𝐶][𝜀𝑥𝑦𝑧][𝐶]
−1                                              (13) 
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where strain tensor is represented by [ε], the new coordinate after rotation and the fixed 

global coordinate are denoted with subscripts XYZ and xyz , [C] is the matrix of coordinate 

rotation, which is described in Eq. 14.  

[𝐶] = [

𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛾 − 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛾 + 𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾
−𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛾 − 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 −𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛾 + 𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾

𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽 −𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛽 𝑐𝑜𝑠𝛽
] (14) 

It can be seen that in this work, rotation order zXZ is performed for the coordinate 

rotation, α, β, γ are the corresponding rotation angles. Due to the symmetry, only checking 

half space is sufficient and the extents α=0, 0≤β<π, 0≤γ< π/2 are defined for Euler angles, 

in order to get a unique express of each direction with the help of X and Y directions. The 

1 direction is defined with the maximum normal response range. After that, rotation 

around 1 direction is performed, the maximum range of the normal response 

perpendicular to 1 direction is defined as the 2 direction and the 3 direction can be 

resolved by right hand law. Three degree is adopted as angle step to decrease calculation 

scale. The fatigue damage of each section of the switch blade along the longitudinal 

direction is calculated.  

The outline of the calculation process of the fatigue damage with the consideration of 

the randomness is shown in Table 1. Pi is the possibility when the impact point is point i 

(Figure 5). DiN is the fatigue damage at point N when the impact point is point i. Then the 

fatigue damage parameter 𝐹𝑃𝑁  at a certain point (N) with the consideration of the 

randomness of the impact position can be calculated as: 

𝐹𝑃𝑛 = ∑ 𝑃𝑖
𝑁
𝑖=1 𝐷𝑖𝑁                                                 (15) 

Impact 

possibility 

Impact 

position 
1 2 3 4 5 i N 

P1 1 D11 D12 D13 D14 D15 D1i D1N 

P2 2  D22 D23 D24 D25 D2i D2N 

P3 3   D33 D34 D35 D3i D3N 

P4 4    D44 D45 D4i D4N 

P5 5     D55 D5i D5N 

Pi i      Dii DiN 

PN N       DNN 



Table 1. Calculation outline of the fatigue damage considering the influence of 

randomness.   

 

Figure 8. Fatigue damage at the switch blade.  

The result of the fatigue damage with and without the consideration of randomness of 

the impact position can be seen in Figure 8. Horizontal axis is the running direction, 

translation in the longitudinal direction is performed to make sure that the boundary of 

the damage region is the original point in the horizontal axis in Figure 8, vertical axis is 

the fatigue damage parameter. It can be noticed that when the influence of the randomness 

of the impact position is taken into consideration, the maximum fatigue damage is 

decreased, and the fatigue damage along the running direction on the switch blade is more 

smoothed. In addition, the position of the most dangerous point can be changed slightly 

due to the influence of the randomness.  

In practice, for maintenance and inspection of railway infrastructures, the service life 

is of great interest. In this calculation case, names as “Original” case in Figure 9, the 

service life of the switch blade along the running direction is described by the black solid 

line. Apart from this, with some parametrical variation, such as the variations of traction 

coefficient, the friction coefficient between wheel flange and switch blade gauge surface, 

and running speed, the service life results are also depicted in Figure 9. Due to the 

expression of service life in log scale, the detailed result about the minimum service life 

at the most dangerous location of switch blade in each calculation case is demonstrated 

in Figure 10.  

What needs to be noticed is that, in this study, the influence of the wear damage, and 

the interaction between wear and fatigue damage are ignored. All the result are only based 

Impact region 

running direction 



on the perspective of fatigue damage. It can be seen that, the influence of the traction 

coefficient and friction coefficient between wheel flange and switch blade gauge surface 

on the fatigue damage is not significant. But it still can be noticed that from the fatigue 

damage perspective, increasing traction coefficient can help to increase the service life 

slightly. On the contrary, increasing friction coefficient between wheel flange and switch 

blade gauge surface is detrimental for switch blade. Regarding to running speed, it is 

critical for the fatigue damage on switch blade, increasing the running speed from 36 

km/h to 54 km/h can lead to around 40% reduction in service life.  

 

Figure 9. The service life of the switch blade along the running direction.  

 

Figure 10. The minimum service life. 

4. Conclusion 

A methodology for studying the fatigue damage on the switch blade considering the 

influence of the randomness of the impact position is proposed in this article, with the 

help of explicit FEM, multiaxial fatigue criterion and statistical analysis method. Lu 



criterion is used for fatigue damage evaluation and is extended from 2D to 3D condition. 

Based on the results, it is found that the randomness of the impact position on the switch 

blade can decrease the maximum fatigue damage value and smooth the fatigue damage 

function distribution on the switch blade. In addition, the position of the most dangerous 

point on the switch blade can be changed slightly due to the randomness. From the 

perspective of fatigue damage, increasing traction coefficient and decreasing friction 

coefficient between switch blade and wheel flange is beneficial for service life 

improvement, but the influence is not significant. The running speed is the most important 

factor for switch blade service life. This article is instructive and provide theoretical 

foundation for repair and maintenance work for switch blade.  
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Abstract 

The multiaxial fatigue criteria are reviewed, and the widely operated multiaxial fatigue criteria 

are tested and verified in this article. The assessment of the methods with the enormous amount 

of data accessible in the bibliography indicates that the criterion brought forward by the authors 

(Lu’s criterion) can be utilized for widespread materials and service conditions providing the 

smallest error in fatigue life prediction. The other criteria analysed in this work provide higher 

prediction errors compared with Lu’s criterion, and are not of general applicability.  
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1. Introduction 

Fatigue is defined as the material damage under repeated alternating loading and 

constitutes a very important issue in engineering. The fatigue failure mechanisms differ 

from those found under static loading. For example, under static conditions, in the 

absence of cracks, the yield stress and the ultimate tensile strength are typically enough 

to predict failure. However, the situation is more complex under fatigue loading: the 

static mechanical properties are not sufficient to capture the material behaviour and to 

predict fatigue damage. In fact, fatigue failure can take place when the loading stress is 

much lower than the yield stress.  

The fatigue criteria for uniaxial conditions are well established, because of the 

relatively simple loading condition and material response. Some simple parameters, 

such as the amplitude of stress or strain, and a few equivalent stress/strain magnitudes, 

for instance, Tresca criterion and Mises criterion, can be used to capture the material 

response and to predict fatigue damage and fatigue life. However, in the case of 

multiaxial fatigue failure, the problem becomes almost intractable, as there are many 

factors that can affect the fatigue damage. For example, the changing of the principal 

axes direction [1,2], material cycling and non-proportional hardening phenomenon [3-5], 

stress ratio [6,7], mean stress or strain [8-10], phase angle difference [11,12], loading 

waveform [13], loading path [8,10], loading frequency [14], temperature [13], humidity 

[15], the third medium (in case of contact, for instance) [16], material heat treatment 

[17], loading sequence [11], etc. The study of multiaxial fatigue damage can be divided 

into several issues. Among them are the determination of the direction of the fatigue 

failure plane [1,2], the definition of a proper fatigue parameter to predict the fatigue 
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damage [18,19], the accurate description of the material response [3,5], the definition of 

a reasonable cyclic counting method [20-22], the establishment of an appropriate 

damage accumulation rule [11,20], etc. Although all these issues are very important, 

previous research of the authors [19] indicated that establishing a suitable fatigue 

parameter is the most relevant to predict fatigue damage. For example, a coarse 

evaluation of the direction of the fatigue failure plane is sufficient for providing 

satisfactory predictions of fatigue damage and fatigue life [19]. The other mentioned 

issues are treated in an approximate manner in the literature, especially in multiaxial 

cycling loading conditions [2,3,5,11,20-22]. Based on the analysis above, in this article, 

we mainly focus on the multiaxial fatigue parameter, in an attempt to provide a critical 

review and comparison of the widely operated multiaxial fatigue criteria. A huge 

amount of materials and loading conditions are used to test and validate the capabilities 

of each criterion.  

Different classifications methods can be identified among the multiaxial fatigue 

criteria. For example, according to the number of cycles, they can be separated into low-

cycle fatigue (LCF) criteria and high-cycle fatigue (HCF) criteria. Depending on 

whether the conception of critical plane is used or not, they can be divided into critical 

plane criteria and stress invariant criteria. According to the magnitudes used to define 

the fatigue parameter, they can be divided into stress, strain, stress-strain and energy-

based criteria. In this article, we will discuss the multiaxial fatigue criteria following 

this latter classification.  

2. Review of the multiaxial fatigue criteria  

Stress-based criteria 

The simplest approach is to extend the methods used in uniaxial fatigue damage 

prediction directly to multiaxial fatigue problems, for example, through the definition of 

some equivalent parameter, such as in Tresca criterion or Mises criterion. These 

methods can provide acceptable predictions under multiaxial conditions in the case of 

proportional loading, but for non-proportional loading conditions, the predictions are 

not accurate enough and the results typically lie in the non-conservative side [2].  

    In order to improve the prediction capability in multiaxial fatigue conditions, Gough 

and Pollard [23] recommended a criterion using the amplitudes of bending stress (𝑆𝑏) 

and torsional stress (𝑆𝑡 ) with an elliptical form in the Sb-St plane, see Eq. 1. The 

amplitudes are weighted by the fatigue limit in fully reversed bending (𝑓−1) and torsion 

(𝑡−1). It has to be pointed out that the concept of critical plane is not used in this 

criterion. Note also that the mean stress (which has a substantial effect on the fatigue 

damage, in accordance with experimental observations) is ignored in this criterion. 

(
𝑆𝑏

𝑓−1
)

2

+ (
𝑆𝑡

𝑡−1
)

2

= 1                                                   (1) 

Experimental results also indicate that the stress ratio (the ratio of shear stress to 

normal stress) affects the fatigue damage. To account for this effect, Lee [24] proposed 

an equivalent stress-based fatigue parameter (FP), see Eq. 2, which can be seen as a 

modification of Gough and Pollard's criterion. In this equation, 𝜎𝑎𝑓−1 and 𝜏𝑎𝑓−1 are the 

fatigue limit in fully reversed uniaxial and torsion loading conditions, respectively; σ 

and 𝜏 are the normal and shear stresses. In this criterion, the normal stress is assumed to 
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be the key factor in fatigue damage and the stress ratio is introduced as a coefficient to 

account for the effect of the shear stress. More specifically, higher stress ratios 

aggravate the fatigue damage. However, note that for some materials, the fatigue failure 

is a shear-type failure [25]; this means that, in these cases, the main factors in the 

fatigue process are the shear stress-strain components. In this condition, this criterion is 

invalid.  

𝐹𝑃 = σ [1 + (
𝜎𝑎𝑓−1𝜏

𝜏𝑎𝑓−1𝜎
)

2

]

1 2⁄

                                            (2) 

Shariyat [26] argued that in Gough and Pollard's criterion, the effect of non-

proportional loading (which plays a significant role on multiaxial fatigue damage) 

cannot be reflected and proposed to use the ratio of the maximum normal stress, 𝜎𝑚𝑎𝑥, 

to the maximum shear stress, 𝜏𝑚𝑎𝑥, during the cycle to account for this phenomenon. At 

the same time, it is assumed that the role of the mean normal stress in fatigue damage 

can be approximated indirectly by the maximum value of the normal stress. Based on 

these considerations, a modified fatigue parameter is proposed, see Eq. 3. However, it 

has to be noticed that, in this approach, the influence of the mean stress is accounted for 

only in an approximate manner, as among the maximum value, minimum value, mean 

value, amplitude, range, at least two of them are required to completely describe the 

loading conditions. For example, different combinations of the mean value and 

amplitude can result in the same maximum value.  

𝐹𝑃 = 𝜎2 + [
𝜎𝑚𝑎𝑥

𝜏𝑚𝑎𝑥
𝜏]

2

                                              (3) 

Carpinteri and Spagnoli [1] put forward a stress-based criterion (CS criterion), 

employing the notion of critical plane. One of the most important features of this 

criterion is that the direction of the critical plane is computed in the light of a weighting 

method; i.e., using different weighting functions, the influence of material properties as 

well as loading conditions on the orientation of the fatigue failure plane can be 

accounted for. From the experimental results, it is found that the orientation of the 

fatigue failure plane is mainly affected by the orientation of the maximum principal 

stress or strain, so the weighted principal direction is calculated at first, as follows:  

𝜃 =
1

𝑊
∑ 𝜃(𝑡𝑘)𝑊(𝑡𝑘)

𝑡𝑁
𝑡1

, 

�̂� =
1

𝑊
∑ 𝜗(𝑡𝑘)𝑊(𝑡𝑘)

𝑡𝑁
𝑡1

, 

�̂� =
1

𝑊
∑ 𝜑(𝑡𝑘)𝑊(𝑡𝑘)

𝑡𝑁
𝑡1

                                               (4) 

where 𝜃, 𝜗 and 𝜑 are the Euler's angles corresponding to the maximum principal stress 

at a particular time point; 𝜃, �̂� and �̂� are the weighted Euler's angles during the loading 

cycle, W is the weight function, ti is the discrete time point during the cycle. After this, 

the orientation of the critical plane can be obtained as:  

δ = 45
3

2
[1 − (

𝜏𝑎𝑓

𝜎𝑎𝑓
)

2

]                                                  (5) 
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where δ is the angle between the weighted principal direction and the critical plane; 𝜎𝑎𝑓 

and 𝜏𝑎𝑓  are the fatigue limit in fully reversed uniaxial loading and torsion loading 

conditions, respectively. After the determination of the orientation of the critical plane, 

the fatigue damage can be predicted by an equivalent stress parameter:  

𝐹𝑃 = √𝑁𝑚𝑎𝑥
2 + (

𝜎𝑎𝑓

𝜏𝑎𝑓
)

2

𝐶𝑎
2                                             (6) 

where Nmax is the maximum normal stress in the cycle, which can be calculated by the 

summation of mean normal stress Nm and normal stress amplitude Na. It is claimed that, 

in this way, the effects of the mean value and the amplitude of the normal stress can be 

taken into account. However, there can be different combinations of mean value and 

amplitude of normal stress that can bring about the same value of the maximum stress. 

Ca is the amplitude of the shear stress. In this approach, the influence of the mean shear 

stress is neglected since the experimental observations reveal that the effect of the mean 

shear stress is not significant [27]. Ca is computed by the long axis of the minimum 

ellipse circumscribing the shear stress vector on the critical plane.  

Later on, Carpinteri et al [28] modified this criterion, taking into account the 

influence of the mean normal stress,  

𝐹𝑃 = √𝑁𝑎,𝑒𝑞
2 + (

𝜎𝑎𝑓

𝜏𝑎𝑓
)

2

𝐶𝑎
2                                            (7) 

where Na,eq is the equivalent normal stress amplitude acting on the critical plane, which 

can be calculated as 

𝑁𝑎,𝑒𝑞 = 𝑁𝑎 + 𝜎𝑎𝑓 (
𝑁𝑚

𝜎𝑢
)                                                 (8) 

where 𝜎𝑢 is the material ultimate tensile strength limit. 

Findley [29] proposed another multiaxial fatigue parameter, which is constructed 

using magnitudes similar to those in CS criterion, but in a different expression, i.e., 

defined as a simple linear combination of the maximum normal stress and the shear 

stress amplitude,  

𝐹𝑃 = 𝐶𝑎 + 𝑘𝑁𝑚𝑎𝑥                                                     (9) 

where 𝐶𝑎 is the shear stress amplitude, 𝑁𝑚𝑎𝑥 is the maximum normal stress and k is a 

material constant, which weights the relative contribution of the normal and shear 

components to the entire damage; k is a function of the fatigue limit in fully reversed 

uniaxial and torsion loading. The critical plane in this criterion is the one on which the 

value of FP reaches the maximum value. Similar criteria have been proposed by other 

investigators. For example, Kakuno and Kawada [30] suggested using the amplitude 

and mean value of the normal stress instead of the maximum value, in order to 

distinguish the different influence of them. Matake [31] used the maximum shear stress 

plane as the critical plane instead of the maximum FP plane.  
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McDiarmid [32] developed Findley’s criterion by considering two different cases, 

because in the light of the study of Brown and Miller [33], there are two different paths 

for crack propagation (case A: crack growing along the surface and case B: crack 

growing into the surface). Then the criterion is rewritten as,   

𝐹𝑃 = 𝐶𝑎 +
𝜏𝐴,𝐵

2𝜎𝑢
𝑁𝑚𝑎𝑥                                             (10) 

where 𝜎𝑢 is the ultimate tensile strength, 𝜏𝐴 and 𝜏𝐵 are the shear fatigue limit in cases A 

and B, respectively. In this kind of criteria, it can be seen that the fatigue damage is 

affected by the cooperative effect of normal and shear components:  shear components 

are assumed to be the primary part in fatigue damage and the normal components play a 

correcting role, which is different from the previous discussed criteria. However, the 

experimental observations reveal that the critical plane is always affected by the 

maximum principal stress or strain [2], indicating that the normal components are 

relevant in the fatigue damage.  

Macha [34] put forward a more general stress-based criterion, in Eq. 11, which 

combines the normal stress dominated criterion and shear stress dominated criterion. 

The different action of the normal and shear components on the entire fatigue damage 

can be reflected by the material constants B and k, and the critical plane is the one on 

which FP reaches its maximum value. In this criterion, the ratio of B to k determines 

whether the shear or normal components are the crucial factor in fatigue damage.  

𝐹𝑃 = (Bτ + kσ)𝑚𝑎𝑥                                                 (11) 

Walker [35] proposed that the fatigue damage can be described by the amplitude, 𝜎𝑎, 

and the maximum value, 𝜎𝑚𝑎𝑥, of the normal stress, see Eq. 12. The function of the 

material properties can be reflected by a material constant 𝛾 , which represents the 

dissimilar influence of the amplitude and maximum value of the normal stress on 

different materials. It can be seen that in this criterion, when the normal loading is fully 

reversed with a zero mean stress, the criterion changes into a simple amplitude-

dependent form. However, the influence of the shear component is absolutely 

overlooked in this criterion.  

𝐹𝑃 = 𝜎𝑎
𝛾

𝜎𝑚𝑎𝑥
1−𝛾

                                                          (12) 

    Kwofie [36] argued that the main factor in fatigue damage is the amplitude of the 

normal stress, a. The mean normal stress, m, can be used as a correcting term through 

a material-dependent parameter, 𝛼, see Eq. 13. As in the case of Walker’s formulation, 

this criterion totally ignores the performance of shear components. 

𝐹𝑃 = 𝜎𝑎𝑒
𝛼

𝜎𝑚
𝜎𝑢                                                         (13) 

A different approach in stress-based criteria is based on the stress invariants. As 

stress invariants can be utilized to represent the material state in one material point 

regardless of the direction, some researchers suggest to use these invariants to predict 

fatigue damage. Sines [37] proposed a stress invariant fatigue parameter, defined as,  

𝐹𝑃 = √𝐽2,𝑎 + 𝑘𝜎𝐻,𝑚                                               (14) 
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where √𝐽2,𝑎 is the amplitude of the second stress invariant, 𝜎𝐻,𝑚 is the mean value of 

the hydrostatic stress and k is a material constant that represents the relative influence of 

the hydrostatic stress on the total fatigue damage; k can be calibrated by means of the 

axial and torsion tests. This idea is also adopted by some other investigators, and 

different modifications have been proposed; for instance, Crossland [38] used the 

maximum value instead of the mean value of the hydrostatic stress, Kakuno and 

Kawada [30] decomposed the component of the hydrostatic stress into mean value and 

amplitude. However, in accordance with the experimental observations, the orientation 

of the fatigue damage is not arbitrary, but it rather follows a definite direction [2] and 

this feature cannot be described by the stress invariant criteria. 

Van [39] used the combination of the maximum shear stress, 𝜏𝑚𝑎𝑥, and the maximum 

value of the hydrostatic pressure, σ𝑚𝑎𝑥
𝐻 , to predict fatigue damage, see Eq. 15, where α 

is a material constant. A similar form is also proposed by Papadopoulos [40,41], using 

the shear stress amplitude 〈𝑇𝑎
2〉 instead of the maximum shear stress, and separate the 

maximum value of the hydrostatic pressure into amplitude 𝜎𝐻
𝑎 and mean value 𝜎𝐻

𝑚, in 

Eq. 16, 𝑢 is a material constant. According to Papadopoulos, this method can be seen as 

a mesoscopic scale method [41], as the integral of the crystal plastic strain in an 

elementary volume is nearly proportional to the resolved shear stress amplitude.  

𝐹𝑃 = 𝜏𝑚𝑎𝑥 + ασ𝑚𝑎𝑥
𝐻                                                     (15) 

𝐹𝑃 = √〈𝑇𝑎
2〉 + 𝑢(𝜎𝐻

𝑚 + 𝜎𝐻
𝑎)                                           (16) 

Kim et al. [42] claimed that, for a brittle material, the fatigue damage is controlled by 

tensile stress components. Then a combination of the range of normal stress, ∆𝜎𝑛, and 

hydrostatic stress, ∆𝜎ℎ, is used to establish the fatigue criterion (Eq. 17), where 𝑘 is a 

material constant. The contributions of the shear components and the mean value of 

normal components are not reflected in this criterion. At the same time, as proposed by 

Kim et al., it can only be used for brittle materials.  

𝐹𝑃 = ∆𝜎𝑛 + 𝑘∆𝜎ℎ                                                  (17) 

Liu and Mahadevan [43] put forward an equivalent stress criterion, Eq. 18, in which, 

𝛽, 𝜂  and 𝑘  are material constants. 𝜎𝑎,𝑐 , 𝜏𝑎,𝑐  and 𝜎𝑎,𝑐
𝐻  are the amplitude of the normal 

stress, shear stress and hydrostatic stress, respectively, on the critical plane. 𝜎𝑚,𝑐 is the 

mean normal stress on the critical plane; 𝑓−1  and 𝑡−1  are the fatigue limit in fully 

reversed bending and torsion, respectively. In this criterion, the influence of the mean 

normal stress is accounted for as a modifying part, which is weighted by the fatigue 

limit in fully reversed bending. The advantage of this criterion is that apart from the 

normal and shear stress, the influence of the material state is also reflected through the 

hydrostatic stress. It is claimed that this criterion can be used for all materials, from very 

ductile metal to extremely brittle materials.  

𝐹𝑃 =
1

𝛽
√[𝜎𝑎,𝑐(1 + 𝜂

𝜎𝑚,𝑐

𝑓−1
)]

2

+ (
𝑓−1

𝑡−1
)

2

𝜏𝑎,𝑐
2 + 𝑘𝜎𝑎,𝑐

𝐻 2
                (18) 

Based on experimental observations, Liu et al [44] suggested that the final failure is 

the interplay between the fatigue damage and ratcheting damage, then proposing a new 
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stress parameter, which accounts for the contributions of both fatigue damage and 

ratcheting damage,  

𝐹𝑃 =
(√𝜎𝑎

2+3𝜏𝑎
2−𝜎𝑓𝑙)+𝑘(𝜎𝑒𝑞

𝑚𝑎𝑥−𝜎𝑓𝑙)

𝐸
                                           (19) 

where the first bracket represents the fatigue damage and the second bracket represents 

the ratcheting damage; 𝜎𝑓𝑙 is the fatigue limit, 𝜎𝑎 and 𝜏𝑎 are the amplitude of the normal 

and shear stress, respectively, k is a material-dependent coefficient accounting for the 

weight of ratcheting damage on the total damage, 𝜎𝑒𝑞
𝑚𝑎𝑥 is the maximum value of the 

equivalent Mises stress.  

Strain-based criteria 

Brown and Miller [45] established a strain-based criterion (BM criterion), Eq. 20, 

using the idea that the interplay between shear and normal strain components on the 

critical plane is the essence of fatigue damage,  

𝐹𝑃 = 𝛾𝑚𝑎𝑥 + 𝑘𝑓(𝜀𝑛)                                              (20) 

where 𝜀𝑛and 𝛾𝑚𝑎𝑥 are the normal strain component and the maximum value of the shear 

strain on the critical plane, k is a material constant, 𝑓  is a certain function. In this 

criterion, the material plane on which the shear strain achieves the maximum value is 

defined as the critical plane. Based on the same idea, Kandil et al. [46] developed this 

criterion (KBM criterion), Eq. 21, using a very simple form of the function of the 

normal strain, where ∆𝜀𝑛 stands for the normal strain extent on the critical plane during 

the cycle. In the KBM method, the contribution of the normal mean strain is neglected. 

Furthermore, in the light of experimental fatigue tests, critical plane orientation is 

principally resolved by the maximum principal direction. However, in this criterion, it is 

assumed that the maximum shear strain plane is the critical plane.  

𝐹𝑃 = 𝛾𝑚𝑎𝑥 + 𝑘∆𝜀𝑛                                                (21) 

Wang and Brown [47] put forward a similar criterion, Eq. 22, using the normal strain 

excursion, 𝜀𝑛
∗ , to represent the influence of the normal components on the fatigue 

damage, 𝑠 is a material constant. They argued that the influence of the loading history 

can be well reflected in this way. ∆𝛾𝑚𝑎𝑥  is the maximum shear strain extent on the 

critical plane (the critical plane being the one with the maximum shear strain extent). 

The drawbacks of this criterion are the same as those mentioned for the KBM criterion.  

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
+ 𝑠𝜀𝑛

∗                                                     (22) 

Shang and Wang [48] defined an equivalent multiaxial strain parameter, comparable 

with Mises criterion, Eq. 23. Both normal and shear strain components are used to 

predict the fatigue damage. The critical plane is defined by the maximum shear strain 

extent, 𝜀𝑛
∗  stands for normal strain excursion in accordance with alternating positions 

with respect to the shear strain on the critical plane. It can be seen that the components 

used in this criterion are the same as in Wang’s criterion, only the combination of the 

components to establish the fatigue parameter is different. The drawbacks are the same 

as in Wang’s criterion. 
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𝐹𝑃 = √𝜀𝑛
∗ 2 +

1

3
(

∆𝛾𝑚𝑎𝑥

2
)

2

                                            (23) 

Chen et al. [49] argued that the effect of the mean normal loading should be also 

accounted for, which can be considered as an improved statement of Shang criterion, Eq. 

24. An additional coefficient based on the mean stress, 𝜎𝑛
𝑚  (weighted by the axial 

fatigue strength coefficient, 𝜎𝑓
′), is used to  modify the fatigue parameter. 

𝐹𝑃 = (1 +
𝜎𝑛

𝑚

𝜎𝑓
′ ) √3𝜀𝑛

∗ 2 + (
∆𝛾𝑚𝑎𝑥

2
)

2

                    (24) 

Sun and Shang [50] proposed a similar equivalent strain criterion, Eq. 25, suggesting 

that the contribution of the shear strain should be transformed by the equivalent 

Poisson’s ratio, 𝜈𝑒𝑓𝑓, which can be calculated using the elastic and plastic Poisson’s 

ratios.  

𝐹𝑃 = (𝜀𝑛
∗ 2 +

𝜈𝑒𝑓𝑓(2−𝜈𝑒𝑓𝑓)

(1+𝜈𝑒𝑓𝑓)
2 (

∆𝛾𝑚𝑎𝑥

2
)

2

)
1 2⁄

           (25) 

Gao and Chen [51] argued that, based on experimental results, the axial ratcheting 

strain is relevant to fatigue life; in their model, the relationship between fatigue life and 

ratcheting strain rate follows a power-law, and a criterion that considers the interplay 

between ratcheting damage and fatigue damage is proposed, Eq. 26. 

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
+ 𝑆𝜀�̇�

−𝑐0                                                 (26) 

where 𝜀�̇�  is the saturation value of the ratcheting strain rate, 𝑐0  is the shear fatigue 

ductility exponent and S is a material constant. The critical plane is decided by the 

maximum shear strain extent.  

Stress-strain based criteria 

Socie et al. [52,53] argued that the mean loading had also to be considered. 

Employing a principle similar to that of BM criterion, another term is added to account 

for this effect, Eq. 27. 

𝐹𝑃 = 𝛾𝑚𝑎𝑥 + 𝜀𝑛 +
𝜎𝑛,𝑚

𝐸
                                           (27) 

where E is the Young’s modulus and 𝜎𝑛,𝑚 is the mean normal stress within the critical 

plane. The use of both strain and stress components is believed to be able to provide a 

better approximation to the material hardening phenomenon.  

Later, Fatemi and Socie [6] modified the expression to describe the interplay 

between shear and normal components from a summation rule to a product form, Eq. 28. 

The maximum shear strain can be applied to define the critical plane. In the view of 

crack propagation mechanism [79,80], within the critical plane, the tensile normal 

loading promotes crack opening, resulting in an acceleration of fatigue damage. On the 

contrary, compressive normal loading restrains crack opening and decelerates the 

fatigue process. The maximum normal stress, 𝜎𝑛
𝑚𝑎𝑥, is used to represent the effect of the 

normal loading on the fatigue damage, 𝑘 is a material constant and 𝜎𝑦 is the yield stress. 
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In this way, it is assumed that the contribution of compressive and tensile normal 

loading can be well captured. However, for instance, in the case of zero maximum 

normal stress, i.e., there are only compressive normal stresses, the beneficial influence 

of such compressive stresses will be overlooked. At the same time, it is assumed that the 

maximum shear strain plane is the critical plane, which is in conflict with experimental 

observations.   

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
(1 + 𝑘

𝜎𝑛
𝑚𝑎𝑥

𝜎𝑦
)                                         (28) 

Gates and Fatemi [54] further studied FS criterion and found that, for some materials, 

FS criterion provided better results if the shear stress range on the maximum shear plane 

is adopted instead of the yield stress to normalize the maximum normal stress, Eq. 29, 

where 𝐺 is the shear modulus.  

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
(1 + 𝑘

𝜎𝑛
𝑚𝑎𝑥

𝐺∆𝛾
)                                             (29) 

Kim and Park [55] established a criterion similar to FS criterion, Eq. 30. The 

difference is that the effects of elastic and plastic parts of the shear strain are considered 

separately. In Eq. 30, ∆𝛾𝑒 and ∆𝛾𝑝 are the range of the elastic and plastic shear strain, 

respectively.  

𝐹𝑃 =
∆𝛾𝑒

2
(1 + 𝑘

𝜎𝑛
𝑚𝑎𝑥

𝜎𝑦
) +

∆𝛾𝑝

2
(1 + 𝑘

𝜎𝑛
𝑚𝑎𝑥

𝜎𝑦
)                          (30) 

    Wang and Yao [56] presented a criterion, Eq. 31, which can be regarded as a revised 

release of BM criterion. The normal stress is used to correct the influence of the normal 

strain. It is believed that because of the employment of both normal strain and stress, 

material hardening can also be captured. In this criterion, two different approaches are 

employed to define the critical plane: in the first case, it is assumed that the critical 

plane is the one where the range of the shear strain is maximum, and in the other one, 

the critical plane is defined as that where FP reaches the maximum value.  

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
+ (1 −

𝜎𝑛

2𝜎𝑦
)∆𝜀𝑛                                             (31) 

Li et al. [57] proposed a fatigue criterion similar to Wang’s criterion, but with a 

different weight of the normal component in fatigue parameter, Eq. 32. The maximum 

shear strain is adopted to define the critical plane. They assume that the use of both 

normal stress and strain components can describe the reduction of fatigue life with an 

increase of the phase delay between axial and torsional loading. σ0.2 is the yield stress 

corresponding to a 0.2% offset deformation. 

𝐹𝑃 =
∆𝛾𝑚𝑎𝑥

2
+ (1 +

∆𝜎𝑛

2𝜎0.2
) ∆𝜀𝑛                                           (32) 

Generally speaking, in the case of high cycle fatigue, it is assumed that the plastic 

strain is much smaller than the elastic part, and vice versa in low cycle fatigue. Based on 

this idea, Ince and Glinka [58] suggested that the contributions of the elastic and plastic 

parts of strain should be considered separately, see Eq. 33. In their fatigue criterion, the 

shear and normal strain components are split into elastic and plastic parts. 𝜏𝑚𝑎𝑥  and 
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𝜎𝑛,𝑚𝑎𝑥 are the maximum value of the shear strain and normal stress, respectively; ∆𝜏 

and ∆𝜎𝑛 are the range of the shear and normal stress; ∆𝛾𝑒 and ∆𝛾𝑝 are the elastic and 

plastic range of the shear strain; ∆𝜀𝑛
𝑒 and ∆𝜀𝑛

𝑝
 are the elastic and plastic range of the 

normal strain. It has to be pointed out that in multiaxial fatigue, the constitutive cyclic 

stress-strain curves are different under different loading conditions, because of the 

multiaxial hardening and non-proportional hardening phenomenon. In practice, it is 

almost impossible to determine the elastic and plastic parts in all loading conditions.  

𝐹𝑃 = (
𝜏𝑚𝑎𝑥

∆𝜏 2⁄

∆𝛾𝑒

2
+

∆𝛾𝑝

2
+

𝜎𝑛,𝑚𝑎𝑥

∆𝜎𝑛 2⁄

∆𝜀𝑛
𝑒

2
+

∆𝜀𝑛
𝑝

2
)𝑚𝑎𝑥                           (33) 

Energy-based criteria 

It is known that materials under high energy state tend to move to a state of lower 

energy. Because of the inherent advantage of using both stress and strain components in 

energy-based parameters, it may be expected that the energy-based criteria could 

combine the advantages of stress, strain and stress-strain criteria. Smith et al. [59] 

proposed a renowned energy-based criterion (SWT criterion),  

𝐹𝑃 = 𝜎𝑛
𝑚𝑎𝑥 ∆𝜀𝑚𝑎𝑥

2
                                                 (34) 

where 𝜎𝑛
𝑚𝑎𝑥  and ∆𝜀𝑚𝑎𝑥  are maximum normal stress and maximum range of normal 

strain, respectively. In SWT criterion, only the normal strain energy is used to predict 

the fatigue damage, the influence of the shear components on the fatigue damage is 

neglected. It has been proven that under the tensile mode failure, SWT is good enough 

to predict the fatigue damage [19].  

Kujawski [60] modified SWT criterion, based on the idea that the fatigue properties 

in high-cycle and low-cycle regions are different, Eq. 35. The normal strain energy 

should be divided into elastic and plastic parts, because in the high-cycle fatigue region 

the primary factor is the elastic part whereas in the low-cycle fatigue region, the plastic 

strain energy is the relevant variable. ∆𝑊𝑁
𝑒 and ∆𝑊𝑁

𝑝
 are the range of elastic and plastic 

normal strain energy, respectively.  

𝐹𝑃 = ∆𝑊𝑁
𝑒 + ∆𝑊𝑁

𝑝
                                              (35) 

Glinka et al. [61] argued that the normal energy component is not sufficient to fully 

represent the fatigue damage; they suggested that the fatigue damage is due to the 

interplay between the strain energies due to normal and shear components, Eq. 36. ∆𝛾21 

and ∆𝜎21 are the range of the shear strain and shear stress, respectively; ∆𝜀22 and ∆𝜎22 

are the range of the normal strain and normal stress, respectively. However, the effect of 

the mean loading is not accounted for in this criterion.  

𝐹𝑃 =
∆𝛾21

2

∆𝜎21

2
+

∆𝜀22

2

∆𝜎22

2
                                          (36) 

Later on, Glinka et al. [62] put forward an energy criterion for shear failure materials. 

They assumed that the shear strain energy is the primary element in fatigue damage. 

Both the shear and normal mean stresses are taken into consideration by incorporating 

the maximum shear stress, 𝜎12
𝑚𝑎𝑥, and normal stress, 𝜎22

𝑚𝑎𝑥, which are weighted by the 

shear fatigue strength coefficient, 𝜏𝑓
′ , and the axial fatigue strength coefficient, 𝜎𝑓

′, Eq. 
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37. Note that, in this method, if the maximum normal stress is zero, i.e., the normal 

components are always in a compressive state, then the effects of the normal 

components on the fatigue damage are neglected.  

𝐹𝑃 =
∆𝛾12

2

∆𝜎12

2
[

1

1−𝜎12
𝑚𝑎𝑥 𝜏𝑓

′⁄
+

1

1−𝜎22
𝑚𝑎𝑥 𝜎𝑓

′⁄
]                           (37) 

    Pan et al. [63] modified Glinka’s criterion using two material constants, 𝑘1 and 𝑘2, 

see Eq. 38, to account for the influence of the normal strain energy on the overall 

fatigue damage, which are functions of the axial and torsion fatigue strength coefficients 

and fatigue ductility coefficients.  

𝐹𝑃 =
∆𝛾21

2

∆𝜎21

2
+ 𝑘1𝑘2

∆𝜀22

2

∆𝜎22

2
                                   (38) 

    Afterwards, this criterion was revised to consider the effect of the mean normal stress 

[64], Eq. 39, the critical plane being the one with maximum shear strain. 

𝐹𝑃 = 𝑘1𝑘2∆𝜎𝑛∆𝜀𝑛 + (1 +
𝜎𝑛,𝑚

𝜎𝑓
′ ) [∆𝜏𝑚𝑎𝑥∆ (

𝛾𝑚𝑎𝑥

2
)]                (39) 

Garud [65] and Lee et al. [66] proposed a method that only uses the plastic part of the 

normal strain energy and shear strain energy to predict the fatigue damage, Eq. 40. A 

material constant, 𝜉, is used to account for the contribution of the shear component. 𝜎𝑥 

and 𝜏𝑥𝑦 are the normal and shear stresses, respectively; 𝜀𝑥
𝑝

 and 𝛾𝑥𝑦
𝑝

 are plastic normal 

and shear strains. Because only plastic strains are used in this criterion, in the high-cycle 

fatigue regime, where plastic strains can be ignored at the macro scale (even though 

plastic deformation is always present at the micro scale), the prediction of the fatigue 

damage would be zero with this criterion. In addition, the cyclic material response can 

be hard to determine precisely in practical applications, as it can be dependent on the 

loading path.  

𝐹𝑃 = ∫ 𝜎𝑥𝑑𝜀𝑥
𝑝 + 𝜉 ∫ 𝜏𝑥𝑦𝑑𝛾𝑥𝑦

𝑝
                                   (40) 

Ellyin and Kujawski [67] suggested using the combination of the range of plastic 

strain energy, ∆𝑊𝑃, and the total normal strain energy to predict fatigue damage, Eq. 41.  

The influence of the mean loading is neglected.  

𝐹𝑃 =
1

2
∆𝑊𝑃 +

1

2
∆𝜎∆𝜀                                           (41) 

Ellyin and Golos [68,69] proposed to replace the range of normal strain energy by the 

elastic normal strain energy range, ∆𝑊𝑒+,  

𝐹𝑃 = ∆𝑊𝑃 + ∆𝑊𝑒+                                               (42) 

Chen et al. [25] argued that not only the normal strain energy affects the fatigue 

damage, but also the shear strain energy. In addition, according to the failure type of the 

materials (tensile-type and shear-type), different fatigue parameters should be used. For 

materials with tensile-type failure, 

𝐹𝑃 = ∆𝜀1
𝑚𝑎𝑥∆𝜎1 + ∆𝛾1∆𝜏1                                        (43) 
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where the maximum normal strain extent is represented by ∆𝜀1
𝑚𝑎𝑥; ∆𝜏1, ∆𝛾1 and ∆𝜎1and  

are the extent of shear stress, shear strain and normal stress, respectively; the maximum 

extent of normal strain is adopted for the determination of the critical plane. For shear-

type failure, the criterion transforms into,  

𝐹𝑃 = ∆𝛾𝑚𝑎𝑥∆𝜏 + ∆𝜀𝑛∆𝜎𝑛                                         (44) 

where the maximum extent of shear strain is represented by ∆𝛾𝑚𝑎𝑥; Δσn, Δεn and Δτ are 

the extent of the normal stress, normal strain and shear stress, respectively. Under these 

conditions, the maximum shear strain extent is adopted for the determination of the 

critical plane. It is suggested that the most conservative result between the tensile-type 

and shear-type assumptions should be used to predict the fatigue damage. Therefore, 

this rule indicates that the choice between tensile-type and shear-type is not based on 

physical arguments. Some modifications of Chen’s criterion can be found in [70]. Note 

that the effect of the mean values is neglected.  

Jiang and Sehitoglu [71] also considered that the fatigue damage is the cooperative 

consequence of normal and shear strain energies. They proposed to introduce a material 

coefficient, 𝐽, to weight the contribution of the shear strain energy on the entire fatigue 

damage, Eq. 45. The maximum FP is adopted to determine the critical plane. It is 

assumed that the maximum normal stress is the main variable while the shear stress has 

an amending effect. It can be seen that when 𝐽 is small, the failure mechanism is closer 

to a tension-type failure, which is similar to SWT criterion, whereas when 𝐽 has a high 

value, the failure mechanism is close to shear-type failure.  

𝐹𝑃 =
∆𝜀

2
𝜎𝑚𝑎𝑥 + 𝐽∆𝛾∆𝜏                                             (45) 

Varvani-Farahani [72] presented an energy-based criterion. This is a convenient 

criterion in the sense that it requires no fitting coefficients (all coefficients used in the 

formulation of the criterion are material-dependent parameters with physical meaning), 

Eq. 46. The shear and axial fatigue characteristics are used for weighting the energy 

components in both shear and normal directions. In addition, the effect of the mean 

loading (represented by the mean normal stress 𝜎𝑛
𝑚), is also taken into account. Axial 

fatigue ductility and strength coefficients are denoted as 𝜀𝑓
′  and 𝜎𝑓

′ , respectively; the 

corresponding shear fatigue ductility and strength coefficients are represented by 𝛾𝑓
′  and 

𝜏𝑓
′ . The applicability of this criterion has been demonstrated in [72] for some materials. 

However, there are many material fatigue property coefficients in this criterion (not 

always available), and this may limit its practical application.  

𝐹𝑃 =
∆𝜎𝑛∆𝜀𝑛

𝜎𝑓
′ 𝜀𝑓

′ +
1+𝜎𝑛

𝑚 𝜎𝑓
′⁄

𝜏𝑓
′ 𝛾𝑓

′ ∆𝜏𝑚𝑎𝑥∆𝛾𝑚𝑎𝑥                              (46) 

Apart from the perspective of shear and normal strain energies, Park and Nelson [73] 

suggested a criterion on the basis of deviatoric and hydrostatic strain energies,  

𝐹𝑃 = ∆𝑊𝑃
𝑑 + ∆𝑊𝑒

𝑑 + ∆𝑊ℎ                                        (47) 

where ∆𝑊𝑃
𝑑 and ∆𝑊𝑒

𝑑 are the plastic and elastic part of the deviatoric strain energies, 

respectively, and ∆𝑊ℎ represents the hydrostatic strain energy.  
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Palin-Luc and Lasserre [74] proposed a method that takes into account the volumetric 

distribution of the strain energy density. Based on the concept of fatigue limit, it is 

assumed that only strain energy densities higher than a critical value have an influence 

on the fatigue damage. This criterion can be seen as an integral and average method,  

𝐹𝑃 =
1

𝑉
∭[𝑊 − 𝑊∗] dV                                             (48) 

where V is the volume around the critical point which has influence on the fatigue 

damage, W is the energy density, 𝑊∗ is the critical value of energy density above which 

there is an effect on the fatigue damage. This approach provides a new idea, although 

the critical volume and the critical energy density are somehow arbitrary and can be 

difficult to obtain.  

A brief summary of the existing multiaxial fatigue criteria is given here. Regardless 

of the magnitudes used in the formulation of the model (energy, stress or strain 

components), different combinations of magnitudes have been suggested. For example, 

summation, product, potential and exponential laws, sum of square, etc. In addition, 

different variables are used in these combinations to predict multiaxial fatigue damage, 

e.g., shear/normal components, elastic/plastic components, amplitude/mean values, 

second stress invariant/hydrostatic stress, volumetric/distortion components, fatigue 

damage/ratcheting damage. In the models, some material coefficients are introduced to 

weight the contribution of the different parts according to the adopted failure 

mechanism. 

However, from the review above, one conclusion is that, in spite of the enormous 

amount of multiaxial fatigue criteria that have been advocated, a puzzle in multiaxial 

fatigue field is the absence of a criterion of widespread capability with respect to wide-

ranging service conditions and materials, due to the shortcomings of each criterion. 

Some of the drawbacks of the reviewed methods have been discussed above. 

Recently, Lu et al. [75,76] have established a criterion of widespread capability, 

which has been applied for 2D and 3D conditions. The validation of the criterion is 

carried out with the help of wide-ranging service conditions and materials [75]. In a 

subsequent work, Lu et al. improved this criterion and the corresponding failure 

mechanism, the output being considered as an unified release of current multiaxial 

fatigue criteria [77,78]. A simple outline about Lu’s criterion is summarized here (the 

comprehensive description can be found in [78]),  

𝐹𝑃 = (𝐼𝑃1
𝜆 + (𝜒𝐼𝑃2)𝜆)

1/𝜆
+ 𝜓𝑂𝑃                                    (49) 

where the maximum principal plane is defined as the critical plane. 𝐼𝑃1  and 𝐼𝑃2  are 

parameters for describing in-phase failure, which can also be regarded as the parameters 

representing the material response state. 𝑂𝑃 is the parameter for depicting out-of-phase 

failure. 𝜒 and 𝜆 are material-dependent coefficients for expressing the characteristics of 

material state as well as in-phase failure performance,  𝜓  is a material-dependent 

constant for picturing the contribution of the out-of-phase failure. Note that, depending 

on the deformation failure mechanism [78], the parameters adopted in normal/shear 

failure types are different (depending on critical material state planes), but with 

equivalent capability. Using an equivalent parameter [78], the effects of the service 

conditions can be considered. The powerful feature of Lu’s criterion is that every basic 



14 
 

material state can be incorporated, within the consideration for different failure statuses 

and types [78].  

3. Comparison of multiaxial fatigue criteria  

Due to the large number of multiaxial fatigue criteria in the literature, it is almost 

impossible to compare all of them. Although the choice is somewhat subjective, we 

have selected some of the commonly used criteria to make a comparison. There is no 

doubt that for some materials subjected to some loading conditions, certain multiaxial 

fatigue criteria provide good predictions. However, we are interested in testing the 

overall ability of these multiaxial fatigue criteria for wide-ranging service statuses and 

materials: 502 samples of 18 materials tested under 40 service conditions have been 

collected in this work to compare the predictive capabilities of these multiaxial fatigue 

criteria. The material properties and details of the test configurations are explained in 

references [8-14,17,81-88]. The criteria chosen for comparison are Lu criterion [78], 

Basquin-Coffin-Manson normal strain amplitude criterion (N criterion), SWT criterion 

[59], CXH criterion [25], Basquin-Coffin-Manson shear strain amplitude criterion (S 

criterion), KBM criterion [46], Shang criterion [48], FS criterion [6] and VF criterion 

[72]. It can be noticed that the stress/strain-based and energy-based criteria are all 

included among these selected multiaxial fatigue criteria. 

The prediction results with different criteria are shown in Figure 1. The boundaries of 

life factors of 3 and 2 are represented by the solid and dotted lines, respectively.  It can 

be seen that for such numerous fatigue tests with wide-ranging service statuses and 

materials, Lu’s criterion expresses the widespread capability in fatigue life predictions. 

Besides, it can be noticed that other criteria can provide reasonable predictions for some 

materials and service conditions. Apart from the overall capability of the selected 

multiaxial fatigue criteria, for the purpose of checking the ability of each criterion for 

each material and service status with a definite comparison, an error parameter is 

defined to measure the prediction capability of the different methods,  

𝐸 =
∑

|𝑁𝑝−𝑁𝑒|

𝑁𝑒

𝑛
1

𝑛
                                                          (50) 

where E represents the defined error, n is the number of tests, 𝑁𝑒  and 𝑁𝑝  are 

experimental and predicted lives. The deviation of each criterion for each of the 

materials used in this work is shown in Figure 2. Different materials are represented in 

the horizontal axis and the magnitude of the deviation is given in the vertical axis, as 

defined above. A convenient interpretation of the error parameter defined in this work is 

in terms of the life factor of the predictions. In particular, note that E = 1 corresponds to 

a life factor of 2 (as an average) and E = 2 corresponds to a life factor of 3. When the 

error is bigger than 2 (out of the life factor of 3), we might assume that the fatigue 

criterion is invalid. Figure 2 shows that for all materials used in this article, Lu’s 

criterion has general applicability and always provides the minimum prediction error.   

In multiaxial fatigue field, the loading conditions are commonly divided into axial 

loading, torsion loading, in-phase loading and out-of-phase loading. A further 

comparison among the different criteria has been carried out classifying the results 

according to the type of loading conditions, as shown in Figure 3. The red line in Figure 

3 corresponds to the minimum prediction error among the different multiaxial fatigue 

criteria. It shows that Lu’s criterion gives the minimum error for all loading conditions.  
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4. Conclusion 

    The multiaxial fatigue criteria are reviewed and the widely operated multiaxial 

fatigue criteria are tested and assessed in this article. By means of the enormous amount 

of data accessible in the bibliography, it is concluded that a criterion proposed by the 

authors (Lu’s criterion) can be used for widespread materials and service conditions 

providing the smallest error in fatigue life prediction. The other criteria analysed in this 

work provide higher prediction errors and are not universally applicable.  

Acknowledgements 

        C Lu gratefully acknowledges the support from CHINA SCHOLARSHIP 

COUNCIL (CSC) for this study. 

References  

[1] Carpinteri A, Spagnoli A. Multiaxial high-cycle fatigue criterion for hard metals. 

International Journal of Fatigue, 2001, 23(2): 135-145. 

[2] Lu C, Melendez J, Martínez-Esnaola JM. Prediction of crack initiation plane direction 

in high-cycle multiaxial fatigue with in-phase and out-of-phase loading. Fatigue & 

Fracture of Engineering Materials & Structures, 2017, 40: 1994–2007. 

[3] Shamsaei N, Fatemi A. Effect of microstructure and hardness on non-proportional 

cyclic hardening coefficient and predictions. Materials Science and Engineering: A, 

2010, 527(12): 3015-3024. 

[4] Paul S K. Prediction of non-proportional cyclic hardening and multiaxial fatigue life for 

FCC and BCC metals under constant amplitude of strain cycling. Materials Science and 

Engineering: A, 2016, 656: 111-119. 

[5] Borodii M V, Shukaev S M. Additional cyclic strain hardening and its relation to 

material structure, mechanical characteristics, and lifetime. International Journal of 

Fatigue, 2007, 29(6): 1184-1191. 

[6] Fatemi A, Socie D F. A critical plane approach to multiaxial fatigue damage including 

out‐of‐phase loading. Fatigue & Fracture of Engineering Materials & Structures, 1988, 

11(3): 149-165. 

[7] Fatemi A, Stephens R I. Biaxial fatigue of 1045 steel under in-phase and 90 deg out-of-

phase loading conditions. Society of Automotive Engineers, Inc., Multiaxial Fatigue: 

Analysis and Experiments, 1989: 121-137. 

[8] Koch J L. Proportional and non-proportional biaxial fatigue of Inconel 718. University 

of Illinois at Urbana-Champaign, 1985. 

[9] Jiang Y, Hertel O, Vormwald M. An experimental evaluation of three critical plane 

multiaxial fatigue criteria. International Journal of Fatigue, 2007, 29(8): 1490-1502. 

[10] Shang D G, Sun G Q, Deng J, et al. Multiaxial fatigue damage parameter and life 

prediction for medium-carbon steel based on the critical plane approach. International 

Journal of Fatigue, 2007, 29(12): 2200-2207. 

[11] Shamsaei N, Gladskyi M, Panasovskyi K, et al. Multiaxial fatigue of titanium including 

step loading and load path alteration and sequence effects. International Journal of 

Fatigue, 2010, 32(11): 1862-1874. 

[12] Wu Z R, Hu X T, Song Y D. Multiaxial fatigue life prediction for titanium alloy TC4 

under proportional and nonproportional loading. International Journal of Fatigue, 2014, 

59: 170-175. 

[13] Kalluri S, Bonacuse P J. In-phase and out-of-phase axial-torsional fatigue behavior of 

haynes 188 superalloy at 760 C//Advances in multiaxial fatigue. ASTM International, 

1993. 

[14] Gao Z, Zhao T, Wang X, et al. Multiaxial fatigue of 16MnR steel. Journal of Pressure 

Vessel Technology, 2009, 131(2): 021403. 



16 
 

[15] Tyfour W R, Beynon J H, Kapoor A. Deterioration of rolling contact fatigue life of 

pearlitic rail steel due to dry-wet rolling-sliding line contact. Wear, 1996, 197(1): 255-

265. 

[16] Bower A F. The influence of crack face friction and trapped fluid on surface initiated 

rolling contact fatigue cracks. Journal of Tribology, 1988, 110(4): 704 -711. 

[17] Jayaraman N, Ditmars M M. Torsional and biaxial (tension-torsion) fatigue damage 

mechanisms in Waspaloy at room temperature. International Journal of Fatigue, 1989, 

11(5): 309-318. 

[18] Lu C, Melendez J, Martínez-Esnaola J M. Fatigue damage prediction in multiaxial 

loading using a new energy-based parameter. International Journal of Fatigue, 2017, 

104: 99-111. 

[19] Lu C, Melendez J, Martínez-Esnaola J M. Modelling multiaxial fatigue with a new 

combination of critical plane definition and energy-based criterion. International Journal 

of Fatigue, 2018, 108: 109-115. 

[20] Wang Y, Susmel L. The Modified Manson–Coffin Curve Method to estimate fatigue 

lifetime under complex constant and variable amplitude multiaxial fatigue loading. 

International Journal of Fatigue, 2016, 83: 135-149. 

[21] Ahmadzadeh G R, Varvani-Farahani A. Fatigue life assessment of steel samples under 

various irregular multiaxial loading spectra by means of two energy-based critical plane 

damage models. International Journal of Fatigue, 2016, 84: 113-121. 

[22] Ahmadzadeh G R, Varvani-Farahani A. Fatigue damage and life evaluation of SS304 

and Al 7050-T7541 alloys under various multiaxial strain paths by means of energy-

based Fatigue damage models. Mechanics of Materials, 2016, 98: 59-70. 

[23] Gough H J, Pollard H V. The strength of metals under combined alternating stresses. 

Proceedings of the institution of mechanical engineers, 1935, 131(1): 3-103. 

[24] Lee S B. A criterion for fully reversed out-of-phase torsion and bending//Multiaxial 

Fatigue. ASTM International, 1985. 

[25] Chen X, Xu S, Huang D. A critical plane‐strain energy density criterion for multiaxial 

low‐cycle fatigue life under non‐proportional loading. Fatigue & Fracture of 

Engineering Materials & Structures, 1999, 22(8): 679-686. 

[26] Shariyat M. A fatigue model developed by modification of Gough’s theory, for random 

non-proportional loading conditions and three-dimensional stress fields. International 

journal of fatigue, 2008, 30(7): 1248-1258. 

[27] Gough H J, Clenshaw W J, Pollard H V. Some experiments on the resistance of metals 

to fatigue under combined stresses: Part 1 und 2. HM Stationery Office, 1951. 

[28] Carpinteri A, Spagnoli A, Vantadori S. Multiaxial fatigue assessment using a simplified 

critical plane-based criterion. International Journal of Fatigue, 2011, 33(8): 969-976. 

[29] Findley W N. A theory for the effect of mean stress on fatigue of metals under 

combined torsion and axial load or bending. Engineering Materials Research 

Laboratory, Division of Engineering, Brown University, 1958. 

[30] Kakuno H, Kawada Y. A new criterion of fatigue strength of a round bar subjected to 

combined static and repeated bending and torsion. Fatigue & Fracture of Engineering 

Materials & Structures, 1979, 2(2): 229-236. 

[31] Matake T. An explanation on fatigue limit under combined stress. Bulletin of JSME, 

1977, 20(141): 257-263. 

[32] McDiarmid D L. A general criterion for high cycle multiaxial fatigue failure. Fatigue & 

Fracture of Engineering Materials & Structures, 1991, 14(4): 429-453. 

[33] Brown M W, Miller K J. A theory for fatigue failure under multiaxial stress-strain 

conditions. Proceedings of the Institution of Mechanical Engineers, 1973, 187(1): 745-

755. 

[34] Macha E. Generalization of Fatigue Failure Criteria for Multiaxial Sinusoidal Loadings 

in the Range of Random Loadings//ICBMFF2. 1989. 

[35] Walker K. The effect of stress ratio during crack propagation and fatigue for 2024-T3 

and 7075-T6 aluminum//Effects of environment and complex load history on fatigue 

life. ASTM International, 1970. 



17 
 

[36] Kwofie S. An exponential stress function for predicting fatigue strength and life due to 

mean stresses. International Journal of fatigue, 2001, 23(9): 829-836. 

[37] Sines G. Behavior of metals under complex static and alternating stresses. Metal fatigue, 

1959, 1: 145-169. 

[38] Crossland B. Effect of large hydrostatic pressures on the torsional fatigue strength of an 

alloy steel//Proceedings of the international conference on fatigue of metals. Lon-don: 

Institution of Mechanical Engineers, 1956: 138-149. 

[39] Van D. Sur la résistance ala fatigue des métaux. Extrait de sciences et techniques de 

l’armement. Mémorial de l’artillerie. Troisieme fascicule, 1973. 

[40] Papadopoulos I V. Long life fatigue under multiaxial loading. International Journal of 

Fatigue, 2001, 23(10): 839-849. 

[41] Papadopoulos I V, Davoli P, Gorla C, et al. A comparative study of multiaxial high-

cycle fatigue criteria for metals. International Journal of Fatigue, 1997, 19(3): 219-235. 

[42] Kim K S, Nam K M, Kwak G J, et al. A fatigue life model for 5% chrome work roll 

steel under multiaxial loading. International journal of fatigue, 2004, 26(7): 683-689. 

[43] Liu Y, Mahadevan S. Multiaxial high-cycle fatigue criterion and life prediction for 

metals. International Journal of Fatigue, 2005, 27(7): 790-800. 

[44] Liu Y, Kang G, Gao Q. A multiaxial stress-based fatigue failure model considering 

ratchetting–fatigue interaction. International Journal of Fatigue, 2010, 32(4): 678-684. 

[45] Brown M W, Miller K J. A theory for fatigue failure under multiaxial stress-strain 

conditions. Proceedings of the Institution of Mechanical Engineers, 1973, 187(1): 745-

755. 

[46] Kandil F A, Brown M W, Miller K J. Biaxial low-cycle fatigue failure of 316 stainless 

steel at elevated temperatures//Mechanical behaviour and nuclear applications of 

stainless steel at elevated temperatures. 1982. 

[47] Wang C H, Brown M W. A path‐independent parameter for fatigue under proportional 

and non‐proportional loading. Fatigue & fracture of engineering materials & structures, 

1993, 16(12): 1285-1297. 

[48] Shang DG, Wang DJ. A new multiaxial fatigue damage model based on the critical 

plane approach. International journal of fatigue, 1998, 20(3): 241-245. 

[49] Chen H, Shang D G, Tian Y J, et al. Comparison of multiaxial fatigue damage models 

under variable amplitude loading. Journal of mechanical science and technology, 2012, 

26(11): 3439-3446. 

[50] Sun G Q, Shang D G. Prediction of fatigue lifetime under multiaxial cyclic loading 

using finite element analysis. Materials & Design, 2010, 31(1): 126-133. 

[51] Gao H, Chen X. Effect of axial ratcheting deformation on torsional low cycle fatigue 

life of lead-free solder Sn–3.5 Ag. International Journal of Fatigue, 2009, 31(2): 276-

283. 

[52] Socie D F, Waill L A, Dittmer D F. Biaxial fatigue of Inconel 718 including mean stress 

effects//Multiaxial Fatigue. ASTM International, 1985. 

[53] Socie D F, Kurath P, Koch J. A multiaxial fatigue damage parameter//ICBMFF2. 1985. 

[54] Gates N R, Fatemi A. On the consideration of normal and shear stress interaction in 

multiaxial fatigue damage analysis. International Journal of Fatigue, 2017, 100: 322-

336. 

[55] Kim K S, Park J C. Shear strain based multiaxial fatigue parameters applied to variable 

amplitude loading. International Journal of Fatigue, 1999, 21(5): 475-483. 

[56] Wang Y Y, Yao W X. A multiaxial fatigue criterion for various metallic materials under 

proportional and nonproportional loading. International Journal of fatigue, 2006, 28(4): 

401-408. 

[57] Li J, Zhang Z, Sun Q, et al. A new multiaxial fatigue damage model for various metallic 

materials under the combination of tension and torsion loadings. International Journal of 

Fatigue, 2009, 31(4): 776-781. 

[58] Ince A, Glinka G. A generalized fatigue damage parameter for multiaxial fatigue life 

prediction under proportional and non-proportional loadings. International Journal of 

Fatigue, 2014, 62: 34-41. 



18 
 

[59] Smith K N, Watson P, Topper TH. A stress-strain function for the fatigue of metals. J 

mater, 1970, 5: 767-778. 

[60] Kujawski D. Fatigue failure criterion based on strain energy density. Journal of 

Theoretical and Applied Mechanics, 1989, 27(1): 15-22. 

[61] Glinka G, Shen G, Plumtree A. A multiaxial fatigue strain energy density parameter 

related to the critical fracture plane. Fatigue & Fracture of Engineering Materials & 

Structures, 1995, 18(1): 37-46. 

[62] Glinka G, Wang G, Plumtree A. Mean stress effects in multiaxial fatigue. Fatigue & 

fracture of engineering materials & structures, 1995, 18(7‐8): 755-764. 

[63] Pan W F, Hung C Y, Chen L L. Fatigue life estimation under multiaxial loadings. 

International Journal of Fatigue, 1999, 21(1): 3-10. 

[64] Szusta J, Seweryn A. Low-cycle fatigue model of damage accumulation–The strain 

approach. Engineering Fracture Mechanics, 2010, 77(10): 1604-1616. 

[65] Garud Y S. Multiaxial fatigue: a survey of the state of the art. Journal of Testing and 

Evaluation, 1981, 9(3): 165-178. 

[66] Lee B L, Kim K S, Nam K M. Fatigue analysis under variable amplitude loading using 

an energy parameter. International Journal of Fatigue, 2003, 25(7): 621-631. 

[67] Ellyin F, Kujawski D. Plastic strain energy in fatigue failure. Journal of Pressure Vessel 

Technology, 1984, 106(4): 342-347. 

[68] Ellyin F, Golos K. Multiaxial fatigue damage criterion. ASME, Transactions, Journal of 

Engineering Materials and Technology, 1988, 110: 63-68. 

[69] Ellyin F. Cyclic strain energy density as a criterion for multiaxial fatigue failure// 

ICBMFF2. 1985. 

[70] Li J, Liu J, Sun Q, et al. A modification of Smith–Watson–Topper damage parameter 

for fatigue life prediction under non‐proportional loading. Fatigue & Fracture of 

Engineering Materials & Structures, 2012, 35(4): 301-316. 

[71] Jiang Y, Sehitoglu H. A model for rolling contact failure. Wear, 1999, 224(1): 38-49. 

[72] Varvani-Farahani A. A new energy-critical plane parameter for fatigue life assessment 

of various metallic materials subjected to in-phase and out-of-phase multiaxial fatigue 

loading conditions. International Journal of Fatigue, 2000, 22(4): 295-305. 

[73] Park J, Nelson D. Evaluation of an energy-based approach and a critical plane approach 

for predicting constant amplitude multiaxial fatigue life. International Journal of Fatigue, 

2000, 22(1): 23-39. 

[74] Palin-Luc T, Lasserre S. An energy based criterion for high cycle multiaxial fatigue. 

European Journal of Mechanics-A/Solids, 1998, 17(2): 237-251. 

[75] Lu C, Melendez J, Martínez-Esnaola J M. A universally applicable multiaxial failure 

criterionin 2D cyclic loading. International Journal of Fatigue, 2018, 110: 95-104. 

[76] Lu C, Nieto J, Puy I, et al. Fatigue prediction of rail welded joints. International Journal 

of Fatigue, 2018, 113: 78-87. 

[77] Lu C, Melendez J, Martínez-Esnaola J M. Multiaxial fatigue criterion considering the 

influence of out-of-phase failure and loading condition. International Journal of Fatigue, 

2018, 114: 323-330. 

[78] Lu C, Melendez J, Martínez-Esnaola J M. A complete unified multiaxial fatigue 

criterion. Submitted. 

[79] Socie D, Marquis G. Multiaxial fatigue, vol. 502. Warrendale, PA: Society of 

Automotive Engineers; 1999. p. 1999. 

[80] Socie D. Multiaxial fatigue damage models. Trans ASME J Eng Mater Technol 1987, 

109(4): 293–8. 

[81] Ma S, Markert B, Yuan H. Multiaxial fatigue life assessment of sintered porous iron 

under proportional and non-proportional loadings. International Journal of Fatigue, 

2017, 97: 214-226. 

[82] Jones D J, Kurath P. Cyclic fatigue damage characteristics observed for simple loadings 

extended to multiaxial life prediction. 1988. 

[83] Doquet V. Multiaxial Low Cycle Fatigue Behavior of a Mild Steel//ICBMFF3. 1989. 



19 
 

[84] Han C, Chen X, Kim K S. Evaluation of multiaxial fatigue criteria under irregular 

loading. International Journal of Fatigue, 2002, 24(9): 913-922. 

[85] Chen X, An K, Kim K S. Low‐cycle fatigue of 1Cr–18Ni–9Ti stainless steel and related 

weld metal under axial, torsional and 90° out‐of‐phase loading. Fatigue & Fracture of 

Engineering Materials & Structures, 2004, 27(6): 439-448. 

[86] Gómez C, Canales M, Calvo S, et al. High and low cycle fatigue life estimation of 

welding steel under constant amplitude loading: Analysis of different multiaxial damage 

models and in-phase and out-of-phase loading effects. International Journal of Fatigue, 

2011, 33(4): 578-587. 

[87] Skibicki D, Pejkowski Ł. Low-cycle multiaxial fatigue behaviour and fatigue life 

prediction for CuZn37 brass using the stress-strain models. International Journal of 

Fatigue, 2017, 102: 18-36. 

[88] Gates N R, Fatemi A. On the consideration of normal and shear stress interaction in 

multiaxial fatigue damage analysis. International Journal of Fatigue, 2017, 100: 322-

336. 

  



20 
 

Figure captions 

 

Figure 1. Prediction results with different multiaxial fatigue criteria. 

 

Figure 2. Prediction error with different multiaxial fatigue criteria. 

 

Figure 3. Prediction error in different loading conditions with different multiaxial 

fatigue criteria. 
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(a) Lu criterion. 

 

(b) N criterion. 
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(c) SWT criterion. 

 

(d) CXH criterion. 
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(e) S criterion. 

 

(f) KBM criterion. 
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(g) Shang criterion. 

 

(h) FS criterion.  
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(i) VF criterion. 

Figure 1. Prediction results with different multiaxial fatigue criteria. 
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Figure 2. Prediction error with different multiaxial fatigue criteria. 
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(a) Axial loading 

 

(b) Torsion loading 
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(c) In-phase loading 

 

(d) Out-of-phase loading 

Figure 3. Prediction error in different loading conditions with different multiaxial 

fatigue criteria. 

 


