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Preface

The process of discharging grains from a silo can be viewed, in a simplified manner, as a group of
macroscopic particles passing through a narrowing. Despite its apparent simplicity, this problem has
been studied for years due to its wide range of applications in diverse fields such as agriculture or
industry. In the latter, for example, most of the raw and processed materials are disposed in granular
form and stored in big containers. Given these implications, the investigation of the silo discharge is of
crucial importance since the improvement of the efficiency in these tasks usually leads to substantial
cost savings.

Furthermore, the granular flow through bottlenecks has a notable relevance from the point of view
of its underlying physics. First, granular matter is a paradigmatic example of an out-of-equilibrium
many-particle system. Indeed, granular materials tend to remain in metastable states in the absence of
an external energy input. In addition, their intriguing and often counter-intuitive properties make them
to behave like a solid, liquid or gas depending on their degree of compaction and the external input of
energy. Interestingly, the silo discharge is an experiment that allows studying a transition between a
solid-like behaviour (in the high part of the container) to a fluid-like one (in the region of the orifice).
Moreover, the passage of the particles through bottlenecks is a process of local nature in which the
boundary elements play an important role. Hence, the flow features are determined by a compromise
between the driving force and the interaction between the grains and the silo walls. Also, the geometry
of the boundaries, in combination to the special way in which the forces propagate through granular
media, may produce the formation of stable configurations of grains over the orifice – arches (in 2D) or
domes (in 3D) – which may yield to the complete arrest of the flow, leading the system to a clogged
state.

Apart from this, granular matter has acquired a substantial importance as a prototypical many-
particle system, since it is probably the simplest of this type. Indeed, some of the features exhibited by
granular media are shared with materials entailing a higher degree of complexity such as foams, colloidal
suspensions, active matter or even pedestrians. Despite these systems present different properties
related to their intrinsic nature, the conclusions derived from the experiments performed with granular
matter can be often extrapolated to them. For the specific case of particles passing through bottlenecks,
it is remarkable that the discharge of a granular silo has served as a reference point for the study
of pedestrian room evacuation; for example, it seems that in both cases, placing an obstacle above or
in front of the exit, can lead to an improvement of the flow. Indeed, the existence of these analogous
features has motivated the establishment of general frameworks that may apply to diverse many-particle
systems. One example was the phase diagram proposed by A.J. Liu and S.R. Nagel [1], in which the
transition to jamming was studied in systems that exhibit similar characteristics. Likewise, in the scope
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xii Preface

of clogging in bottlenecks, an analogous phase diagram was proposed by I. Zuriguel et al. [2].
Classically, the problem of silo discharge has been addressed from two different perspectives: the

study of the discharge flow rate through the orifice and the characterization of the clogging phenomenon.
About the first one, the most widely used expression predicting the value of the flow rate in a three-
dimensional silo discharged by gravity was proposed by Beverloo and co-workers in 1961 [3]. Although
some of the precepts on which the Hagen-Beverloo equation is based are not rigorous from a physical
point of view, it constitutes a nice approximation to describe the flow rate, as it has been demonstrated
by its wide use in diverse scenarios. According to this expression, the flow rate is proportional to
the square root of the gravity acceleration 𝑔 and the 5/2 power of the orifice size 𝐷. Interestingly,
this dependence comes from a dimensional analysis performed already in the nineteenth century [4, 5],
and was traditionally explained with the concept of free fall arch. Conforming to it, the particles would
descend inside the silo with negligible acceleration until they reach an arch-shaped region proportional
to the orifice size. At this point, the particles initiate a free fall, leading to a √𝑔𝐷 scaling of the
particles velocity at the outlet. Remarkably, the existence of such region would imply a discontinuity
in the acceleration and stress fields that has never been experimentally observed. Instead, the √𝑔𝐷
scaling has been recently explained by means of a redefinition of the free fall arch [6] consisting in an
arch-shaped collisional region below which the grains gradually accelerate and decompact.

The investigation of the clogging phenomenon in the silo discharge is much more recent than the
research on the flow rate. It was K. To in 2001 [7] who first addressed this problem, explaining the
geometry of the clogging arches by means of a random walker model with some constrictions. In this
and other subsequent works, a strong dependence of the clogging probability on the orifice size was
discovered, leading the scientists to use geometrical arguments to describe the problem. Remarkably,
the dependence of the mean avalanche size (the amount of material discharged between two clog
events) on the outlet size has been shown to be equally well described by divergent and non-divergent
expressions [8]. This has generated an interesting debate, which is still open, about the existence or
not of a critical orifice size above which the system never clogs. Indeed, in experiments using apertures
close to this hypothetical critical orifice size, the indefinitely long avalanche durations make unfeasible
the accomplishment of the research in a finite time.

In this work, I will try to establish a connection between the two aforementioned problems: the
flow through the orifice and the clogging formation. It should be noted that in the experiments for
which grains are discharged only by gravity, particle velocity and orifice size are coupled values.
Consequently, a change in orifice size will necessarily imply a variation of particle velocity. This
fact could have concealed a possible hidden effect of grain velocity in the strong clogging probability
dependence on orifice size. As a solution, the experimental setup designed for this research includes a
conveyor belt below the orifice that drags the grains outside the silo. Importantly, this device permits a
fine control of particle velocity without varying the orifice size, hence allowing the decoupling of both
variables.

Initially, a complete characterization of the flow features has been performed in order to relate them
to the clogging phenomenon. Once this is done, the clogging characterization has been carried out
in this way: first, the evolution of the clogging probability with the orifice size has been measured
in quasi-static discharges in which the material is extracted with the minimum available velocity of
the conveyor belt. In this scenario, the clogging probability should be determined only by the outlet
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geometry. Then, the influence of the particle kinematics has been tested by performing experiments in a
wide range of belt velocities for different orifice sizes. From these outcomes, the behaviour of the system
and the contributions of both the geometry and kinematics in the traditional free discharge regime have
been explored.
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𝐴 Generic fitting parameter
𝐴1 Area of the orifice
𝐴2 Cross-sectional area of the pile of grains deposited on the belt
𝐴𝑒 Area of the empty region in a frame
𝐴𝑝 Cross-sectional area of the particles
𝐴𝑟 Area of the averaging region in a frame

𝑎 Geometrical parameter in the equation describing the clogging probability
𝑎𝑐 Vertical acceleration of the grains at the orifice center axis.
𝐵 Generic fitting parameter
𝑏 Kinematic parameter in the equation describing the clogging probability

𝐶, 𝐶′, 𝐶″, 𝐶‴ Fitting parameters
𝐶(𝑙) Spatial correlation between the vertical velocities of particles separated a distance 𝑙

𝐶𝑝, 𝐶𝑁
𝑝 Two different normalizations of the 𝑝-order structure function
𝑐 Length of the circumference chord overlapping the orifice line

𝐷 Outlet size (in 2D) or outlet diameter (in 3D)
𝐷𝑐 Critical diameter above which clogging is not possible
𝑑𝑝 Diameter of the particles
𝑑𝑡 Time interval between two frames
ℱ Normalized acceleration profiles in the vertical direction
𝑔 Acceleration of gravity
𝐻 Silo height
ℎ Distance between the silo bottom and the upper protrusions of the conveyor belt

ℎ𝑒𝑓 𝑓 Effective distance between the silo bottom and the conveyor belt
⃗𝐽 Mass flux density vector
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𝐾 Kurtosis of a distribution
𝐾𝐺 Kurtosis of a Gaussian distribution
𝐾𝜙 Quotient of volume fractions in the pile deposited on the belt and at the orifice

𝑘 Factor in the exponent base of the expression for the clogging probability
𝑘′ Fitting parameter defining the forbidden part of the orifice in the empty annulus scope
𝐿 Silo width
𝑙 Horizontal distance between two particles

𝑙𝑐 Characteristic horizontal correlation length between the vertical velocities of two particles
⟨𝑚⟩ Mean avalanche size in mass
𝑚𝑖 Mass of the particle 𝑖
𝑚𝑝 Mass of one particle

⟨𝑚⟩ Average discharge mass
𝑛 Power to which the outlet size is raised to fit the flow rate
𝑁 Dimensionality of the problem

𝑁𝑝 Number of particles in a frame
𝑁𝑠 Total number of avalanches in an experiment

𝑝 Order of the structure functions
𝑝𝑏 Probability that an arch, once formed, is broken due to the action of an external agent
𝑝𝑐 Probability that a bead clogs the silo when crossing the orifice

𝑝𝑐0 Clogging probability in the limit of low belt velocities
𝑝𝑝 Probability that a bead crosses the orifice without clogging the silo

𝑝𝑐𝑚 Pixel-centimeter relation in the frames
⃗𝑝 Momentum density field

𝑞(𝑡) Singularity exponent in the velocity increment signals
𝑅 Half outlet size (in 2D) or outlet radius (in 3D)

ℛ𝑝 Ratio between the 𝑝-order and the second-order structure functions
ℛ𝐺

𝑝 ℛ𝑝 , when the velocity increments follow Gaussian statistics
𝑟𝑝 Radius of the particles

⃗𝑟 Position vector
⃗𝑟𝑖 Position vector of a single bead

𝑆 Burst size defined as the area of the velocity-signal peaks
𝑆0 Burst size at which the distributions decay exponentially

⟨𝑆⟩ Mean burst size
𝑆𝑘 Skewness of a distribution

𝑆𝑘𝐺 Skewness of a Gaussian distribution
𝒮𝑝 𝑝-order structure function
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𝑠 Avalanche size in number of grains
𝑠0 Avalanche size in the quasi-static regime
𝑠𝑐 Avalanche value at which the survival functions exhibit a sudden drop

⟨𝑠⟩ Mean avalanche size in number of grains
𝑇 Silo thickness

𝑉𝑐 Coarse grained vertical velocity at the orifice center axis
𝑉𝑔 External control voltage applied to the conveyor belt
𝑉𝑧 Vertical component of the coarse-grained velocity field
�⃗� Coarse-grained velocity field
𝒱 Signal of the averaged velocity at the outlet region
𝑣 Typical vertical velocity of the particles crossing the orifice
̄𝑣 Average of three vertical velocity data at the outlet of different discharges

𝑣𝑏 Velocity of the conveyor belt
𝑣𝑐 Vertical velocity of the particles at the orifice center
𝑣𝑥 Horizontal velocity of the grains at the orifice
𝑣𝑧 Vertical velocity of the grains at the orifice

⃗𝑣 Velocity of the grains
⃗𝑣𝑖 Velocity of the 𝑖 particle
⃗𝑣′
𝑖 Velocity fluctuation of the 𝑖 particle over the coarse-grained velocity

⟨𝑣𝑧⟩ = ⟨𝑣1⟩ Mean vertical velocity of the grains at the orifice
⟨𝑣2⟩ Mean velocity of the grains when they are dragged on top of the conveyor belt

𝑤 Half width of an integrable coarse-graining function
𝑊 Mass flow rate, amount of mass that crosses the orifice per unit time

𝑊𝑏 Particle flow rate, amount of particles that cross the orifice per unit time
𝑊𝑐 Characteristic mass flow rate at which the clogging probability decays exponentially

𝑋 Burst size defined as the area of the velocity-signal peaks normalized by its mean value
𝑋0 Normalized burst size at which the distributions decay exponentially

𝑥 Position in the horizontal coordinate
𝑥𝑐 Horizontal position of the particle center
𝑧 Position in the vertical coordinate

𝑧𝑐 Vertical position of the particle center
𝑧∗ Height from which the particles would start a free fall to recover the outlet velocity profiles
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𝛼 Parameter characterizing the shape of the Generalized Gumbel distribution
𝛼1, 𝛼2 Fitting parameters in the expression for the solid fraction as function of the outlet size

𝛽 Generic fitting exponent
Γ Acceleration normalized by the gravity acceleration
𝛾 Integral of the normalized acceleration of the particles along the z-axis
Δ Length of the inner wedges of the bottom pieces of the silo

Δ𝒱 Signal which evaluates the increments of the averaged velocity at the orifice region
Δ𝑧𝑝 Vertical particle displacement in pixels

𝜁 Relative area of the profiles compared to a square one
Θ Integrable coarse-graining function
𝜃 Repose angle of the pile of grains deposited on the conveyor belt
𝜅 Contribution of a sphere to the volume fraction in its circumscribed cylinder
𝜇 Exponent that determines the curvature of the velocity profiles

𝜇𝑖 Mean value of particle velocities at the position of the bead i
𝜈 Exponent that determines the curvature of the solid fraction profiles

𝜉𝑝 Exponent in the power laws of the lag times proportional to the 𝑝-order structure function
𝜌 Macroscopic density of a discrete system of particles

𝜌𝐵 Density of the granular material in the bulk
𝜌𝑀 Intrinsic density of a material

𝜌𝑚𝑖𝑐 Microscopic density of a discrete system of particles
𝜎 Standard deviation of a distribution

𝜎2 Variance of a distribution
𝜎𝑖 Standard deviation of particle velocities at the position of the bead i

𝜎𝛼𝛽 Stress tensor
𝜎𝑐

𝛼𝛽 Contact stress tensor
𝜎𝑘

𝛼𝛽 Kinetic stress tensor
𝜎𝑘 Trace of the kinetic stress tensor

𝜎𝑀 Intrinsic surface density of a material
𝜏 Lag time with which the velocity increment signals are computed

𝜏𝑐 Characteristic lag time at which the distributions become Gaussian
𝜏𝑆 Characteristic lag time at which the structure functions become constant
𝜙𝑆 Surface solid fraction

⟨𝜙𝑆⟩ Mean value of the surface solid fraction in the orifice
𝜙𝑆

𝑐 Surface solid fraction at the orifice center
𝜙𝑆

𝐶𝑃 Close packing surface solid fraction value for a two-dimensional arrangement of circles
𝜙𝑆

∞ Asymptotic value of the surface solid fraction at the orifice center for large outlet sizes
𝜙𝑉 Volume fraction
𝜙𝑉

𝑐 Volume fraction at the outlet center
𝜙𝑉

𝐶𝑃 Closest volume fraction of a two-dimensional layer of spheres
𝜙𝑉

𝑅𝐶𝑃 Volume fraction for the 3D random close packing of spheres
⟨𝜙𝑉⟩ = ⟨𝜙𝑉

1 ⟩ Mean volume fraction along the orifice
⟨𝜙𝑉

2 ⟩ Mean volume fraction in the pile of grains deposited on the belt



Chapter 1

Introduction

This chapter is devoted to review the information related to the research field of this thesis, extracted
from the works that scientists have carried out up to now. In other words, this chapter summarizes
the knowledge on which this thesis is built. First, in Section 1.1 a general background about the
characteristics of granular media is introduced. Section 1.2 is dedicated to explain other specific features
that emerge when granular materials are enclosed in silos. Afterwards, I focus on the description of
the particular scenario investigated in this thesis: the discharge of granular materials from a silo. This
problem is divided in two research areas. The first one, presented in Section 1.3, is the study of clogging,
a phenomenon that takes place when the outlet size is relatively small. The second one, introduced in
Section 1.4, is the analysis of the flow rate and other kinematic and dynamic features related to this
important magnitude. Finally, the objectives of this thesis are announced in Section 1.5.

1.1 Granular media

Granular media are composed by a set of macroscopic particles whose behaviour is governed by New-
tonian classical mechanics. Their size range is very wide: there is only a lower bound so that grains
must be bigger than around 100 𝜇m [9]. For these cases, if the system is in a dry atmosphere, the
predominant forces will be gravity and the interparticle contact forces. The media composed by particles
going from 1 to 100 𝜇m are called powders. Importantly, for that range of sizes, the behaviour of the
particles considerably changes. Specifically, electrostatic and cohesive forces due to the presence of
humidity become important in comparison to gravitational forces. For even smaller grains (below 1 𝜇m
approximately [10]), Brownian motion, a random movement produced by thermal fluctuations, appears.
For granular materials, however, the thermal energy associated to particle motion is completely neg-
ligible; this is the reason why this kind of systems are called athermal from the thermodynamic point
of view. In particular, the energy necessary to accelerate a typical granular particle with mass of the
order of tens of 𝜇g to a velocity of 1 cm/s is around 10−12 𝐽, which would correspond to 1011𝐾 if this
kinetic energy was produced by thermal agitation. Consequently, systems like these are not affected
by thermal fluctuations and classical thermodynamics is not applicable.

Another important characteristic of granular media is that they are highly dissipative. The reason is
not the nature of the material of which they are made, but the large rate of collisions that take place in
most situations. This makes that, for example, a granular media with large kinetic energy will totally

1



2 Introduction

lose it due to collisions unless there is an external energy input. The combination of the athermal
nature of granular media along with the high dissipation rate makes that these systems usually remain
in metastable states out of equilibrium. An example is a heap of grains poured on a flat surface like the
one in Fig. 1.1. After the material is deposited and the energy is dissipated, it stabilizes in the form of
a pile. Remarkably, this is not the state of minimum energy, which would correspond to a single layer
of grains on the floor. Sometimes, to artificially reach states of low energy, a vibration is applied to a
granular system introducing effects similar to thermal agitations.

Figure 1.1: Heap of soil. A typical example of granular material in a metastable state.

Interestingly, granular materials have resemblances to the three states of matter (solid, liquid and
gas) and can behave like one or another depending on the system features. One of the parameters that
determines the behaviour of a granular sample is its volume fraction 𝜙𝑉 , computed as the fraction of
volume occupied by the particles in a predefined region. Then, for very low volume fractions, granular
materials can be treated as macroscopic gases, even though their dynamics differs from real gases in
the inelasticity of the collisions. This fact makes necessary a continuous input of energy if one wants
that the system does not stop. In the other extreme, highly compacted granular media enclosed by
mechanical constraints can behave as a solid body, in the sense that they can resist a stress application
without deforming. This fact is closely connected with the principle of dilatancy, another particular
feature of granular media stated in 1885 by Reynolds [11]. There, it was said that “a tightly packed
mass of granules enclosed within a flexible envelope invariably increases in volume when the envelope
is deformed: if the envelope is inextensible but not inflexible, no deformation is possible until the applied
forces rupture the bag or fracture the granules”. In other words, this property basically means that the
deformation of a dense granular material implies necessarily a decompaction. Therefore, if there is not
space for that decompaction due to some mechanical constraints, the system will resist the deformation
like a perfect solid. Finally, for intermediate volume fractions granular materials can alter their form
and flow like a liquid, as it happens for example in a hourglass.

Apart from these three descriptions, granular media inspired a new concept proposed in 1998 by
Cates et al. [12]: the fragile matter. In essence, this is a disordered solid-like state that differs from
ordinary solids in their way of responding to the application of a stress. In particular, fragile states are
able to resist deformations when the stress is applied with certain intensity and direction, due to the
characteristics of their inner structure. However, a change in either direction or intensity of the stress
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would lead to plastic rearrangements. Cates et al. [12] described this property by using the example
of the sandpile, a system that in principle is stable due to the development of an inner structure that
supports the weight of the grains. However, it falls down to a state of less energy when vibration is
applied.

Figure 1.2: Phase diagram proposed by A. Liu and S.R. Nagel to describe the jamming transition as
function of different variables. Figure extracted from [1].

Inspired in this work, Liu and Nagel [1] extended the concept of fragile matter to other systems, and
introduced the jammed state. Basically, jammed states have similar properties than fragile matter but
comprise a wider range of systems such as foams or other deformable or elastic media. Then, they
suggested jamming to be a new state of matter, and proposed a phase diagram, illustrated in Fig. 1.2.
According to it, a system is in a jammed state (or not) depending on a parameter space that involves
the volume fraction, the applied stress, and the granular temperature (defined as the averaged kinetic
energy of the particles in analogy with the thermal one). From these works onwards, many authors
have focused their investigation in the transition from fluid-like states to jamming (see Ref. [13] for a
review).

Another special characteristic of granular media is the way in which forces propagate within the
grains that conform it. For example, incompressible liquids in equilibrium satisfy Pascal’s principle,
which says that forces are transmitted in all directions. Consequently, it is possible to define a pressure
that will be the same in all points of the fluid in absence of external forces. Nevertheless, in granular
media, each particle can only transmit force to the ones that are in contact with it. In this way, forces
are propagated following paths determined by the interparticle contacts. Depending on the grains
arrangement, some paths will concentrate most of the forces. These particular paths are called force
chains and can be observed in Fig. 1.3, a photograph of a pile composed by disks made of a photoelastic
material that is characterized by having a refraction index that strongly depends on the local stress
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Figure 1.3: Photograph of a two-dimensional pile of photoelastic disks placed between two crossed
polarizers. Figure extracted from [14].

value. By means of an adequate optical setup that takes advantage of this property, it is possible
to appreciate the force chains [15]. In the pile of Fig. 1.3, the particles placed on top are held by
the ones placed at the bottom, and interparticle forces propagate following a ramified path that makes
possible the own existence of the heap. Indeed, the angle with which a pile is stabilized, called angle
of repose, is a characteristic parameter of a granular system. Counter-intuitively, as a consequence of
the anisotropic force propagation, the distribution of pressures at the base of the pile can present a
local minimum just at the central region, i.e. beneath the peak [16].

1.2 Silos

In industrial factories, granular materials (either raw or manufactured) are generally stored in high
capacity containers like the one shown in Fig. 1.4. Normally, these recipients, called silos, are loaded
by the upper part and discharged through an orifice placed at the bottom. Due to the direct applications
in many different fields, the behaviour of granular materials when they are enclosed in silos has been
studied for years [17].

The special way in which forces propagate yields interesting properties that emerge when grains are
confined in a container. One of them is the so-called Janssen effect. According to it, and again unlike
liquids, granular materials do not present a linear dependence of the pressure at the silo bottom on
the grains filling level. Indeed, Janssen [18] observed that the vertical pressure at the bottom saturated
with the amount of material in the silo, as it is shown in the graph of Fig. 1.5. The anisotropic force
propagation is responsible for this phenomenon: forces are distributed towards the walls, which support
the extra material weight once pressure saturates.

As it was pointed out before, the process of silo discharge has been object of an intense study during
years. Necessarily, due to the aforementioned principle of Reynolds dilatancy, a dense granular packing
must decompact when passing through a bottleneck. Then, the action of the driving force together with
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Figure 1.4: Example of an industrial silo.
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Figure 1.5: Dependence of the vertical pressure at the bottom of a silo on the grains depth. The dashed
inclined line indicates the hydrostatic dependence observed in liquids and the dashed vertical line the
saturation pressure. Figure extracted from [10].
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Figure 1.6: Different types of pattern flows. (a) Mass flow (b) Funnel flow (c) Mixed flow. Figure
extracted from [19].

this principle produces the fluidization of the material that takes place at the orifice. The discharge of
silos is an experiment that makes possible the study of a transition between a jammed state (up in the
bulk region) to a fluid-like state (near the orifice).

Most of the works about silo flow focused on the problem of discharges taking place solely under
the action of gravity. Indeed, the investigation of the flow in a silo discharge is divided in two topics:
the study of the flow rate and flow characteristics at the orifice region, and the analysis of the flow
pattern inside the silo (within the granular bulk). The first topic will be widely explained in Section 1.4.
About the second, different flow regimes are distinguished [19, 20] as illustrated in Fig. 1.6. The mass
flow takes place when the inclination of the bottom walls is pronounced and/or the friction between the
particles and the wall is small. Under these conditions, all particles descend with the same velocity
in the same order than the silo was filled (see Fig. 1.6 (a)). As a counterpart, when the inclination
of the wall is less pronounced and particle friction with the walls is higher than interparticle friction,
the regime that results is the funnel flow. In this case, as it is illustrated in Fig. 1.6 (b), only the
particles in the central part of the silo move downwards whereas the ones at the lateral parts remain
static. In practice, this behaviour is often undesirable since there is an important volume of the silo that
is misused. To avoid this, different methods such as vibrators or the injection of pressurized air in the
stagnant zones are often implemented to ensure the flow and the discharge of all the material in the
silo. Finally, there is another intermediate regime called mixed flow, which is schematized in Fig. 1.6
(c). In this situation there is a stagnant zone of static material at both sides of the orifice, in the same
way than in the funnel flow regime. However, this stagnant zone disappears at the top part of the silo,
where the material descends in an orderly way like in the mass flow scenario. Noticeably, the mixed
flow pattern is usually found when the bottom wall is flat, which is the scenario investigated in this
work.
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1.3 Clogging formation

Another of the particular characteristics of the silo discharge is the formation of arches above the orifice,
which might lead to the complete arrest of the flow. The anisotropic force propagation in granular media,
responsible for the formation of some structures like piles, is also the mechanism that causes clogging
in bottlenecks. Indeed, when a granular silo is discharged through its bottom and the orifice is only a
few times bigger than the typical particle size, there is an important probability that an arch (in 2D)
or a dome (in 3D) forms, and stops the flow. Fig. 1.7 shows two (unpolarized (a) and polarized (b))
photographs of the same arch composed by photoelastic disks in a two-dimensional silo. In the second
illustration it can be appreciated how there is a force chain that goes from side to side of the lateral
walls and makes possible the existence of a stable arch.

(a) (b)

Figure 1.7: Unpolarized (a) and polarized (b) photograph of a two-dimensional arch formed in a silo
filled with photoelastic disks.

Clogging is a phenomenon whose study goes beyond the limits of granular media. In fact, it has been
investigated in scenarios of diverse nature as microbial populations [21], suspensions of microparticles
[22, 23], nearly frictionless soft particles [24], flocks of sheep [25], or pedestrian evacuations [26]. If the
system is subjected to certain type of external energy input (as in the case of vibrated silos [27–29],
active matter or living beings), intermittent flows may appear due to the alternation of clogging and
unclogging events. For this kind of systems, the unclogging time intervals (the time lapses for which the
system remains clogged until the arch is broken) follow power law distributions with the form 𝑡−𝛽 . If the
exponent is lower than 2, the mean does not converge and the system is said to be “clogged”; whereas
if it is greater, the system is considered “unclogged”. Recently, Zuriguel et al. [2] systematically studied
several systems that present these features, and proposed a phase diagram for clogging analogous to
the one proposed by Liu and Nagel [1] for jamming. According to it, systems of different nature can
pass from one state to the other by modifying a general characteristic common to all of them.

Conversely, if the silo is static and the particles are inert, once a stable arch is formed the system
will remain clogged forever. Then, according to the previous statement, the system will be always in a
clogged state if there is a non-zero probability of clogging for the experimental condition considered.
One way to study the clogging probability in silos is the evaluation of the amount of material discharged
until the flow is stopped. This variable is called avalanche, and its size, denoted by 𝑠, must be generally
measured many times to achieve reliable statistics for each experimental condition. Then, it is necessary
to implement a system that shatters the arch, by means of the application of an external energy input,
so that a new avalanche is initiated. Some strategies traditionally employed to break arches in the
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Figure 1.8: Illustration of a typical arch with the variables used in the model. Figure extracted from [7].

literature are the use of a stream of compressed air [30, 31] or the excitation with controlled taps [32].
Once the flow is re-established, a new arch can form and the procedure must be repeated.

Clogging in granular media was systematically studied for the first time by To et al. in 2001 [7].
There, they experimentally measured the jamming probability 𝐽(𝐷/𝑑𝑝) that a two-dimensional silo filled
by 200 monodisperse stainless steel disks gets clogged before it is completely emptied. Intriguingly,
they found that 𝐽(𝐷/𝑑𝑝) passed from 0 to 1 when the relative aperture 𝐷/𝑑𝑝 decreased from 5 to 2.
This dependence was explained by using a random walker model starting from the first bead in the left
of the arch and with the following constraints:

𝜋/2 > 𝜃𝑖 > −𝜋/2 (1.1)

𝜃1 > ... > 𝜃𝑖 > ...𝜃𝑁𝑔−1 (1.2)

∀𝑖 ≠ 𝑗, ∣
𝑖

∑
𝑘=1

⃗𝑟𝑘 −
𝑗

∑
𝑘=1

⃗𝑟𝑘∣ ≥ 𝑑𝑝, (1.3)

𝑋𝑎 + 𝑑𝑝 ≥ 𝐷 (1.4)

where ⃗𝑟𝑘 is the position vector between one particle center and the consecutive one in the arch, 𝑋𝑎 is
the whole horizontal extent of the arch, from the center of the first bead to the center of the last one, and
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𝜃𝑖 is the angle between ⃗𝑟𝑖 and the horizontal. The variables are illustrated in Fig. 1.8. Fundamentally,
this model evaluates the proportion of arches of 𝑁𝑔 beads constructed in a random way that are stable
under these four constraints. In particular, Eq. 1.1 imposes that the random walker moves from left to
right, Eq. 1.2 is a condition that imposes the convexity of the arch and Eq. 1.3 is a consequence of
the finite volume of the disks. Finally, Eq. 1.4 forces that the arch covers a distance greater than the
orifice size.

Two years later, Zuriguel et al. [30] measured the avalanche distributions in three-dimensional
silos for different outlet sizes, obtaining, in all cases, exponential trends like the one shown in Fig.
1.9. According to this, clogging was described as a Poisson process in which the clogging probability
remained constant in time throughout the whole avalanche duration.

Figure 1.9: Experimental distribution of the number of grains in an avalanche in a three-dimensional
silo. Note the logarithmic scale in the vertical axis. Figure extracted from [33].

Then, despite clogging is a collective and local process where beads have to be at certain position
and time to form a stable structure, Zuriguel et al. approached the problem from a probabilistic point of
view. They reduced the system to a virtual orifice through which the particles crossed one after another,
statistically uncorrelated, each one with a probability 𝑝𝑝 of passing through the outlet without forming
a clog. According to this model, the probability of obtaining an avalanche of size 𝑠 is [33]:

𝑃(𝑠) = 𝑝𝑠
𝑝(1 − 𝑝𝑝) (1.5)

where the possible values of 𝑝𝑝 are restricted between 0 and 1. It should be noted that lim
𝑁→∞

∑𝑁
𝑠=0 𝑃(𝑠) =

1, i.e. Eq. 1.5 is already normalized. Taking logarithms at both sides of the equation, it was obtained:
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log𝑃(𝑠) = 𝑠 log 𝑝𝑝 + log (1 − 𝑝𝑝) (1.6)

an expression that successfully fitted the probability density functions (pdf) of the avalanches using
only one parameter, 𝑝𝑝 , which determines the slopes of the curves when representing log𝑃(𝑠) against
𝑠.

In 2005, Zuriguel et al. [34] studied the variations of these distributions with the orifice size. To
describe this dependence they used the mean avalanche size ⟨𝑠⟩. The relation between ⟨𝑠⟩ and 𝑝𝑝
comes from the computation of the first moment of the distribution given by Eq. 1.5:

⟨𝑠⟩ =
𝑝𝑝

1 − 𝑝𝑝
(1.7)

Figure 1.10: Experimental mean avalanche size against the orifice diameter normalized by the particle
diameter. The inset, in double logarithmic scale, shows the dependence of ⟨𝑠⟩ according to Eq. 1.9.
Figure extracted from [34].

In fact, the features of the avalanche distributions can be described indistinctly by 𝑝𝑝 , by 𝑝𝑐 = 1−𝑝𝑝
(the probability that a particle clogs the orifice when crossing it), or by ⟨𝑠⟩. Indeed, Eq. 1.7 can be
expressed in terms of 𝑝𝑐 as:

⟨𝑠⟩ = 1 − 𝑝𝑐
𝑝𝑐

= 1
𝑝𝑐

− 1 (1.8)

an expression that evidences that if the mean avalanche size is sufficiently large, it can be approached
by the inverse of the clogging probability.
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In Ref. [34], the authors studied the orifice size effect in the clogging probability, recovering the strong
dependence reported by To et al. [7]. This is observed in Fig. 1.10, which shows the mean avalanche
size as function of the outlet size normalized by the particle diameter. In addition, the experimental
data were successfully fitted by means of a power law with the form:

⟨𝑠⟩ = 𝐵
(𝐷𝑐 − 𝐷)𝛽 (1.9)

where 𝐵 is a fitting constant, 𝛽 is the exponent with which the power law diverges and 𝐷𝑐 accounts
for a critical outlet size. Notably, the existence of a critical orifice size implies a transition to a phase
where clogging never occurs; in other words, according to Eq. 1.9 there would exist a clogging transition
for static silos. However, the same year K. To published an article [8] where he stated that the mean
avalanche size in a two-dimensional silo could be fitted equally well by using three different functional
forms. Apart from the Eq. 1.9 used by Zuriguel et al. for 3D silos, he proposed these other two
expressions:

⟨𝑠⟩ = 𝐶𝑒𝐵/(𝐷𝑐−𝐷) (1.10)

⟨𝑠⟩ = 𝐶𝑒𝐵𝐷2 (1.11)

In particular, the last one (Eq. 1.11) is a stretched exponential with an exponent equal to 2 that,
importantly, does not include any critical outlet size. The consequence of this is that there would be a
non-zero clogging probability for every value of 𝐷, and hence the clogging transition would not really
exist for static silos.

Figure 1.11: Illustration of the successions of different grain configurations occurring before one of them
forms a clog. Figure extracted from [35].

Gradually, the non-divergent scaling gained supporters according to the works reported in the
literature. In fact, Janda et al. [31] verified the validity of Eq. 1.11 for two-dimensional silos; however,
in the same work a stronger dependence on 𝐷 was reported for silos of three dimensions. Recently,
Thomas and Durian [36] proposed a geometrical model in which they describe the clogging probability
in terms of the fraction 𝐹 of grains configurations that precede a clog. This model discretized the time
above which new configurations of grains emerged over the orifice, until one of them is able to form
an arch that arrests the flow. This interpretation appears illustrated in Fig. 1.11. According to the
model, the fraction of clogging configurations is defined as 𝐹 = 𝑡0/⟨𝑡⟩, being 𝑡0 the lifetime of each
configuration, and ⟨𝑡⟩ the mean duration of the avalanche. Then, if the typical velocity of the particles
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is ℓ = 𝑣𝑡0 , where ℓ is the length that the particles typically advance until a new configuration appears,
and the average discharged mass is ⟨𝑚⟩ = 𝜌𝐵𝐴1𝑣⟨𝑡⟩, where 𝜌𝐵 is the bulk density and 𝐴1 is the
aperture area, 𝐹 becomes:

𝐹 = 𝜌𝐵𝐴1ℓ
⟨𝑚⟩ (1.12)

In general, ℓ is of the order of the grain size and can be estimated experimentally. They stated that
the number of grains 𝑁𝑔 involving each configuration should scale as 𝑁𝑔 = (𝐷/𝑑𝑝)𝛽 , where 𝛽 might
depend on dimensionality. Then, if 𝑉1 is the total number of single-grain configurations and 𝑉𝑝𝑐 the
number of single-grain configurations that precede a clog, 𝐹 is computed as:

𝐹 = (
𝑉𝑝𝑐

𝑉1
)

𝑁𝑔

= exp ⎡⎢
⎣
− ⎛⎜

⎝
ln 𝑉1

𝑉𝑝𝑐
⎞⎟
⎠

⎛⎜
⎝

𝐷
𝑑𝑝

⎞⎟
⎠

𝛽
⎤⎥
⎦

(1.13)

For three-dimensional silos, they obtained an exponent equal to 𝛽 = 3.0 ± 0.2, which agrees with the
idea that 𝛽 corresponds to the dimensionality of the problem. The expression for Eq. 1.13 in terms of
⟨𝑠⟩ is:

⟨𝑠⟩ = 𝜌𝐵𝐴1ℓ
𝑚𝑝

exp ⎡⎢
⎣
⎛⎜
⎝
ln 𝑉1

𝑉𝑝𝑐
⎞⎟
⎠

⎛⎜
⎝

𝐷
𝑑𝑝

⎞⎟
⎠

𝛽
⎤⎥
⎦

(1.14)

According to this article, the factor 𝑉𝑝𝑐/𝑉1 is considered to be constant and Eq. 1.14 corresponds to
a non-divergent exponential equation similar to Eq. 1.11 (supposing that they neglect the contribution
of the factor 𝐴1 , which affects ⟨𝑠⟩ to much less extent than the exponential).

The model proposed by Thomas and Durian supports the use of a non-divergent stretched exponential
to describe the clogging process, and refutes the existence of a clogging transition in static silos.
Nonetheless, the discernment between both functional forms is far from being clear, as it is observed in
Fig. 1.12. There, the same authors show the experimental data of 𝐹 versus a normalized aperture for
two different outlet shapes, which are simultaneously fitted by both equations. Considering the high
dispersion of these data, it can be said that both of them are reasonably valid to describe the observed
behaviour.

Moreover, it should be noted that apart from the steep influence of the orifice size, the clogging
probability is also sensitive (to a greater or lesser extent) to other variables of the system. Some
examples are the particle shape [32, 37], orifice shape [38], orifice orientation [39], silo width [40], particle
friction [24, 41], solid fraction [42], the placement of obstacles [43] or the presence of an interstitial fluid
[35]. However, a possible role of the grain dynamics, which may be hidden under the effect of some of
the aforementioned variables, has been almost overlooked in the literature.

In relation to this question, Arévalo et al. [44, 45] numerically investigated the effect of the driving
force – gravity – in the silo clogging process. Basically, they performed simulations in which they
computed the avalanche statistics altering the gravity acceleration value for different outlet sizes. Fig.
1.13 (a) represents the mean avalanche size as function of Γ1/2 , where Γ is the gravity acceleration in
units of 𝑔. Interestingly, they observed a finite value of the mean avalanche size in the limit of low
gravity (which was named ⟨𝑠0⟩). In other words, there is a nonzero probability of forming an arch when
the role of dynamics is minimized. Another interesting outcome of this research was that the gravity
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Figure 1.12: Fraction of configurations that precede a clog for two different outlet shapes: (a) hole; (b)
slit. Figure extracted from [36].
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Figure 1.13: (a) Mean avalanche size as function of √Γ, the square root of the gravity acceleration in
units of 𝑔. (b) Mean avalanche size, normalized by ⟨𝑠0⟩ (the avalanche size in the low gravity limit), as
function of the flow rate in particles per second. Note the semilogarithmic scale. (c) The same data but
as function of the square root of the global kinetic energy. Figures extracted from [44].
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acceleration does not seem to strongly affect the development of clogging in comparison to the outlet
size. Indeed, the change of mean avalanche size from the lowest to the largest value of Γ is less than
one order of magnitude for the best case, which corresponds to the largest orifice size. Although this
variation is considerable, the modification of the outlet size affects the clogging probability to a much
greater extent. In addition, the avalanche size data were found to practically collapse when ⟨𝑠⟩/⟨𝑠0⟩ is
represented against either the flow rate 𝑊𝑏 or the square root of the global kinetic energy 𝐸1/2

𝑘 , as it
is displayed in Fig. 1.13 (b) and (c). In these panels it is also observed that the normalized avalanche
size exhibits an exponential dependence on the mentioned variables.

Despite this helpful study, there is still a lack of knowledge about the implications of the particle
dynamics in the silo clogging process, specially from an experimental point of view. As it will be
explained in next sections, the experimental study of the dynamic and kinematic features and their
relationship to clogging is one of the objectives of this work.

1.4 Flow of granular matter through bottlenecks

As it was already pointed out, due to the wide use of silos in diverse fields such as agriculture or
industry, the properties of the discharge rate have been studied for years [17]. In general, the authors
have focused their effort in characterizing the flow rate of a gravity-driven silo. Therefore, most of this
section is devoted to introduce the works related to this topic. After this, there is a subsection focused
in the study of the fluctuations in the flow rate, a phenomenon that becomes important as the outlet
size is decreased. Finally, some works related with the flow of grains on top of a conveyor belt passing
through a constriction are presented, as this system displays some features that are related to the
discoveries of this thesis.

Flow rate in the gravity-driven discharge of silos

This subsection pretends to be a condensed historical review about the works dealing with the flow
rate description in silo discharges under the sole action of gravity. In this scope, the mass flow rate
𝑊 is defined as the mass of material that flows out the silo orifice per unit time. If this magnitude is
expressed in number of particles per unit time, it is denoted as 𝑊𝑏 .

One characteristic of the flow rate is its independence on the silo width 𝐿, provided that the silo is
sufficiently wide. In particular, Franklin and Johanson [46] stated that 𝑊 becomes independent on 𝐿
when 𝐿 − 𝐷 > 30𝑑𝑝 , where 𝐷 = 2𝑅 is the orifice diameter and 𝑑𝑝 is the particle size. Remarkably, this
behaviour was verified experimentally in our laboratory for a two-dimensional silo [40]. Furthermore,
it is accepted that 𝑊 remains constant if the height of grains exceeds a critical value of the order
of the silo width. Deming and Mehring [47] reported a value of 2.5𝐿 whereas Brown and Richards
reported a value of 𝐿 [48]. Traditionally, this phenomenon was justified by referring to the Janssen effect
explained in Section 1.2. However, Aguirre et al. [49, 50] have recently studied the horizontal flow
through a bottleneck on a conveyor belt and reported that the flow rate is independent on pressure
and determined mainly by the exit velocity of the grains. In fact, Staron et al. [51] pointed out that
a flow rate dependence on pressure would imply a considerable flow rate dependence on 𝐿 that, as
stated before, does not exist. For gravity-driven silos, grain velocities are essentially determined by the
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outlet size as it is explained below. The only exception for this takes place when the silo is not able to
dissipate most of the gravitational potential energy [52], which is only produced in unusual cases as for
extreme low friction coefficients or for silos with an overweight on the grains column. In these cases,
the flow rate becomes dependent on the grains height; in particular, it increases as the silo is emptied.

Taking this into account and overlooking a possible dependence on the particle size, a dimensional
analysis suggested 𝑊 = 𝐶𝜌𝐵√𝑔𝐷5/2 as the expression for the flow rate (see Ref. [53] for a detailed
explanation). In fact, the 5/2 power dependence was already proposed by Hagen in 1852 [4, 5]. However,
other authors had reported alternative expressions to fit the flow rate with the form 𝑊 ∼ 𝐷𝑛 and values
of 𝑛 considerable greater than 2.5 [46, 54]. The best way to check the actual value of the exponent
is to plot 𝑊2/5 against 𝐷 as it was suggested by Beverloo et al. [3] and is displayed in Fig. 1.14.
The linear trend obtained confirms the suitability of the scaling 𝑊 ∼ 𝐷5/2 . Nevertheless, the intercept
with the x-axis did not cross the origin, a feature that was solved by including a term proportional to
the particle size −𝑘′𝑑𝑝 that reduced the effective outflow aperture. All these considerations yielded the
most popular expression to predict the flow rate, the Hagen-Beverloo equation:

𝑊 = 𝐶𝜌𝐵√𝑔(𝐷 − 𝑘′𝑑𝑝)5/2 (1.15)

where 𝐶 and 𝑘′ are fitting parameters, and 𝜌𝐵 is the bulk density. The usefulness of this expression
has been evidenced by its wide application in different scenarios [55–57], a few of them beyond the
pure gravity-driven silo discharge of dry granular media. Some examples are the horizontal flow of
grains through a bottleneck placed on top of a conveyor belt [49], the flow of magnetic repelling grains
in a two-dimensional silo [58], the discharge of a silo submerged in water [35] or even the flow of air
bubbles through a two-dimensional slit [59].

Figure 1.14: Representation of the flow rate against the outlet size as suggested by Beverloo using
𝑊2/5 . Note the shift in the intercept of the data with the x-axis. Figure extracted from [53].

In Eq. 1.15, the influence of particle size in the flow rate was included by the parameter 𝑘′ that, in
most cases, takes values between 1 and 2. Indeed, the introduction of this −𝑘′𝑑𝑝 term is related to the
idea of empty annulus or vena contracta, which was stated by Brown and Richards in 1960 [60]. After
it, the region adjacent to the orifice borders should be neglected for the flow rate calculation since the
particles rarely cross the orifice at a distance of the order of a particle diameter from the edges. Actually,
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in the forthcoming pages it will be shown that the empty annulus is a rough approach to introduce the
volume fraction variation along the orifice. Finally, it should be noted that for two-dimensional silos,
the dimensional analysis generates a 𝑛 = 3/2 exponent instead of 𝑛 = 5/2, and for this case Eq. 1.15
is modified in consequence. Then, the expression can be generalized by using 𝑛 = 𝑁 − 1/2, where 𝑁
is the dimensionality of the problem.

Figure 1.15: (a) Experimental data of the flow rate in a three-dimensional silo raised to the 2/5 power
as function of the outlet size normalized by the particle size. The inset shows the same graph for a
larger range of orifice sizes. In both graphs the data is fitted with Beverloo’s expression (Eq. 1.15,
solid line) and with the one proposed by Mankoc et al. (Eq. 1.16, dashed line). (b) Solid fraction at
the orifice (calculated in two different regions) as function of the orifice size normalized by the particle
size. Figures extracted from [61].

Over the years, the Hagen-Beverloo equation has been subjected to some modifications. In an
experimental work Mankoc et al. [61] observed that Eq. 1.15 could not accurately fit the experimental
flow rate data when the outlet size range considered covered more than two decades (see Fig. 1.15 (a)).
Furthermore, they discovered an exponential dependence of the solid fraction on 𝐷 compatible with a
dilatancy of the grains for small outlets (Fig. 1.15 (b)). Then, they proposed a new flow rate expression
that included an exponential form instead of the bulk density 𝜌𝐵 of Eq. 1.15.

𝑊 = 𝐶′√𝑔 [1
2𝑒−𝐵(𝐷−𝑑𝑝)] (𝐷 − 𝑘𝑑𝑝)𝑁−1/2 (1.16)

where 𝐶′ and 𝐵 are fitting constants. In Fig. 1.15 (a), the experimental data of the flow rate is fitted
with Eqs. 1.15 and 1.16. As it is observed, the latter is able to fit adequately the data for a wider range
of outlet sizes (specially for the smallest ones).

Finally, Janda et al. [62] carried out an experimental analysis of the discharge flow rate in a two-
dimensional silo which allowed the measurement of both the vertical velocity 𝑣𝑧 and the surface solid
fraction 𝜙𝑆 profiles in the 𝑥-direction (horizontal) at the outlet height. Figures 1.16 (a) and 1.17 (a),
extracted from this article, show both sets of profiles for different orifice sizes. In all cases, the profiles
maintain the shape and grow in magnitude as the outlet size is increased. Furthermore, the authors
found that these profiles were self-similar when they plotted 𝜙𝑆/𝜙𝑆

𝑐 and 𝑣𝑧/𝑣𝑐 against 𝑥/𝑅 (where 𝜙𝑆
𝑐

and 𝑣𝑐 stand for the values of 𝜙𝑆 and 𝑣𝑧 respectively at the outlet center, and 𝑅 is half the outlet size).
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Figure 1.16: (a) Surface solid fraction profiles at the outlet height (𝑧 = 0) for the outlet sizes indicated
in the legend of panel (b). (b) The same profiles as function of 𝑥/𝑅, when the solid fraction is normalized
by the value at the orifice center (𝑥 = 0). (c) Surface solid fraction at the outlet center against half the
outlet size. The solid line is Eq. 1.21 with 𝛼1 = 0.50, 𝛼2 = 0.33 cm and 𝜙𝑆

∞ = 0.83. Figure extracted
from [62].

Figure 1.17: (a) Vertical velocity profiles at the outlet height (𝑧 = 0) for the outlet sizes indicated in
the legend of panel (b). (b) The same profiles using the velocity normalized by the value at the orifice
center, against 𝑥/𝑅. The solid line corresponds to Eq. 1.18 with 𝜇 = 2. (c) Vertical velocity at the
outlet center as function of half the outlet size. The solid line is the best fit of Eq. 1.22 with 𝛾 = 1.1.
Figure extracted from [62].



Section 1.4 19

These collapses, displayed in Figs. 1.16 (b) and 1.17 (b) respectively, were successfully fitted by the
following analytical expressions:

𝜙𝑆(𝑥) = 𝜙𝑆
𝑐 [1 − (𝑥/𝑅)2]1/𝜈 (1.17)

𝑣𝑧(𝑥) = 𝑣𝑐[1 − (𝑥/𝑅)2]1/𝜇 (1.18)

with values of 𝜈 = 4.54 and 𝜇 = 2 for the fitting exponents. The larger exponent obtained for the solid
fraction case indicates that these profiles are wider. In addition, the solid fraction and vertical velocity
mean values at the outlet can be approached by integrating Eqs. 1.17 and 1.18 over the whole orifice
[63], which provide:

⟨𝜙𝑆⟩ = 𝜁(𝜈)𝜙𝑆
𝑐 (1.19)

⟨𝑣𝑧⟩ = 𝜁(𝜇)𝑣𝑐 (1.20)

where 𝜁(𝜒) = ∫1
0 (1 − (𝑥/𝑅)2)1/𝜒𝑑𝑥 accounts for the relative area of the profiles compared to a square

with the same base and height. Of course, 𝜁(𝜈) and 𝜁(𝜇) depend on the fitting exponents of Eqs. 1.17
and 1.18 respectively.

In the same article [62], Janda et al. also investigated the outlet size dependence of the solid fraction
and velocity profiles, quantified by the values of these magnitudes at the center: 𝜙𝑆

𝑐 and 𝑣𝑐 . The values
of 𝜙𝑆

𝑐 are represented as function of the outlet size in Fig. 1.16 (c). The increasing trend observed
is described with the following exponential form (which is inspired by the volume fraction dependence
introduced by Mankoc et al. [61]):

𝜙𝑆
𝑐 = 𝜙𝑆

∞(1 − 𝛼1𝑒−𝑅/𝛼2) = 𝜙𝑆
∞(1 − 𝛼1𝑒−𝐷/2𝛼2) (1.21)

where 𝛼1 , 𝛼2 , and 𝜙𝑆
∞ are fitting parameters. In particular, the latter represents the asymptotic value of

the surface solid fraction in the limit of large outlet sizes. In the article, Janda et al. successfully fitted
their 𝜙𝑆

𝑐 data by using Eq. 1.21, obtaining values of 𝛼1 = 0.50, 𝛼2 = 0.33 cm and 𝜙𝑆
∞ = 0.83.

In the same way, the values of the 𝑣𝑐 are represented as function of half the outlet size in Fig. 1.17
(c). In this case, the experimental data follow an increasing trend that was successfully fitted by means
of the expression:

𝑣𝑐 = −√2𝛾𝑔𝑅 = −√𝛾𝑔𝐷 (1.22)

with a fitting value of 𝛾 = 1.1. It should be highlighted that the expressions for the vertical velocity
(Eqs. 1.18 and 1.22) are compatible with the free fall arch theory. According to this, the particles
descend through the silo submitted to contact stress and with zero acceleration until they reach a
hypothetical curved region of a height proportional to 𝑅 above the orifice. At this position, the grains
would start a free fall driven by the gravitational acceleration 𝑔. If this region has a parabolic shape,
as it was already proposed by Hagen in 1852 [4, 5], then the profiles at the orifice should be circular
(what corresponds to Eq. 1.18 with 𝜇 = 2) and the velocity at the center would be 𝑣𝑐 ∼ √𝑔𝐷.
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Figure 1.18: Normalized acceleration profiles in the vertical direction, measured at the outlet center
(𝑥 = 0), as function of 𝑧/𝑅. Results for different outlet sizes are presented as indicated in the legend.
The shadowed zone represents the hypothetical discontinuous profile that would correspond to the free
fall arch theory. Figure extracted from [64].

Indeed, this scaling was demonstrated both numerically [65] and experimentally [66] in recent years.
However, the existence of a free fall arch would imply a spatial discontinuity of the stress tensor fields
along the z-axis, an idea that was refuted by Rubio-Largo et al. [6] in a work where they obtained
numerically and experimentally the acceleration and stress tensor profiles along the z-axis. As it is
shown in Fig. 1.18, instead of the discontinuous profiles corresponding to the free fall arch theory
(represented by a shadowed zone), the acceleration revealed a gradual increase when the particles
approached the orifice, reaching a value similar to 𝑔 only at 𝑧 = 0. Nevertheless, both the kinetic
stress and the acceleration profiles happened to be self-similar with 𝑧/𝑅 and the 𝑣 ∼ √𝑔𝐷 scaling was
validated by introducing the 𝛾 factor, which is included in Eq. 1.22 and has the following expression

𝛾 = ∫
0

∞
ℱ(𝑍)𝑑𝑍 (1.23)

This variable accounts for the area under ℱ(𝑍) = 𝑎𝑐(𝑍)/𝑔 where 𝑍 = 𝑧/𝑅; i.e. the area under the
normalized vertical acceleration profiles collapsed over 𝑧/𝑅. The values of 𝛾 obtained were only slightly
greater than 𝛾 = 1, the theoretical value if the free fall arch truly existed. This shows that, in practice,
the free fall arch was a reasonable approach to describe the velocity profiles. In fact, in the same article
Rubio-Largo et al. reformulated the idea of free fall arch as the region where the values of the kinetic
part of the stress tensor1 was maximum and the particles start decompacting and gradually accelerating.
This is illustrated in Fig. 1.19, where panel (a) shows the kinetic stress map and panel (b) shows the
region, approximately parabolic, at which the field reaches a maximum.

Finally, Janda and co-workers [62] used the analytical expressions of the solid fraction and vertical
velocity profiles, and their dependence on the orifice size, to calculate an expression for the flow rate
using mass conservation arguments. Considering that 𝜙𝑆 and 𝑣𝑧 profiles are steady, they integrated

1The definition of the coarse-grained stress tensor in a discrete system is provided in Section 2.5 - Continuous coarse-grained fields of
magnitudes
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Figure 1.19: (a) Map of kinetic stress measured at the region surrounding the outlet of an experimental
two-dimensional silo. (b) Height at which the kinetic stress field of panel (a) is maximum as function of
𝑥 for three different outlet sizes. In both graphs, the solid line is a parabolic fit of the local maximum
position for the kinetic stress. Charts extracted from [64].

the particle flow rate through an infinitesimal outlet region, 𝑑𝑊𝑏 = 4
𝜋𝑑2

𝑝
𝜙𝑆(𝑥)𝑣𝑧(𝑥)𝑑𝑥, over the whole

exit line, obtaining:

𝑊𝑏 = 2
𝑚𝑝

∫
𝑅

0
𝜎𝑀𝜙𝑆(𝑥)|𝑣𝑧(𝑥)|𝑑𝑥 (1.24)

where 𝜎𝑀 is the intrinsic surface area of the particles since they studied the two-dimensional projection
of the problem. Solving the integral, the final expression of the flow rate results:

𝑊𝑏 = 𝐶″√𝑔[1 − 𝛼1𝑒−𝐷/2𝛼2]𝐷3/2 (1.25)

where 𝐶″ = 4𝛽 (𝜈+𝜇
𝜇𝜈 , 1

2 , 1
2) /𝜋𝑑2

𝑝 and 𝛽 is the beta function. Therefore, 𝐶″ is a constant that depends
on the particle size and most of the previous parameters that characterize the velocity and solid fraction
profiles. Notably, in this expression the term belonging to the empty annulus has disappeared. Instead,
the reduced aperture has been substituted by the real dependence of the profiles along the 𝑥-direction,
whose shape and magnitude determines the flow rate.

In recent years, this scope has been used by some authors to study the flow rate of grains in diverse
situations [67–69]. Recently, Zhou et al. [63] numerically analyzed the solid fraction and velocity
profiles of a bidisperse granular media (particles of 0.2 and 0.6 cm diameter) in a two-dimensional silo
discharge. Interestingly, they fitted the profiles with Eqs. 1.17 and 1.18 obtaining values of 𝜈 = 5.26
and 𝜇 = 2.63. However, instead of Eqs. 1.21 and 1.22, they used other expressions that included the
particle size; in particular, an exponential form was implemented for the velocity dependence on the
outlet size.

Flow rate fluctuations

During this section the flow rate was referred to the mass (𝑊) or the number of particles (𝑊𝑏) discharged
per unit time considering a sufficiently long temporal window. However, when measuring it over small
time intervals, the flow has been shown to fluctuate around its mean value [70]. Fig. 1.20 displays
signals of instantaneous flow rate 𝑞𝑏 for two different outlet sizes where the fluctuations are evident.
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Figure 1.20: Experimental flow rate 𝑞𝑏 (measured in windows of 150 ms) for orifice sizes of 𝐷 = 9.5𝑑𝑝
(up) and 𝐷 = 4.3𝑑𝑝 (bottom). The arrows indicate two events where the flow ceases. Figure extracted
from [71].

These fluctuations, which lead to the emergence of density waves in the flow stream [60], were suggested
to arise from the formation of structures above the orifice that partially interrupt the flow. As this is
also the cause of clogging, some authors tried to establish a connection between both phenomena.

Janda et al. [71] discovered the existence of two differentiated scenarios depending on the size of the
aperture. For large orifices, they found continuous flows with small fluctuations normally distributed
around the average. Conversely, for small outlet sizes extreme events emerge and the flow may even
cease during short time intervals as it is shown in Fig. 1.20. In this article, the authors assume this
feature as a sign of the eventual development of a stable clogging arch; hence supporting the existence of
a clogging transition separated by a critical outlet size. Nevertheless, years later Thomas and Durian
[72] investigated this issue and obtained a smooth variation of the flow statistics, from Gaussian to
non-Gaussian, as the outlet size decreases to apertures where clogging is probable. In that article,
they measured the intermittency in terms of the two-sample Kolmogorov-Smirnov statistic, and they
found no sign of discontinuity between both regimes that supported the existence of a critical transition.
Conversely, they observed a gradual evolution between both regimes, and connected this behaviour to
the nature of the clogging transition reported in Ref. [36] and already explained in Section 1.3.

Flow of grains on top of a a conveyor belt passing through a bottleneck

Up to now, all the works introduced in this section are related to the study of the flow in the discharge
of a vertical silo under the sole action of gravity. The reason is that, surprisingly, there is a lack of
systematic studies of the flow patterns for a silo discharged with a belt. This is so even when the use of
conveyor belts is one of the most common ways to extract granular materials from industrial containers
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Figure 1.21: Photograph of an industrial example of a silo discharged by means of a conveyor belt,
extracted from [73].

(b)(a)

Figure 1.22: (a) Sketch of the experiment in which grains on top of a conveyor belt pass through a
bottleneck, extracted from Ref. [49]. (b) Flow rate through a horizontal bottleneck placed on top of a belt
as function its velocity. Different outlet sizes (from 𝐷 = 6𝑑𝑝 to 𝐷 = 10𝑑𝑝 , bottom to top in the graph)
were implemented. The solid lines correspond to linear fits at low and high extraction velocities, while
the arrows indicate the belt velocity values at which the flow rate reaches a plateau. Graph extracted
from [74].



24 Introduction

[75] (see Fig. 1.21). Within the literature, there are several works that investigate a different problem
involving a conveyor belt: the horizontal flow of granular matter placed on top of it. Some of these
works focused on the mechanical properties of the conveyor belt and its interaction with the granular
matter [76, 77]. Others investigated the nature of the horizontal flow rate when particles placed on
top of a conveyor belt pass through a bottleneck [49, 50, 74, 78], as it is illustrated in the scheme of
Fig. 1.22 (a). The main result of these works can be summarized in Fig. 1.22 (b), where the flow
rate 𝑊𝑏 is represented against the conveyor belt velocity 𝑣𝑏 for several outlet sizes [74]. Interestingly,
the behaviour of the system can be divided in two regimes separated by the 𝑣𝑏 values indicated by
the arrows. Below these belt velocities, particles are able to follow the belt drag and the flow rate is
proportional to the driving velocity and the outlet size. Above them, however, the flow saturates in a
constant value that depends considerably on the aperture size. Besides this, by means of these works
the authors demonstrated that the flow rate does not depend on the grains local pressure, as already
mentioned in previous sections.

1.5 Objective of this work

As explained in Section 1.3, the probability that a silo discharged by gravity clogs depends strongly
on the outlet size and, to a lesser extent, on other characteristics of the system. However, a possible
influence of the particle kinematics in the clogging process has passed unnoticed in the literature.
Indeed, it is worth noting that the models used to predict the clogging probability have not accounted
for this effect. For example, the first model proposed by To et al. [7] only considered geometrical
arguments to predict the clogging dependence on 𝐷. A more recent one, proposed by Thomas and
Durian [36], did include the velocity of particles in the model, but this parameter was assumed to
not affect the succession of different grain configurations that precede a clog. Having said that, it is
important to remark that in a silo discharged by gravity, when the outlet size 𝐷 is increased, the size of
the arches that span over the outlet must necessarily change, but also the velocity of grains and the flow
rate are incremented. Therefore, both the geometry of arches and the dynamics of grains are coupled
to 𝐷, and quantifying their effect on clogging becomes extremely complicated. The main objective of
this work is precisely this: the investigation of the role of particle kinematics on the clogging process
and, if possible, the decoupling of these effects from the geometry. For this, a new experimental setup
has been built, which basically consists of a two-dimensional silo with a novel extraction method: a
conveyor belt just below the orifice that allows controlling the velocity of grains independently on the
orifice size.

Apart from the study of the kinematic effects in the clogging process, the construction of a new
experimental setup led to the investigation of other collateral but also interesting problems. In particular,
due to technical reasons, the particles used in this work had to be bigger (0.4 cm diameter) than the
ones previously used in the investigations carried out in the laboratory (0.1 cm diameter). Then, the first
task of this research is a new characterization of the system in the traditional regime of free discharge,
but using larger particles. Taking advantage of this and comparing with the previous work, the effect of
particle size on the flow rate was tested, focusing on the validation and generalization of the theoretical
framework proposed in Janda et al. [62]. In addition, the characterization of the kinematic and dynamic
properties of the system requires a detailed analysis of the flow features and other related kinematic
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magnitudes. Then, another purpose of the thesis is to investigate how the conveyor belt affects the flow
rate and how the particle kinematics changes when this extraction method is implemented.

Finally, I will also analyze the intermittent dynamics of the flow when the silo is discharged with
the belt. As explained in Section 1.4, in a silo discharged purely by gravity the instantaneous flow rate
slightly fluctuates around the mean value, a phenomenon that becomes more important for small outlet
sizes. In this work, the possibility of controlling the velocity of the grains independently on the outlet
size adds a new dimension to the study of this problem. In fact, the motion becomes highly fluctuating
and even intermittent when the material is extracted with low belt velocities no matter the size of the
orifice. Then, in order to properly address the rich variety of flow scenarios observed, a multifractal
analysis originally developed in the field of turbulence is implemented.
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Chapter 2

Materials and Methods

As mentioned in the previous chapter, the main objective of this work is to study how several aspects
of the silo discharge process are affected when the grains are removed from the bottom by means of a
conveyor belt. In particular, I will perform a detailed characterization of the clogging probability and
flow features, which has been carried out from an experimental point of view. To do that, a transparent
two-dimensional silo was built, in such a way that the granular material is arranged in a single layer
enclosed between two glass sheets. This two-dimensional layout was chosen because it allows the flow
characterization by recording the material when it is flowing out the silo.

The physics of the flow and clogging features in the discharge of a 2D silo was already experimentally
investigated in a similar setup in this laboratory [79]. In that case, the free discharge under gravity
was analyzed using a two-dimensional silo filled by a layer of 𝑑𝑝 = 0.1 cm diameter stainless steel
beads. Now, the main novelty is the installation of a conveyor belt just beneath the outlet to control
the extraction rate. This fact required the use of bigger particles, (of 𝑑𝑝 = 0.4 cm diameter) which
facilitated the conveyor belt drag since its surface pattern is about this size. Moreover, the flow and
clogging characterization with bigger particles made possible to test the validity of different theoretical
frameworks that have been recently proposed in relation to silo flow and clogging.

In essence, the experiments performed in this work can be divided in two procedures: the extraction
of information about the clogging process and the characterization of the flow rate. In the first one, the
objective is to determine the clogging probability in each experimental condition from a statistical study
of the avalanche sizes between two clog events. For this, an automated routine in LabVIEW®controls
an array of diverse devices that carry out several functions. In particular, there is an image acquisition
system able to detect when the silo is clogged, a shaker that destroys the arches when it is necessary,
and a balance with a bucket on it placed at the end of the belt that collects the material and registers
the avalanche sizes.

For the flow measurements, however, the aim is to determine some kinematic and dynamic magnitudes
of the particles at the orifice region. To do this, videos of the flowing material are recorded with a
high-speed camera that allowed obtaining the trajectories of the beads by means of a MATLAB®image
processing code. From them, the centers positions, velocities and other related magnitudes are computed
and the corresponding maps are built by means of the implementation of a coarse-graining tool.

The main characteristics of the two-dimensional silo are described in Section 2.1, whereas the
granular material is presented in Section 2.2. Section 2.3 is devoted to the conveyor belt properties,
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its calibration and the hardware used to control it. Section 2.4 describes the procedure followed to
investigate the clogging process; in particular, it details all the devices involved in the experimental
setup as well as the automated process that is implemented to reach a large number of avalanche sizes.
Finally, Section 2.5 thoroughly explains the video recording system, the image processing methods
used to extract physical information from them, and the coarse-graining technique implemented to build
continuous fields from discrete data.

2.1 The silo

The experimental setup implemented in this work is illustrated in Fig. 2.1. Panel (a) shows a front
view of the system, whereas panel (c) is a picture of the rear part of it. Basically, the setup consists
of a two-dimensional silo formed by two 70 cm wide, 160 cm high and 0.6 cm thick paralell glass
sheets. The purpose is that only a single layer of particles (stainless steel spheres of 𝑑𝑝 = 0.4 cm)
fits between both glass sheets. For that, two long aluminum plates (4 cm wide and 0.4 cm thick) were
sandwiched at both sides of the glass sheets, playing the role of the silo lateral walls. Previously, the
aluminium plates were supplemented by thin (200 𝜇m thick) strips of cardboard to ensure the flow of
particles, minimizing friction with the glasses. Then, neglecting the cardboard thickness, the particles
approximately have a free space of 𝐿 = 61.2 cm wide, 𝐻 = 160 cm high and 𝑇 = 0.4 cm thick that
corresponds to the silo dimensions.

The bottom of the silo is made by two movable stainless steel pieces whose inner parts end in
wedge shape (see panel (b) of Fig. 2.1). The separation between both pieces defines the outlet size
𝐷; i.e. the dimension of the region through which the material flows out the silo. As the outer edges
of the pieces overhang the glass sheets, they can be moved freely from outside, allowing the control of
the variable 𝐷. Another parameter to take into account is the separation between the bottom parts of
the steel pieces, 𝐷 + 2Δ, where Δ = 0.5 cm is the length of the inner wedges of the pieces as shown
in Fig. 2.1 (b). The setup is complemented with an upper hopper through which the material can be
poured inside the silo.

All this system stands on a structure made of aluminum beams. Besides holding the instrumentation
devices, this arrangement provides stability to the experiment and warrants that it remains in a vertical
orientation. Indeed, the rear glass sheet is stuck to the aluminum structure, whereas the front sheet is
secured to the rear one with metallic pieces. In addition, more pieces were included as reinforcements
in the front glass to avoid bending due to the pressure of the grains when the silo is full. The conveyor
belt is attached to the aluminum structure in such a way that its top surface is placed just below the
silo orifice. Specifically, the distance between the silo bottom and the upper protrusions of the belt
is denoted as ℎ, as it is shown in Fig. 2.1 (b). Importantly, the conveyor belt is easily removable, so
this system also allows performing free discharge experiments (driven under the sole action of gravity).
Furthermore, the silo is complemented with diverse instruments depending on the type of experiment:
study of clogging or flow properties. These will be explained in next sections but I anticipate that the
configuration shown in Fig. 2.1 corresponds to the clogging experiments and includes a digital camera
to register images of the orifice area, and a vibrator to break the arches.
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Figure 2.1: (a) Front photograph of the experimental setup used in this work. The origin of the Cartesian
coordinate system is set at the center of the exit orifice. (b) Close-up front photograph of the outlet
region where some lengths are defined. In particular, 𝐷 is the orifice size, Δ is the length of the inner
wedges of the aluminum pieces, 𝐷 + 2Δ is the bottom separation of those pieces, and ℎ is the distance
between the silo bottom and the upper protrusions of the belt. (c) Photograph of the rear part of the
experimental setup.
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2.2 Granular material

The granular material used in the experiment is composed by monodisperse AISI 420 stainless steel
spheres of 4.000 ± 0.002 mm diameter. According to the manufacturer [80], the beads have a density of
𝜌𝑀 = 7.75 g/cm2 . This datum was checked by measuring the mass of 100 beads with the AND®GF-
30K balance described below in the text, which resulted to be 𝑚100 = 26 ± 0.1 g. From this value the
experimental density was calculated as 𝜌𝑀 = 7.76 ± 0.03 g/cm2 , which agrees with the value provided
by the company.

The stainless steel was chosen as the material of the particles due to its endurance and its high
resistance to corrosion. As it is a metal, its electric conductivity reduces possible electrostatic problems
that become important when working with dielectric materials. Furthermore, the monodispersity warrants
the arrangement of the material in a single layer. This is crucial as it allows a precise characterization
of the grains movement by means of a high-speed camera.

2.3 The conveyor belt

The conveyor belt used in the experiment is a Vetter®FR-40-80 device like the one displayed in Fig.
2.2 (a). Figure 2.2 (b) and (c) show front and rear photographs of the conveyor belt installed below the
silo orifice; in particular, the latter displays the belt when the material is transported on it. The body
of the instrument is 4 cm high and 8 cm wide, whereas the the distance between the center of the two
pulleys that make the belt twist is 35 cm. These and other dimensions of the belt are illustrated in the
scheme of Fig. 2.2 (d). The belt (6.5 cm wide) chosen for the experiment is made of a honeycomb rubber.
Remarkably, the honeycomb pattern has a size similar to the particles, with the idea of avoiding that
they spill out of the belt. To ensure this, two wood pieces were stuck at both sides of the rubber belt,
enclosing the region where the particles fall on the device.

The conveyor belt is fed by means of a 24 V DC power supply. Furthermore, this instrument has
an internal drive with an electronic controller that determines the velocity of the belt 𝑣𝑏 . Nominally,
the device presents a linear response to an external voltage in the range of 1 − 10 V, whereas the
application of a voltage in the range of 0.5 − 0.9 V makes it stop as it is shown in the scheme provided
by the manufacturer (Fig. 2.2 (e)). Finally, the conveyor belt holds an additional input controller that
selects the belt transport direction. In all experiments this input has been set to make the belt work in
the preferred transport direction according to the company (yellow arrow in 2.2 (b)).

Hardware of control

The conveyor belt is monitored with a Phidget®device, a low-cost electronic component controlled by
computer via USB (Universal Serial Bus). In particular, I used a PhidgetAnalog 4-Output like the one
shown in Fig. 2.3, a device that is able to produce a voltage between −10 to 10 𝑉 in four channels with
a 12-bit resolution [81]. The company provides libraries so that this device can be controlled through
most programming languages. In particular, I used the API (Application Programming Interface) for
LabVIEW®, which has been the environment used to monitor and synchronize all the instrumentation
in the experiment as it is explained in next sections.
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(d)(a) (b)

(e)

(c)

Figure 2.2: (a) Illustration of a Vetter®FR-40-80 conveyor belt like the one used in the experiment.
(b) Photograph of the experiment with the conveyor belt installed below the orifice. The yellow arrow
indicates the running direction of the belt. (c) Photograph of the conveyor belt (rear part) when
transporting particles on it. (d) Scheme of the conveyor belt with the lengths in millimeters. (e)
Conveyor belt response to the voltage provided by the manufacturer.
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Figure 2.3: Illustration of the PhidgetAnalog 4-Output device used in the experiment. Figure extracted
from [81].

Calibration

The calibration experiment consisted in the determination of the actual relationship between the voltage
applied 𝑉𝑔 and the belt velocity 𝑣𝑏 , which should be linear according to the manufacturer (see Fig. 2.2
(e)). To this end, several videos were recorded applying different voltages to the belt while carrying a
single particle on it. To do that, a Nikon®D3300 reflex camera was placed above the conveyor belt as
shown in Fig. 2.4 (a). Then, the velocities were calculated from a subsequent image processing software
inMATLAB®. From each frame (an example is shown in Fig. 2.4 (b)), the region of the belt was selected
and the image binarized1 with the suitable threshold. This yielded a single white spot (Fig. 2.4 (c))
whose centroid in pixels was calculated using a function in MATLAB®. Then, the position of the bead
was obtained in each frame as function of time. An example of this plot for 𝑉𝑔 = 2 V is displayed in Fig.
2.4 (d). The velocity of the particle is obtained by means of a linear regression, in such a way that the
slope of the line corresponds to the velocity of the particle in pixels/frame. The conversion from pixels
to centimeters is achieved by using a relation that was previously computed by taking images of a ruler
(see Fig. 2.4 (b) on the left) and looking at the number of pixels that corresponds to certain length.
Complementarily, the conversion between frames and seconds is performed considering the frame rate
with which the films are taken. This process is repeated for several values of the input voltage covering
its whole range. The values of the belt velocity 𝑣𝑏 in cm/s are represented against 𝑉𝑔 in Fig. 2.4 (e).
As it was expected, a linear trend was recovered, which can be described by the following expression:

𝑣𝑏 = 1.81(𝑉𝑔 − 1) (2.1)

where the voltage is expressed in volts and the belt velocity in centimeters per second. However, as it
is observed in the inset of 2.4 (e), for low 𝑉𝑔 values the experimental points are above the fit and for
voltages approaching 1 there is a minimum velocity of around 0.1 cm/s. Also, the experimental value
for 𝑉𝑔 = 10 V falls slightly under the trend expected from Eq. 2.1. Given these small deviations of Eq.
2.1 from the experimental data, whenever possible, the values of 𝑣𝑏 as function of 𝑉𝑔 used throughout
this work have been the ones obtained experimentally in this calibration analysis. Finally, analogous

1A detailed explanation of the image processing techniques used is provided in Section 2.5 - Image Processing techniques
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g
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Figure 2.4: (a) Photograph of the setup for the conveyor belt calibration experiment. (b) Example of
a video frame taken with the camera. (c) Result of the image processing where the bead shining has
turned into a white spot. (d) Time evolution of a particle position for a voltage of 𝑉𝑔 = 2 V. (e)
Calibration curve of belt velocity versus voltage. The inset is a zoomed region of the same graph for
small values of 𝑉𝑔 . In both cases, the solid line is a plot of Eq. 2.1.
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calibration experiments were also performed with the belt full of particles. The results were similar to
the ones obtained when a single particle was on top of the belt, hence revealing a negligible influence
of the belt loading on its velocity.

2.4 Setup for the study of clogging

These experiments basically rely on the determination of the size of avalanches, i.e. the amount of
material that is discharged until an arch is formed and the flow is arrested. Then, in order to determine
the clogging probability value with enough accuracy, a sufficiently large number of data is required
to build the avalanche distributions. To measure them, it is necessary to incorporate different devices
to detect the arch formation, register the avalanches and break the clogs. The detection of the arches
is accomplished by registering in real time a predetermined area of the outlet, avalanche recording
is carried out with a balance, and the clogs are broken with a shaker hitting a metallic piece on the
back glass of the silo. All these components are successively presented in this section. Finally, I will
describe the protocol used to monitor and synchronize all the devices and the conveyor belt via PC, by
means of a routine developed in LabVIEW®.

(c)

(b)

(c) (c)(d)

(c)(a)

Figure 2.5: (a) Illustration of the ImagingSource®DMK 31BU03 camera used in the experiment. Figure
extracted from [82]. (b) Photograph of the LED panel that provides a good illumination. Examples of
monochrome images of: (c) an arch and (d) the grains flowing. The red rectangles mark the area where
the average value of the pixels is evaluated to detect the formation of clogs.
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Clogging detection

The formation of arches is detected by using the ImagingSource®DMK 31BU03 camera displayed in
Fig. 2.5 (a). This device is able to record monochrome videos of 1024 × 768 pixels up to 30 frames
per second (fps) [82] and is monitored directly by LabVIEW®through USB connection. The camera is
placed in front of the silo, focusing on the outlet region. The detection system is complemented with a
LED panel placed in the rear part of the silo (Fig. 2.5 (b)). This allows producing high contrast images
of the arch region, as the ones shown in Fig. 2.5 (c) and (d).

The clogging detection is achieved by evaluating in real-time the average of the pixel values in the
red region indicated in Fig. 2.5 (c) and (d). Then, if the silo is clogged, the region under the arch
(where the red rectangle is) will appear completely white in the images recorded by the camera, and
the average pixel value will be maximum. An example of this situation is presented in Fig. 2.5 (c).
Conversely, if the material is flowing, the mean value will be most of the time lower as it happens in the
case shown in Fig. 2.5 (d). Therefore, the system is considered to be clogged when the mean value of
the red region keeps above a given threshold during four seconds. This time is only used to determine
the existence of clogging and therefore it does not affect the statistics of the avalanche size, which are
obtained from the measurement of the mass discharged between two clog events, as explained below.

Recording of Avalanches

The avalanche sizes are measured with the help of a AND®GF-30K balance like the one shown
in Fig. 2.6 which has a resolution of 0.1 g and supports a maximum weight of 31 kg. The balance
can be controlled by the computer through a serial port RS-232 connection. For each clog event, a
metallic bucket placed on the balance collects the material corresponding to the avalanche, whose mass
is calculated as the difference of the balance readouts before and after each iteration. After this, the
avalanche mass in grams is converted to avalanche size in number of beads by using the weight of the
beads (0.26 g as reported in Section 2.2). For the experiments with the belt, the balance and the bucket
are placed just at the belt’s end, whereas for the free discharge experiments they are positioned just
beneath the orifice.

Clogging destruction

The flow restoration is accomplished by inducing a vibration to the silo rear glass that breaks the
clogging arch. This perturbation is produced by a ramrod made with a commercial electric bell, which
strikes a metallic surface that is placed behind the glass at the arch-forming region (see Fig. 2.7 (a)).
In that way, the hammer does not act directly on the glass, hence preventing its breakage.

The hammer works with domestic power (𝑈 = 220 V AC and 𝑓 = 50 Hz) and it is switched on and
off by means of a relay. This is activated through the application of a 5 V voltage coming from the
Phidget®described in Section 2.3. An electrical scheme of this system is shown in Fig. 2.7 (b).
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Figure 2.6: Photograph of the AND®GF-30K balance used in the experiment with a bucket on its
tray.

Figure 2.7: a) Photograph of the vibrator used in the experiment striking the metallic piece on the rear
glass sheet. (b) Electrical scheme of the device.
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Measurement protocol

The measurement protocol, illustrated in the flow diagram of Fig. 2.8, consists of the following steps.
First, the silo is filled from the hopper at the top and the computer program is started. Then, the balance
is tared and the camera starts evaluating the pixel mean value in the red box shown in Figs. 2.5 (c)
and (d), which will be above a predetermined threshold if an arch has formed. At this time, the shaker
starts vibrating and the camera continues evaluating repeatedly the aforementioned quantity until the
mean pixel value falls below the threshold. When this happens, it means that the arch has been broken
and then the shaker vibration ceases. In the hypothetical case that the shaker is not able to shatter the
arch in twenty seconds, it stops vibrating and the routine program is arrested until the clog is broken
manually. After this, the conveyor belt starts running at the desired velocity and the camera starts
evaluating again the pixel mean value in the red box. While the mean pixel value remains below the
threshold, the material is flowing and the belt keeps on running. If, conversely, this value exceeds the
threshold, it means that the flow has been arrested by the formation of an arch. If this situation does not
change for four seconds, the arch is considered as stable and the belt runs at maximum velocity until all
the material is poured in the bucket. At that moment, the belt stops and the avalanche mass is registered
by the balance. After that, the new arch is destroyed by the shaker and the process is repeated as
many times as required until the silo height level becomes lower than approximately half silo. This
scenario is reached when the balance’s readout exceeds a threshold set in around 8000 g. Then, the
protocol stops so that the material is poured (again by hand) into the silo through the top hopper. This
process can be repeated as many times as required, depending on the experimental conditions and the
degree of statistical reliability desired in each case.

For the experiments of free discharge (when the conveyor belt is removed), the protocol is basically
the same but in this case the material falls directly into the bucket and the part of the belt is not
executed by the program (yellow boxes in the flowchart of Fig. 2.8).

2.5 Flow measurements

An accurate characterization of the flow implies the determination of its kinematic and dynamic features.
This information is extracted from the image processing of videos recorded while the material is flowing
out the silo. To achieve this, it is necessary to have a camera with enough temporal resolution to follow
the trajectory of the granular particles in all experimental conditions. This method, called particle
tracking, is carried out with the help of a software in MATLAB®, and allows the determination of
some magnitudes such as velocities, solid fractions or the flow rate. Furthermore, the construction of
continuous fields by means of the implementation of a coarse-graining tool makes possible to take spatial
derivatives and compute magnitudes such as accelerations or stress tensors. The accomplishment of this
analysis will allow a complete characterization of the flow and the determination of the relationship
between the dynamics and the clogging probabilities in each experimental condition.

High-speed video recording

The video acquisition is performed with a high-speed camera placed in front of the orifice region, in the
same place that the one used to detect arch formation. Likewise, the rear LED panel is also used to
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Figure 2.8: Flowchart of the measurement protocol. The yellow boxes are not executed for the experi-
ments when the belt is not installed.
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produce high contrast videos, which facilitates the subsequent determination of the particle centroids.
In this research two models of cameras were used, a Photron®FASTCAM-1024PCI, which records
monochrome videos (Fig. 2.9 (a)), and a Photron®FASTCAM Mini UX100, which records colour videos
(Fig. 2.9 (b)). Both of them were used depending on the schedules of experiments in the laboratory.
In general, the latter camera has better specifications that the first one; however, both of them hold a
sensor resolution of around a megapixel and are able to record videos at more than 105 frames per
second at low resolution. In particular, the monochrome camera works with a 17.4 × 17.4 mm sensor
having a resolution of 1024 × 1024 pixels. The highest frame rate available at low resolution (when
the frame is segmented) is 109, 500 fps, whereas the maximum frame rate at full resolution is 1000 fps.
Moreover, the colour camera holds a sensor of 12.8 × 10.2 mm with a resolution of 1280 × 1024 pixels.
In this case, the maximum frame rate achieved at low resolution is 800, 000 fps, while the camera is
able to record videos up to 4000 fps when the resolution is full.

Figure 2.9: Photographs of the Photron®high-speed cameras used in the experiment. (a)
Photron®FASTCAM-1024PCI. (b) Photron®FASTCAM Mini UX100.

Before starting with the video recording, it is necessary to set the parameters that allow obtaining
the adequate resolution to facilitate a correct subsequent image processing. In practice, the feature that
does limit the videos duration and resolution is the amount of memory in the camera. Indeed, after the
recording, the videos are dumped in a buffer that supports a certain amount of memory, which is around
2 GB for the monochrome camera and around 16 GB for the colour one. Due to this restriction, the size
of the recorded videos can never exceed those values. Furthermore, there are other constraints related
to the image processing when choosing the camera settings that must be taken into account. Specially,
the maximum displacement of the particles between two consecutive frames has to be smaller than their
radius. Otherwise they could not be tracked, as it will be explained below. In addition, each particle
must comprise a sufficient number of pixels (at least 30 in diameter) so that the centroids are detected
with enough accuracy. The calculation of the real length of a pixel is extracted from a photograph of
a ruler taken with the empty silo (such as the one of Fig. 2.10). From this, the relation pixel-cm is
calculated by determining the number of pixels between two marks of the ruler stood. Finally, the silo
is filled, the conveyor belt is set at the desired velocity (if the experiment includes it) and the videos
are recorded while the material is flowing. In some occasions, several films are acquired to increment
the amount of data, and therefore reduce the uncertainty. Once this is done, the centers are detected
and the kinematic variables are determined by means of the image processing method explained in next
section.
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Figure 2.10: Typical snapshot used to calculate the pixels-centimeters equivalence.

Image processing techniques

The pictures suited to be treated by a computer must have a digital format, what means that they are
expressed in matrix form. The elements of those matrices are called pixels (picture elements). In general,
pixels in monochrome images take values between 0 and 255, which are called gray levels. On the
contrary, the colour images are composed by three 𝑛 × 𝑚 matrices, one for each RGB (red, green and
blue) channel.

The final objective of the image processing techniques in this work is the calculation of different
magnitudes that characterize the dynamics of the system, such as particle velocity fields, solid fraction
fields or flow rate. In all cases, it is necessary to determine the centers of all particles in each
frame. The process of extracting certain information from a picture is known as segmentation, and its
accomplishment supposes the application of some transformations to the original image. First, it should
be stressed that the correct detection of the centers and all the subsequent magnitudes requires that
the films are taken with sufficiently good quality. For instance, the surfaces must be kept clean, the
illumination must be correct and the possible shines or deformations of the particles in the images due
to diffraction must be avoided.

The procedure followed to determine the centers, carried out with the MATLAB®software, is dis-
played in Fig. 2.11. Starting from a single frame of the video (a), the first step is the binarization of
the image. This function transforms an image with 256 gray levels to a binary one with only two (black
and white). To do that, all the pixels with a value above a certain threshold 𝑝1 are given a value of
one, and all the pixels below it, are set to zero:

⎧{
⎨{⎩

0, if 𝑝𝑖𝑥 ≤ 𝑝1,
1, if 𝑝𝑖𝑥 > 𝑝1,

(2.2)

where the value of 𝑝1 is decided using the method of trial and error. The result of this transformation
is shown in Fig. 2.11 (b). In case that the original frame was a colour image, it is necessary to
previously convert it to a grayscale one. For this, a MATLAB®function provides the relation 𝑝𝑖𝑥 =
0.299𝑅∗ + 0.587𝐺∗ + 0.114𝐵∗ [83], where 𝑅∗ , 𝐺∗ and 𝐵∗ are the pixel values of each RGB channel.
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Figure 2.11: Photograph of (a) a frame taken from a video and the results after performing successive
transformations to it: (b) Binarization of the image. (c) Inversion. (d) Erosion. (e) Removal of the objects
in contact to the contour. (f ) Computation of the centroids indicated by blue circles. (g) Reconstruction
of the particles over the original frame. The red plus signs are the centroids while the blue circles
correspond to the edges of the particles. (h) Solid fraction calculation at the outlet line. The positions
at which the solid fraction is 1 are coloured in green. (i) Calculation of the velocities, represented with
blue arrows.
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From the binarized image, the MATLAB®software allows recognizing sets of connected points with a
value of 1 as single objects. In addition, it is able to calculate their centroid by means of a function that
essentially computes the geometrical center of the aforementioned objects. Therefore, the goal here is to
modify the image in order that each particle corresponds to a single object that permits the calculation
of its geometrical center.

After the binarization of the images, the particles are black, i.e. their pixels have a zero value. As
they need to be white in order to be segmented, the next step is the inversion of the image. With this
transformation, ones and zeros are switched and now the pixels of the particles will be white as shown
in Fig. 2.11 (c):

⎧{
⎨{⎩

0, if 𝑝𝑖𝑥 = 1,
1, if 𝑝𝑖𝑥 = 0.

(2.3)

In the resulting image, some of the particles are in contact to each other or to the boundary ele-
ments (the wedge-shaped pieces that define the outlet). The determination of the centers by using the
MATLAB®function requires that each object is completely isolated from others, i.e. that it is totally
surrounded by zeros. Then, the separation of the particles is achieved by means of a morphological
image processing operation called erosion. Essentially, it starts from a binary image 𝐼 in which pixels
supposedly belonging to objects of interest are marked with ones and the background is set to zero.
Morphological operations usually involve an structuring element or kernel that will be called 𝐾. Kernels
are binary matrices of odd dimensions 𝑚 × 𝑛 (so that their centre lies at a particular element), in which
a specific group of points are defined by means of ones while all other elements are set to zero. This
often defines a neighbourhood to the central element having a geometrical shape close to the objects
that one aims to detect in the original image, hence the term structuring element. This, however, is not
a requirement, so structuring elements can be defined as any odd-dimension array of ones and zeros.
Remark that sometimes kernels are defined so that the addition of all its elements is normalized to one;
we will consider instead that 𝑁 = ∑𝑘,𝑙 𝐾(𝑘, 𝑙) can be any natural number.

The erosion operation can be defined as follows. Objects in 𝐼 touching the borders are removed,
and the image borders are padded with zeros to add (𝑚 − 1)/2 and (𝑛 − 1)/2 pixels along the vertical
and horizontal sides respectively. The erosion operation is performed on every pixel of 𝐼 (excepting the
added borders). First, a submatrix 𝑀𝑖,𝑗 of 𝐼 having the same dimensions than 𝐾 and centered at the
pixel under consideration 𝐼(𝑖, 𝑗) is taken. Then the quantity

𝑃(𝑖, 𝑗) = ∑
𝑘,𝑙

𝑀𝑖,𝑗(𝑘, 𝑙) ⋅ 𝐾(𝑘, 𝑙) (2.4)

is calculated. Note that 𝑃 does not involve a matrix product but it is instead an element wise mul-
tiplication of the overlapping elements of 𝑀 and 𝐾. This is similar to the operation performed in a
convolution, except that the kernel is not displaced along the matrix.

Two cases can be found: either 𝑃 = 𝑁 if the values of all the neighbours of pixel (𝑖, 𝑗) and the pixel
itself are 1 in the binary image 𝐼, or 𝑃 < 𝑁 if at least one neighbour of the considered pixel, or the
pixel itself, are part of the background (therefore equal to zero). The neighbourhood is defined by the
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structuring element 𝐾. The operation is repeated for every pixel in 𝐼. The eroded image is defined as

𝐸(𝑖, 𝑗) =
⎧{
⎨{⎩

1, if 𝑃(𝑖, 𝑗) = 𝑁,
0, if 𝑃(𝑖, 𝑗) < 𝑁.

(2.5)

Note that 𝐸(𝑖, 𝑗) will be 1 if and only if the pixel 𝐼(𝑖, 𝑗) and all its neighbourhood (as defined by 𝐾) are
equal to 1, meaning, they belong to an object. Therefore, this operation will delete from 𝐼 the pixels at
the border of objects, hence the name erosion.

In this case, as the aim is to detect circles, the shape described by the structuring element will be
(approximately) a disk of radius 𝑅𝑘 . The kernel is therefore defined so that the elements of 𝐾 will be
1 if the distance to the center is smaller or equal than 𝑅𝑘 , and 0 otherwise. For instance, a disk of
𝑅𝑘 = 1 (the set sometimes called first neighbours) is

𝐾 =
⎡
⎢
⎢
⎣

0 1 0
1 1 1
0 1 0

⎤
⎥
⎥
⎦

(2.6)

while a disk of 𝑅𝑘 = 3 is

𝐾 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 1 0 0 0
0 1 1 1 1 1 0
0 1 1 1 1 1 0
1 1 1 1 1 1 1
0 1 1 1 1 1 0
0 1 1 1 1 1 0
0 0 0 1 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.7)

and so on.
After the operation, the objects become thinner versions of the original ones, since the only pixels

that resisted the erosion are those in the core. It should be noted that the size of structuring element
chosen must be sufficiently large to preserve the circular form of the objects, and sufficiently small so
that the particles do not disappear after this operation. In particular, the radius 𝑅𝑘 of the structuring
element chosen has a typical size between half and three quarters of the particle radius in pixels. The
result of this operation is observed by comparing Fig. 2.11 (c) and Fig. 2.11 (d), where all the particles
are segmented. The last step before calculating the centers is to remove the objects that are in contact
with the image borders. In this way, both the silo boundaries (steel pieces), and the particles that only
appear partially in the image (whose centroid would be mistakenly calculated) are erased in the image
(see Fig. 2.11 (e)). Once this is done, the center of each particle is calculated as the mass center of
each isolated object as displayed in Fig. 2.11 (f ). The uncertainty associated to the determination of
the particle centers is difficult to determine, since the error sources are diverse: the illumination, the
relative position of the beads, the number of pixels per grain, etc. As an approach, I estimate it as a type
B standard uncertainty according to Ref. [84], considering the discretization level of the system, which
corresponds to one pixel. Following this guide, the data would distribute uniformly over an interval
defined by this resolution with a standard uncertainty that is calculated as the discretization level (a
pixel in this case) divided by √12. The influence of this uncertainty in other magnitudes like the velocity
will be explained in detail in next chapters.
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Once the centers of the grains have been determined, it is possible to make a reconstruction of
the particles over the original frame since the real diameter of the particles is known (see Fig. 2.11
(g)). Then, given the position of the center (𝑥𝑐 ,𝑧𝑐) of each particle of radius 𝑟𝑝 , its contribution to
the solid fraction at the outlet line is obtained as the overlap between that line and the projection of
the reconstructed particles. Those overlaps are calculated as circumference chords by using a simple
trigonometric relation, 𝑐 = √𝑟2

𝑝 + 𝑧2
𝑐 . Then, the outlet line is represented as an array of as many

elements as required. After that, the elements of this array that correspond to the overlaps with the
particles (which are segments of center 𝑥𝑐 and length 𝑐) are filled with ones, and the rest with zeros. This
array, displayed in green in Fig. 2.11 (h), represents the parts of the outlet line that are occupied at that
frame. Furthermore, if the arrays of successive frames are concatenated vertically and are represented
as a binary image, it is possible to build a space-time diagram like the one shown in Fig. 2.12 (a).
These type of diagrams give a visual idea of the velocity profiles and other flow features of the system.
For instance, when the particles appear as big spots it means that they spent more time in crossing
the outlet line than when they appear as small spots. Finally, to calculate the solid fraction profile the
arrays are averaged over the total number of video frames as shown in Fig. 2.12 (b). Importantly, with
this method the only error associated to the calculation of the solid fraction is the one coming from
the determination of the particles centers. It should be remarked that the space-time diagrams of the
films could be obtained also from a direct binarization of the video images. However, a solid fraction
calculated as the average of the arrays conforming these diagrams would be strongly dependent on the
threshold used to binarize the image. The reconstruction of the particles performed in this research
eliminates this error source.

Figure 2.12: (a) Space-time diagram for a free silo discharge with an orifice size of 𝐷 = 3.4 cm. (b)
Surface solid fraction profile obtained from the average of the whole space-time diagram over all frames.

The calculation of velocities requires to label each particle and link it to the same particle in the
next frame, a procedure that is known as tracking. Once this is done, the vector velocities are calculated
as the center displacements divided by the time interval between two frames, 𝑑𝑡 = 1/𝑓 𝑝𝑠. The tracking
of particles is carried out by considering all the particle centers every two consecutive frames, and
evaluating the distances, in pairs, among all of them. Then, the pairs of centers whose distance is less
than a particle radius are considered as the same particle in both consecutive frames. Due to this, the
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frame rate must be previously chosen so that the particles never move more than a particle radius in
the time interval 𝑑𝑡. Otherwise, there would be an indetermination and the particle tracking would turn
out to be impossible. This is explained in Fig. 2.13, where two possible scenarios are displayed. In
both of them the particles of the first frame are represented in black and the ones of the second frame
in blue. In picture (a) the particles travel a short distance (less than a radius) and the association is
clear. Contrarily, if the particles travel a longer space from one frame to the next (picture (b)), there is
no way to discern which bead in the second frame corresponds to which one in the first.

Figure 2.13: Two different situations when addressing the tracking of particles. The black circles
represent the particles in one frame and the blue circles the particles in the next one. In (a) the
particles travel a short distance from one frame to the next and the association is evident. In (b) they
travel a longer distance and the tracking is not possible.

Finally, the measurement of the flow rate through the outlet is accomplished by registering the
number of centers that cross the orifice line at 𝑧 = 0 or, in practical terms, by computing the number of
centers that are above that line in one frame and below it in the next. The ratio between that number
and the total time of the recorded video is the mean flow rate.

Continuous coarse-grained fields of several magnitudes

The analysis of the videos produced a big amount of velocity data associated to position vectors; that
is, to single points in plane. Then, the computation of derived magnitudes and their posterior analysis
makes necessary the construction of fields where these magnitudes are defined in the whole plane. One
way to implement this task is to divide the space in cells and find the average of all the particles that fall
within each cell. This method assumes that the magnitudes are associated only to the particle centers;
however, the particles are not point-like and they cover an area that must be taken into account. A
more sophisticated procedure consists in the implementation of a coarse-graining tool developed in Ref.
[85], and tested in Ref. [86] for granular silo flow. This approach permits the calculation of continuous
maps of certain magnitudes from discrete systems by extending the values to the desired surrounding
area using the appropriate weight function. In other words, this technique will allow the fields to be
defined in all the plane and not only at the particles mass center. Moreover, from the continuous fields
it is possible to take spatial derivatives to calculate other magnitudes like accelerations or the kinetic
stress tensor.
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From the position vector of the particles centers ⃗𝑟𝑖(𝑡), the microscopic density 𝜌𝑚𝑖𝑐( ⃗𝑟, 𝑡) of a discrete
system of particles is defined as follows:

𝜌𝑚𝑖𝑐( ⃗𝑟, 𝑡) = ∑
𝑖

𝑚𝑖𝛿( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) (2.8)

where 𝛿( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) is the Dirac delta, and 𝑚𝑖 is the mass of the 𝑖 particle. By replacing the delta
function by an integrable coarse-graining function Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) it is possible to define a non-singular
macroscopic density 𝜌( ⃗𝑟, 𝑡) in this way:

𝜌( ⃗𝑟, 𝑡) = ∑
𝑖

𝑚𝑖Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)). (2.9)

From Eq. 2.9 the surface solid fraction can be defined as follows:

𝜙𝑆( ⃗𝑟, 𝑡) =
𝐴𝑝

𝑚𝑝
𝜌( ⃗𝑟, 𝑡) = 𝐴𝑝 ∑

𝑖
Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) (2.10)

where 𝑚𝑝 is the mass of one particle and 𝐴𝑝 is its cross-sectional area. The coarse-graining function
Θ that appears in the equations has to fulfil some properties. In particular, it must be semi-defined
positive and normalizable, with the aim that the integral over all the plane remains the same with this
transformation. Furthermore, the function must include a characteristic width 𝑤 that accounts for the
extent with which the magnitude is spread.

Then, by means of the application of Θ( ⃗𝑟− ⃗𝑟𝑖(𝑡)), a microscopic density defined only in few points of
the space has been transformed into a macroscopic one defined in most of the plane. Some examples of
standard coarse-graining functions are the 2D Gaussian function and the 2D Heaviside function, whose
form is respectively:

Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) = 1
2𝜋𝑤2 exp (−| ⃗𝑟 − ⃗𝑟𝑖(𝑡)|/2𝑤2) (2.11)

Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) = 1
𝜋𝑤2 𝐻(𝑤 − | ⃗𝑟 − ⃗𝑟𝑖(𝑡)|). (2.12)

In this work, both functions have been used alternatively depending on the situation. As an example,
Fig. 2.14 shows the solid fraction coarse-grained maps of the single frame at panel (a) for both cases,
using the 2D Gaussian (panel (b)) and the 2D Heaviside (panel (c)) functions. The use of a 2D Gaussian
function with the adequate value of 𝑤 warrants that, for sufficiently dense systems, all the interparticle
space has a non-zero value in every frame. However, the magnitudes may take finite values beyond
the boundary elements (walls, bottoms, etc.), an issue that can be minimized by implementing some
strategies that address the coarse-graining computation in presence of walls [87]. In practice, the values
of the Gaussian coarse-graining function are cut off for distances larger than 3𝑤 from the particle
centers. This procedure, carried out in order to save computation time, is possible since the contribution
of the Gaussian function beyond that distance is negligible. If the coarse-graining function used is a
2D Heaviside with 𝑤 = 𝑟𝑝 , it is assured that the density takes a value of 0 beyond the boundaries, but
the interstitial space is not filled if only one frame is considered. Nonetheless, it is possible to build
a field with all the points defined by performing averages over a sufficiently large time so that all the
plane is covered during that time interval.
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Figure 2.14: (a) Single frame of the grains flowing through the orifice. The red plus signs indicate
the centers of the particles. (b) Surface solid fraction field after using Eqs. 2.9 and 2.10 with a 2D
Gaussian function (Eq. 2.11) as a coarse-graining function with 𝑤 = 𝑟𝑝 . (c) The same, but using a 2D
Heaviside function (Eq. 2.12) with 𝑤 = 𝑟𝑝 .



48 Materials and Methods

Continuing with the description of coarse-grained magnitudes, the momentum density field ⃗𝑝( ⃗𝑟, 𝑡) is
computed by making use of the continuity equation:

𝜕𝜌( ⃗𝑟, 𝑡)
𝜕𝑡 = −

𝜕𝑝𝛽( ⃗𝑟, 𝑡)
𝜕𝑟𝛽

(2.13)

where 𝜕
𝜕𝑟𝛽

refers to a divergence as it is expressed in the Einstein index notation. The expression for
⃗𝑝( ⃗𝑟, 𝑡) is calculated from the time-derivative of the coarse-grained density and its identification to Eq.

2.13:

𝜕𝜌( ⃗𝑟, 𝑡)
𝜕𝑡 = 𝜕

𝜕𝑡 ∑
𝑖

𝑚𝑖Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) = − 𝜕
𝜕𝑟𝛽

∑
𝑖

𝑚𝑖𝑣𝑖𝛽Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) = −
𝜕𝑝𝛽( ⃗𝑟, 𝑡)

𝜕𝑟𝛽
. (2.14)

Then, the coarse-grained momentum density is:

⃗𝑝( ⃗𝑟, 𝑡) = ∑
𝑖

𝑚𝑖 ⃗𝑣𝑖Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) (2.15)

and the coarse-grained velocity �⃗�( ⃗𝑟, 𝑡) is defined as the quotient between the momentum density and
the macroscopic density:

�⃗�( ⃗𝑟, 𝑡) = ⃗𝑝( ⃗𝑟, 𝑡)
𝜌( ⃗𝑟, 𝑡) =

∑𝑖 ⃗𝑣𝑖Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡))
∑𝑖 Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) (2.16)

Next, an expression for a coarse-grained stress tensor is computed by performing a similar calculation
but using the momentum conservation equation, which has the following form:

𝜕𝑝𝛼
𝜕𝑡 = − [𝜌𝑉𝛼𝑉𝛽 − 𝜎𝛼𝛽] . (2.17)

Then, the stress tensor components 𝜎𝛼𝛽 are obtained by computing the time derivative of the momentum
density (Eq. 2.15) and, after a long calculation [85], identifying the result to Eq. 2.17:

𝜎𝛼𝛽 = −1
2 ∑

𝑖,𝑗
𝑓𝑖𝑗𝛼𝑟𝑖𝑗𝛽 ∫

1

0
𝑑𝜒Θ( ⃗𝑟 − ⃗𝑟𝑖 + 𝜒 ⃗𝑟𝑖𝑗) − ∑

𝑖
𝑚𝑖𝑣′

𝑖𝛼𝑣′
𝑖𝛽Θ( ⃗𝑟 − ⃗𝑟𝑖). (2.18)

In this equation, 𝑓𝑖𝑗 is the force with which the particles 𝑖 and 𝑗 interact and ⃗𝑣′
𝑖 = ⃗𝑣𝑖 − �⃗� refers to the

velocity fluctuation of the particle 𝑖 over the coarse-grained velocity. As it is observed, Eq. 2.18 is
composed of two terms and can be expressed as 𝜎𝛼𝛽 = 𝜎𝑐

𝛼𝛽 + 𝜎𝑘
𝛼𝛽 . The first term, 𝜎𝑐

𝛼𝛽 , is called contact
stress since it evaluates the contribution of the interparticle forces in the system. The second one, 𝜎𝑘

𝛼𝛽 ,
is called kinetic stress as depends on the velocity fluctuations of the single particles with respect to a
macroscopic velocity field, and it is negligible for a quasi-static motion. From the point of view of this
experiment, the access to the interparticle forces values is unfeasible, so the contact part 𝜎𝑐

𝛼𝛽 of the
stress tensor cannot be calculated. For this reason, the only term of 𝜎𝛼𝛽 studied in this work has been
the kinetic stress 𝜎𝑘

𝛼𝛽 .
In practice, the coarse-graining is implemented starting from the positions and velocities of the beads

in each frame; i.e. the vectors ⃗𝑟𝑖 and ⃗𝑣𝑖 extracted from the particle tracking of the films. To build the
maps of magnitudes, the plane, which is approximately the visual field of the frames, is discretized in
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cells of a determined size in such a way that each cell corresponds to a small square within the silo
region. The smaller the cell size, the higher is the resolution and the larger is the computation time. For
these analyses, a cell size of 0.01 cm has been chosen, which corresponds to an area of around 1250
cells per particle. Then, the coarse-grained magnitudes are computed from ⃗𝑟𝑖 and ⃗𝑣𝑖 in the positions of
the cells by means of the equations described above. In particular, I have focused on the analysis of the
surface solid fraction, the vertical velocity and the kinetic stress. For each magnitude, the result of the
computation is a series of time-dependent maps comprising the total duration of the videos analyzed. To
study the solid fraction and the vertical velocity, time-averaged fields of the magnitudes are computed
over the total number of frames in a film; i.e. 𝜙𝑆( ⃗𝑟) = ⟨𝜙𝑆( ⃗𝑟, 𝑡)⟩ for the surface solid fraction and
�⃗�( ⃗𝑟) = ⟨ ⃗𝑣( ⃗𝑟, 𝑡)⟩ for the velocity field. For the case of kinetic stress, the interest of its computation
resides in its relative spatial variation rather than in the absolute value. Considering this and for the
sake of simplicity, the mass has not been included in the calculations. Therefore, the magnitude 𝜎𝑘 ,
which accounts for the two-dimensional projection of the kinetic stress tensor trace, is calculated in this
way:

𝜎𝑘( ⃗𝑟, 𝑡) = ∑
𝑖

[𝑣′2𝑖𝑥 + 𝑣′2𝑖𝑧] Θ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) (2.19)

where the vectors ⃗𝑣′𝑖 = ⃗𝑣𝑖 − �⃗�( ⃗𝑟𝑖) stand for the velocity fluctuations over the mean velocity field �⃗�( ⃗𝑟).
Indeed, to underline the lack of physical sense of projecting a 3D mass onto a surface, the maps of 𝜎𝑘

are expressed in this work in arbitrary units instead of 𝑠−2 , which are the units that result from the
computation of Eq. 2.19. Finally, the kinetic stress is also averaged over all the frames of the film,
resulting in 𝜎𝑘( ⃗𝑟) = ⟨𝜎𝑘( ⃗𝑟, 𝑡)⟩.
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Chapter 3

Gravity-driven flow in the silo discharge:
the influence of particle size

In this chapter, the flow features of the silo discharge under the sole action of gravity are characterized.
This analysis will serve to establish a reference to compare the experiments involving the conveyor belt.
In particular, some kinematic and dynamic magnitudes of the system have been computed for a wide
range of apertures, which go from 𝐷 = 8.92 cm ≈ 22𝑑𝑝 (the maximum orifice size achievable due to the
experiment limitations), to 𝐷 = 1.72 cm ≈ 4𝑑𝑝 (an orifice in which the possibility of finding a clog is
rather high).

First, the study is focused in the kinematics just at the outlet. Specifically, the profiles of vertical and
horizontal velocity (Section 3.1), and solid fraction (Section 3.2) are measured at the exit line (𝑧 = 0).
Then, their dependence on the orifice size is obtained by evaluating these magnitudes at the orifice
center (𝑥 = 0) as function of 𝐷. All these data are used to calculate the flow rate via integration of the
profiles (by making use of the framework proposed by Janda et al. [62, 79]), which is compared to the
experimental values in Section 3.3.

As the experimental system of this work contains bigger particles (𝑑𝑝 = 0.4 cm) than the ones used
by Janda et al. (𝑑𝑝 = 0.1 cm), the results of both scenarios are compared. Then, in Section 3.4, diverse
magnitudes are measured not only at the outlet lines but also in a larger region above the outlet.
The application of the coarse-graining tool exposed in Section 2.5 will allow building some fields and
understanding the origin of the effect of discharging a silo with particles of different sizes. In this
direction, Section 3.5 aims at linking the features observed in the coarse-grained fields with the profiles
at the outlet line. Finally, Section 3.6 exposes the main conclusions of this chapter whose results were
mostly published in Ref. [88].

3.1 Velocity of the particles at the exit

First, as an example, I present an analysis of the velocity data at the exit in a gravity driven discharge
for an outlet size of 𝐷 = 3.44 cm. Fig. 3.1 (a) displays the single vertical velocities 𝑣𝑖𝑧 corresponding
to ten different discharge recordings. For this experimental condition, the videos have a duration of
around 6 seconds and were taken with frame rate of 1000 frames per second. In Fig. 3.1 (a), only
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the velocity values for which the center of the particle is above the exit line (𝑧 = 0) in one frame and
below it in the next one are represented. These data exhibit a cloud of negative velocity values (all the
particles move downwards) with a notable dispersion which is a consequence of the discrete nature of
the material and the collisions among particles. Clearly, the trend in the 𝑥-direction reminds the shape
of the profiles reported by Janda et al. in Ref. [62].

With the aim of studying the spatial dependence of the velocity distributions, the data have been
grouped in bins of Δ𝑥 = 0.1 cm. The mean values, denoted as 𝑣𝑧(𝑥), are represented with black empty
squares in Fig. 3.1 (a), whereas the error bars represent the standard deviations of the distributions in
each bin.
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Figure 3.1: (a) Point cloud of the vertical velocity data as function of 𝑥 for an outlet size of 𝐷 = 3.44 cm.
The black empty squares are the mean of the data when the points are averaged in bins of Δ𝑥 = 0.1 cm.
The black error bars associated with these points are the standard deviations of the distributions in
each bin, whereas the yellow error bar is the standard uncertainty coming from the centers detection.
(b) Bar chart of the number of data in each bin for the point cloud of panel (a). (c) Histograms of vertical
velocities for the bins centered at 𝑥 = 0 and 𝑥 = 1.5 cm of the point cloud of panel (a).
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Apart from the uncertainty associated to the dispersion of the data, the uncertainty associated to the
particles center detection should be considered. Each vertical velocity is calculated as 𝑣𝑖𝑧 = Δ𝑧𝑝

𝑑𝑡
1

𝑝𝑐𝑚
;

where Δ𝑧𝑝 is the vertical particle displacement in pixels obtained from the image processing analysis,
𝑝𝑐𝑚 is the pixel-centimeters relation in the frames, and 𝑑𝑡 = 1/𝑓 𝑝𝑠 is the the time between two
consecutive frames (the inverse of the frame rate). The uncertainty associated to 𝑑𝑡 can be safely
ignored, and for the typical values of these parameters in the experiments, the term relative to the
uncertainty of 𝑝𝑐𝑚 is also negligible with respect to the uncertainty 𝜎𝑝 associated to Δ𝑧𝑝 . Then, the

combined standard deviation is calculated as 𝜎𝑣𝑧
= √( 1

𝑑𝑡⋅𝑝𝑐𝑚
)

2
𝜎2

𝑝 . Assuming that the determination
of the center position in two consecutive frames is submitted to the same error sources, the uncertainty
associated to the displacement can be identified as a type B one according to [84]. Hence, the uncertainty
will be determined by the resolution divided by √12; i.e. 𝜎𝑝 = 1

√12 pix if the discretization level of
the frame (a pixel) is taken as the system resolution. Taking the typical values of the parameters used
in this section, 𝑝𝑐𝑚 = 97.3 pix/cm and 𝑑𝑡 = 1/1000 s, the result of the previous expression gives a
value of 𝜎𝑣𝑧

= 3.0 cm/s. This uncertainty is represented with a yellow error bar in Fig. 3.1 (a), and is
considerably smaller than the standard deviations obtained from the distributions. Consequently, the
dispersion of the data observed in this panel mainly comes from the collisional regime rather than from
the uncertainty of the centers detection. Even so, the uncertainty of the average value for each bin also
becomes very small as the standard error is calculated with a large amount of data.

With the aim of proving this, the number of velocity values in each bin is represented in the bar
chart of Fig. 3.1 (b). Remarkably, the values range between 1000 and 2500, and follow a similar trend
that the values of 𝑣𝑧(𝑥): decreasing as getting away from the center, except just in the bin close to the
edges. Concerning this region, there is a large number of beads that fall near the edges of the steel
pieces that define the outlet, a phenomenon that was already reported in Ref. [79]. In any case, all
bins contain a sufficient number of points to ensure reliable statistics. Indeed, the confidence interval of
each mean value in the profile, calculated as the standard deviation over the square root of the number
of data, becomes smaller than the size of the black squares in Fig. 3.1 (a). The minimization of this
standard error is the reason for which the data were obtained from several films and not from only one.

Focusing now in the mean velocity values in Fig. 3.1 (a), it is evident that the velocity becomes
smaller near the edges, but the dispersion seems to increase a little. In order to delve into the 𝑣𝑖𝑧
distributions in each bin, the histograms for the mid bin (centered at 𝑥 = 0) and for a bin close to the
edge (centered at 𝑥 = 1.5 cm) are displayed in Fig. 3.1 (c). The distribution of the data for the edge
case is a bit broader; however, both of them exhibit a Gaussian-like trend. Furthermore, I have checked
that the distributions do not change considerably neither with time nor for different films. Therefore, it
can be stated that the estimations for the values of 𝑣𝑧(𝑥) displayed in Fig. 3.1 (a) are well determined
since the distributions are of Gaussian type, the values are steady and the standard error is small
enough. The same argument can be used when dealing with the horizontal velocities (𝑣𝑥) as introduced
below.

Figure 3.2 presents the vertical (a) and horizontal (b) velocity profiles for eleven different outlet
sizes, obtained in the same way than the one explained above. Each profile has been constructed by
processing and averaging the data from ten videos taken at 1000 fps, each of which has a duration
between 3 and 9 seconds depending on the experimental conditions. Figure 3.2 (a) shows that the
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Figure 3.2: (a) Vertical velocity profiles as function of 𝑥 for the orifices sizes indicated in the legend.
(b) Horizontal velocity profiles as function of 𝑥 for the same outlet sizes.

vertical velocity profiles have a similar shape for all values of 𝐷, growing in magnitude as 𝐷 increases.
For the horizontal case, however, all the data appear to collapse in a straight line with negative slope.
In this graph the velocities are defined in such a way that positive values of 𝑣𝑥 represent velocities
towards the right, and negative velocities towards the left. Then, Fig. 3.2 (b) shows that the particles
move always towards the center of the outlet. Given the linear trend that the horizontal velocity profiles
appear to follow, they have been fitted by means of a linear expression with zero intercept; that is:

𝑣𝑥 = −𝐵𝑥 (3.1)

where 𝐵 is a fitting parameter. Fig. 3.3 shows in black squares the fitting values of 𝐵 as function of the
orifice size. The outcomes barely change with 𝐷 (what could already be deduced since the collapse
in Fig. 3.2 (b) is noteworthy) although their trend is slightly decreasing. Furthermore, to compare
these results to the ones obtained for a different particle size, the same analysis has been performed
with data gathered in the experiments reported in [62, 79] for 𝑑𝑝 = 0.1 cm. Similarly to the results for
𝑑𝑝 = 0.4 cm, the horizontal profiles for 𝑑𝑝 = 0.1 cm exhibit a negative linear trend with 𝑥, so Eq. 3.1
has been also used to fit the data in this case. The values of 𝐵 obtained are presented with red empty
circles in Fig. 3.3 revealing a more important dependence on 𝐷 and higher values overall. This reflects
that, near the outlet, the smaller particles move more markedly in the horizontal direction.

Coming back to the vertical velocity data, the profiles resulted to be self-similar and they can be
collapsed when representing 𝑣𝑧/𝑣𝑐 against 𝑥/𝑅 (Fig. 3.4). Furthermore, the collapsed data can be
fitted with Eq. 1.18 and an exponent value of 𝜇 = 2.7. Interestingly, this value is somewhat greater
than the value of 𝜇 = 2 reported by Janda et al. [62] for 𝑑𝑝 = 0.1 cm but very similar to the one
(𝜇 = 2.63 ± 0.27) reported by Zhou et al. [63] in their numeric work for bidisperse particles. Finally,
the results for the dependence of these profiles on the outlet size are displayed in Fig. 3.5. In particular,
the values of 𝑣𝑐 , obtained experimentally as the values of 𝑣𝑧(𝑥) at the central bin, 𝑥 ∈ (−0.05, 0.05) cm,
are represented against 𝐷. The data, which display a clear increasing trend, have been successfully
fitted with Eq. 1.22 obtaining a value of 𝛾 = 1.45. This is considerably larger than the one reported
by Janda et al. [62], 𝛾 = 1.1; and it is also above the value of 𝛾 = 1 corresponding to the traditional



Section 3.1 55

0 2 4 6 8 10
0

3

6

9

12

15

 

 

dp (cm) =
0.1
0.4

B
 (s

-1
)

D (cm)

Figure 3.3: Values of B (extracted from fittings of the horizontal velocity profiles with Eq. 3.1) as
function of the outlet size for two different particle sizes.
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Figure 3.4: Collapse of the vertical velocity profiles of Fig. 3.2 (a) when 𝑣𝑧/𝑣𝑐 is represented versus
𝑥/𝑅. The solid line is a fit of Eq. 1.18 with 𝜇 = 2.7.
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Figure 3.5: Vertical velocity at the outlet center as function of the outlet size for the particle sizes
indicated in the legend. The lines are fits of Eq. 1.22 with the values of 𝛾 reported in the text.

free fall arch theory. In general, the experimental data points follow the trend of Eq. 1.22 for all range
of values except for the two smallest outlet sizes. This fact, which was already pointed out in [79], is
probably consequence of the emergence of strong velocity fluctuations, which appear for small outlet
sizes due to the formation of unstable structures that partially clog the outlet.

In order to compare the behaviour of 𝑣𝑐 versus 𝐷 for different particle sizes, the experimental results
and the fit of Eq. 1.22 for 𝑑𝑝 = 0.1 cm (extracted from Ref. [62]) have been also included in Fig. 3.5.
Although only a small range of points share a similar outlet size, the values for 𝑑𝑝 = 0.1 cm are clearly
below the ones for 𝑑𝑝 = 0.4 cm; i.e. the vertical velocity of the particles increases for bigger particles,
the contrary that was observed when comparing the horizontal velocities.

3.2 Solid fraction at the exit

The profiles of the surface solid fraction at the exit line have been constructed with the method explained
in Section 2.5 and are displayed in Fig. 3.6. The curves are symmetric, and present a similar shape
among them, with a maximum at the center of the orifice, which appears to grow as the outlet size
increases. This behaviour resembles the one observed for the vertical velocity, although the solid
fraction profiles are slightly broader. In addition, these profiles present some ripples besides the edges,
reflecting the discrete nature of the granular system that produces some order near the boundaries. This
feature, which appears for all orifice sizes, extends until the center for the smallest outlets. Passing
over this second order phenomenon, it is possible to collapse all the curves by representing 𝜙𝑆/𝜙𝑆

𝑐
against 𝑥/𝑅 as is illustrated in Fig. 3.7. Then, the profiles are self-similar in the same way than the
velocity profiles studied in the previous section. Furthermore, they have been successfully fitted to Eq.
1.17 with an exponent of 𝜈 = 5, similar to the ones reported in the bibliography. In particular, Janda et
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Figure 3.6: Experimental profiles of surface solid fraction at the exit line as function of 𝑥 for the eleven
orifices sizes indicated in the legend.
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Figure 3.7: Collapse of the surface solid fraction profiles of Fig. 3.6 at the exit line when 𝜙𝑆/𝜙𝑆
𝑐 is

represented as function of 𝑥/𝑅. The turquoise solid line is the best fit of Eq. 1.17 with an exponent of
𝜈 = 5.
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Figure 3.8: Surface solid fraction at the center of the exit orifice as function of its size for the particle
sizes indicated in the legend. The symbols refer to experimental data whereas the lines are fittings of
Eq. 1.21 with the parameters exposed in the text.

al. [62] obtained the best fit with a value of 𝜈 = 4.54 whereas Zhou et al. [63] found a fitting exponent
of 𝜈 = 5.26 ± 0.27.

Finally, the experimental values of 𝜙𝑆
𝑐 , extracted from the average of the experimental data in

a central bin of Δ𝑥 = 0.1 cm, are represented against 𝐷 in Fig. 3.8. They show an increasing
trend with 𝐷, indicating that the material dilates to pass through the orifice when its size is reduced.
For large outlet sizes, the growth of 𝜙𝑆

𝑐 with 𝐷 becomes less pronounced, suggesting an asymptotic
behaviour. Qualitatively, this trend is similar to the one exhibited by the outcomes for the experiment
with 𝑑𝑝 = 0.1 cm beads [62] (included in Fig. 3.8 with empty circles). Interestingly, it is observed that,
for the same values of 𝐷, the decompaction is greater for the bigger particles (𝜙𝑆

𝑐 is smaller). Still,
the values of 𝜙𝑆

𝑐 have been successfully fitted with Eq. 1.21, obtaining fitting values of 𝜙𝑆
∞ = 0.83,

𝛼1 = 0.38 and 𝛼2 = 3.03 cm. Remarkably, the asymptotic value (𝜙𝑆
∞ = 0.83) is exactly the same

than the one obtained by Janda et al [62] for 𝑑𝑝 = 0.1 cm, and hence this parameter appears to
be independent on the particle size. However, the other two (𝛼1 = 0.38 and 𝛼2 = 3.03 cm) differ
considerably from the ones obtained for the 𝑑𝑝 = 0.1 cm particles (𝛼1 = 0.50 and 𝛼2 = 0.33 cm). These
values reflect the fact that, for 𝑑𝑝 = 0.1 cm, 𝜙𝑆

𝑐 tends to reach the asymptotic value for much smaller
outlet sizes. Unfortunately, there is not a trivial explanation that justifies this dependence of the solid
fraction profiles on the particle size.

3.3 Flow rate

In previous sections, the framework proposed by Janda et al. to describe the velocity and solid fraction
profiles [62] has been proven to be valid using particles of 𝑑𝑝 = 0.4 cm/s. Nevertheless, there are
some differences in the behaviour of the different particle sizes, which are reflected in the parameters
obtained when fitting the experimental data to the corresponding equations. Specifically, the most
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remarkable dissimilarities are found for the outlet size dependence of the velocity and solid fraction
values; gathering in general greater values of vertical velocity and smaller of solid fraction for larger
particles. Moreover, the study of the horizontal velocity profiles revealed that the movement in the
x-direction towards the outlet center is reduced for the larger particles.

In this section, the flow rate dependence on the orifice size is analyzed and related to the previously
studied profiles. In Section 1.4, the equation 1.25 reported by Janda et al. [62] for the flow rate in
particles per second was introduced. This was computed by considering the two-dimensional projection
of particles with surface density 𝜎𝑀 and omitting the third dimension in the y-direction. In this work,
the flow rate will be calculated in a subtle different way. To this end, the mass flow rate 𝑊 is going
to be computed instead of the particle flow rate 𝑊𝑏 . In addition, in order to compare different sizes of
particles enclosed in silos with different thicknesses, the expression for the flow rate will consider the
third dimension (the y-direction). First, the mass flux density vector is defined at the outlet as:

⃗𝐽 = 𝜌𝑀𝜙𝑉(𝑥) ⃗𝑣(𝑥) (3.2)

where 𝜙𝑉 is the three dimensional volume fraction. From it, the mass flow rate is computed as the
surface integral of ⃗𝐽 through the orifice area 𝐴1:

𝑊 = ∫
𝐴1

⃗𝐽 ⋅ ⃗𝑑𝑆 = ∫
𝐴1

𝜌𝑀𝜙𝑉(𝑥)𝑣𝑧(𝑥)𝑑𝑆 (3.3)

Using the general relation 𝜙𝑉 = 2
3𝜙𝑆 (see Appendix A), substituting the 𝜙𝑆 and 𝑣𝑧 terms by Eqs. 1.17,

1.18, 1.21 and 1.22, and solving the integral, the definitive expression for the mass flow rate reads:

𝑊 = 𝐶‴√𝑔[1 − 𝛼1𝑒−𝐷/2𝛼2]𝐷3/2 (3.4)

where 𝐶‴ = [2
3𝜌𝑀√𝛾𝜙𝑆

∞𝑇] 2𝐹1(1
2 , −𝜇+𝜈

𝜇𝜈 , 3
2 , 1), 𝑇 is the silo thickness and 2𝐹1 is the hypergeometric

function of Gauss. It should be remarked that Eqs. 1.25 and 3.4 are essentially the same, but the latter
includes the third dimension and is expressed in terms of the mass flow rate instead of the particle
flow rate. Notably, the particle size 𝑑𝑝 does not appear explicitly in Eq. 3.4. Therefore, possible
dissimilarities in the mass flow rate appearing in experiments with different particle sizes could come
from two sources. First, from the different silo thicknesses, which in this case coincide with the particle
size; and second, from the parameters associated to the velocity and solid fraction profiles, whose
differences have been evidenced in previous sections.

Having said that, the experimental mass flow rate for 𝑑𝑝 = 0.4 cm is represented as function of 𝐷
with black squares in Fig. 3.9 (a). These data have been directly obtained by counting the number of
particles crossing the orifice per unit time in the recorded videos. Remarkably, their behaviour is well
described by Eq. 3.4, represented by the solid line in Fig. 3.9 (a). It should be highlighted that this
is not the result of a fitting but the plot of Eq. 3.4 with the parameters obtained when studying the
vertical velocity and solid fraction profiles.

With the aim of comparing the flow rate for quasi-two-dimensional silos of different thicknesses in
the y-direction, (𝑇 = 𝑑𝑝 = 0.4 and 0.1 cm), I represented the flow rate divided by 𝑇 as function of
𝐷 in Fig. 3.9 (b). This normalization is necessary since both experimental setups have a thickness
equal to the particle size, and consequently the exit area for the study with 𝑑𝑝 = 0.4 cm is four times
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Figure 3.9: (a) Experimental mass flow rate as function of the outlet size. The solid line is Eq. 3.4
with the values of the parameters obtained from the analysis of the velocity and solid fraction profiles.
(b) The same, but normalizing the mass flow rate over the thickness of the silo, which coincide with
the particle size. In this chart the experimental (red circles) and analytical (brown dashed line) data
corresponding to Eq. 3.4 for the case of 𝑑𝑝 = 0.1 cm (extracted from Ref. [62]), are also included.

greater than the one for 𝑑𝑝 = 0.1 cm. From a practical point of view, the differences of 𝑊/𝑇 between
both cases in Fig. 3.9 (b) are minor. Indeed, for the range of orifice sizes studied, the contribution of
the vertical velocity (greater for bigger particles) and the contribution of the solid fraction (smaller for
bigger particles) seem to balance, and therefore the flow rate values become very similar. However,
if the trends are extrapolated to large values of 𝐷, the fitting curves of Eq. 1.21 in Fig. 3.8 suggest
that the solid fraction will reach the same asymptotic values for both cases. Yet, the vertical velocity
will be greater for bigger particles as it is appreciated in Fig. 3.5. Consequently, the 𝑊/𝑇 curve for
𝑑𝑝 = 0.4 cm particles will split upwards from the one for 𝑑𝑝 = 0.1 cm as evidenced in Fig. 3.9 (b).
In other words, the flow rate for big outlet sizes would be higher in discharges carried out with larger
particles. The origin of these results will be investigated in next sections.

3.4 Coarse-grained maps of different magnitudes

In order to investigate the source of the differences observed when changing the particle size, the
dynamics in the region above the orifice is studied in this section. To achieve this, it was necessary to
take new films of gravity-driven discharges with a broader visual field, focusing not only at the orifice
but also in a larger region above it. An example of a frame recorded is illustrated in Fig. 3.10. As it
is observed, the orifice is placed around three diameters above the frame bottom, and the visual field
covers a height of around 25 particle diameters.

In this analysis, five different outlet sizes are explored covering the same range than in the previous
study of the magnitudes at the exit. A single film of around four seconds was taken at 1000 fps for
each experimental condition. From each one, the centroids and velocities of all the particles have been
detected and the maps of different magnitudes have been built according to the coarse-graining method
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Figure 3.10: Example of a frame extracted from the film corresponding to the discharge for 𝐷 =
4.72 cm ≃ 12𝑑𝑝 .

explained in Section 2.5. In this case, a Gaussian coarse-graining function (Eq. 2.11) has been used
with a characteristic width 𝑤 equal to the particle radius.

The maps of the surface solid fractions for the five outlet sizes studied are shown in Fig. 3.11. For
the smallest outlet sizes, it is noticeable the emergence of two triangular regions besides the outlet
whose solid fraction is considerably higher than in the rest of the silo. This suggests the formation of
stagnant zones at both sides of the outlet, which consist in highly crystalized structures that can be
viewed as a natural hopper behaving similarly to a solid. Furthermore, in the inner part of these static
structures, there is a yellowish band. Presumably, these patterns indicate the existence of shear bands,
which appear when some granular layers slide over the particles in the stagnant region.

Figure 3.11: Set of maps of surface solid fraction for the five orifice sizes studied.

The maps of Fig. 3.11 also show the fluidization of the material as it approaches the exit for all
orifice sizes. Moreover, for the largest aperture (𝐷 = 9.18 cm), two zones of low solid fraction are
visible in blue at the inner part of the orifice edges (note that in that panel the orifice extends to the
whole x-axis). Interestingly, the size of these regions does not appear to be affected by the aperture
size. This could be related to the asymptotic behaviour of 𝜙𝑆 with 𝐷. Indeed, when the outlet size
is diminished to 𝐷 ≈ 12𝑑𝑝 , the two blue regions of low solid fraction join, and when 𝐷 is reduced
even more, the effect of the boundaries is magnified, leading the solid fraction at the outlet center to a
stronger decrease.
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Figure 3.12: Set of maps of vertical velocities expressed in cm/s, for the five orifice sizes studied. The
values below 3 cm/s are represented in a deeper tone of blue.

Next, Fig. 3.12 displays the set of maps of the vertical component 𝑉𝑧 of the coarse-grained velocity
for the same orifice sizes. First, it is confirmed that there is a stagnant zone that can be viewed as a
natural hopper. Indeed, the values below 3 cm/s, displayed in Fig. 3.12 with a deeper tone of blue, form
two lateral triangles with very low velocity. In addition, the maps show curved regions (just above the
exit) in which the particles considerably increase their velocity. At a glance, the shape of this region
seems to remain constant but its size grows with the orifice size. This suggests that the orifice size is
the only relevant scale affecting the kinematic features of the system, as it was reported in the analysis
of Rubio-Largo et al. [6] with 𝑑𝑝 = 0.1 cm particles. However, the isovelocity lines for 𝑑𝑝 = 0.1 cm
published in that article, although similar to the ones obtained here for 𝑑𝑝 = 0.4 cm, seem to be
slightly more rounded. Presumably, this is a consequence of the development of the natural hopper for
𝑑𝑝 = 0.4 cm, which was not so strongly marked when using the smaller particles.

Figure 3.13: Set of maps of the kinetic stress trace, expressed in arbitrary units (see text), for the five
orifice sizes studied.

Finally, the set of maps of the kinetic stress tensor trace 𝜎𝑘 is illustrated in Fig. 3.13. This
magnitude, which is calculated from the velocity fluctuations as explained in Section 2.5 also suggests
the existence of stagnant zones. Indeed, these regions display very low values of 𝜎𝑘 , which refer to the
practical absence of velocity fluctuations there. Another interesting feature observed in Fig. 3.13 is that
near the orifice edges there are two lobes whose magnitude increases with the orifice size. In general,
these patterns resemble the ones reported in [6], but some differences in the shape are observed. Indeed,
in this case the lobes point upwards and seem to be more elongated than for 𝑑𝑝 = 0.1 cm/s, which
appeared to be more rounded.
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3.5 Linking the coarse-grained maps with the horizontal profiles at the
outlet

Now, the aim is to test whether the qualitative features found for the 𝑑𝑝 = 0.4 cm particles in the
coarse-grained maps are consistent with the profiles gathered at the outlet line. To this end, I start
representing in Fig. 3.14 (a) the values of 𝜎𝑘 at the outlet center (𝑥 = 0) as function of 𝑧. As it is
observed, all the curves display a maximum for a value of 𝑧 that grows with 𝐷 and then, they decrease
as 𝑧 increases. Remarkably, the curves can be reasonably collapsed if 𝑧 is normalized by half the outlet
size 𝑅 (Fig. 3.14 (b)). In fact, all the curves peak almost at the same place (around 𝑧/𝑅 = 0.5), with the
only exception of the curve for the smallest 𝐷, whose maximum takes place in a slightly higher value
of 𝑧/𝑅. Furthermore, although the maximum values of 𝜎𝑘 for the different apertures are not exactly the
same, they are of the same order and the curves tend to collapse in a single one as 𝑧/𝑅 increases.

 D = 1.61 cm  4dp

 D = 3.12 cm  8dp

 D = 4.72 cm  12dp

 D = 6.38 cm  16dp

 D = 9.18 cm  23dp

(b)
 

 

k  (a
rb

. u
ni

ts
)

z (cm)

(a)

Figure 3.14: Vertical profiles of 𝜎𝑘 at the orifice center (𝑥 = 0) for the five outlet sizes indicated in the
legend. In panel (a) the profiles are represented against the height 𝑧 whereas in panel (b) this vertical
position is normalized with 𝑅.

The scaling of the 𝜎𝑘 profiles with the outlet size reproduces the behaviour observed in Ref. [6] for
smaller particles. As said in Section 1.4, in that article a new version of the free fall arch theory was
introduced, characterized by parabolic spatial distributions of both the stress and acceleration fields. In
particular, it was found that the positions at which 𝜎𝑘 – and also the velocity fluctuations – is maximum
described a parabolic region with the same shape that the traditional free fall arch. According to this,
the profiles at the exit are essentially determined by the shape of a collisional region above the orifice.
In order to test the validity of this idea, the height 𝑧∗ at which the 𝜎𝑘 fields of Fig. 3.13 is maximum
for each value of 𝑥 is displayed in Fig. 3.15. In this figure, both components of the position have been
normalized over 𝑅 since in principle this is the variable that governs the dynamics, both in the 𝑥- and
in the 𝑧-directions. There, a similar arch-shaped trend is observed for all values of 𝐷 except for the
smallest one, for which the peak is more marked and reaches a larger height. When the silo discharge is
carried out through orifices of this order (only four times greater than the particle diameter), the discrete
nature of the granular media becomes paramount. As mentioned in the introduction, for this 𝐷/𝑑𝑝 ratio
the system is able to form structures that produce non-Gaussian flow fluctuations and, eventually, the
flow stops if they are stable. Hence, the emergence of a different behaviour is not surprising for this
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Figure 3.15: Height at which the value of the kinetic stress is maximum for each value of the horizontal
coordinate, for the five outlet sizes indicated in the legend. The magnitudes are normalized over half
the outlet size in both axes. The solid line corresponds to Eq. 3.5, a function congruent with the new
concept of free fall arch using the exponent 𝜇 = 2.7 as exposed in the text.

reduced outlet size.
If, according to the new concept of free fall arch proposed in Ref. [6], the stress distributions have

the same shape than the original free fall arch described by Eq. 3.5, the region of maximum 𝜎𝑘 can be
connected to the velocity profiles at the outlet by means of the expression:

𝑧∗ ∼ [1 − (𝑥/𝑅)2]2/𝜇 . (3.5)

Eq. 3.5 is a function that represents the height from which the particles would start a free fall from repose
in order to recover the velocity profiles described by Eq. 1.18. For the experiments with 𝑑𝑝 = 0.1 cm
particles, the vertical profiles were fitted to Eq. 1.18 with a 𝜇 = 2 exponent [62]. Interestingly, with
this value of 𝜇, Eq. 1.18 adopts a circular shape and Eq. 3.5 a parabolic form. In other words, a
parabolic distribution of stresses leads to a circular profile of vertical velocities in that case. Here,
using 𝑑𝑝 = 0.4 cm, the exponent obtained has been slightly larger (𝜇 = 2.7). Nevertheless, this
difference in the 𝜇 values does not change the shape of Eqs. 1.18 and 3.5 by much. Thus, according to
the equations a stress distribution with a shape similar to a parabola should produce a velocity profile
whose shape is almost circular. Remarkably, with the exception of the case of 𝐷 = 1.61 cm, the rest of
the 𝑧∗ curves in Fig. 3.15 show a noteworthy agreement with Eq. 3.5; hence supporting the validity of
the new concept of free fall arch for this experiment with 𝑑𝑝 = 0.4 cm particles.

In order to confirm this interpretation, the profiles of the vertical acceleration (𝑎𝑐) at the outlet center
(𝑥 = 0) have been computed from the vertical velocity maps:

𝑎𝑐(𝑧) = 𝑑𝑉𝑐(𝑧)
𝑑𝑡 = 𝑑𝑉𝑐(𝑧)

𝑑𝑧
𝑑𝑧
𝑑𝑡 = 𝑉𝑐(𝑧)𝑑𝑉𝑐(𝑧)

𝑑𝑧 (3.6)
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where 𝑉𝑐(𝑧) are the values of the vertical component of the coarse-grained velocity at 𝑥 = 0 (the axis
defined by the orifice center). The derivative 𝑑𝑉𝑐

𝑑𝑧 has been calculated numerically by using a 𝑑𝑧 equal
to the discretization of the space performed to apply the coarse-graining method (𝑑𝑧 = 0.01 cm). These
profiles, normalized over the gravity acceleration 𝑔, are shown in Fig. 3.16 (a) for the five orifice sizes
studied.
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Figure 3.16: (a) Profiles of the particles vertical acceleration at 𝑥 = 0 normalized over the gravity
acceleration, against 𝑧, for the five orifice sizes indicated in the legend. (b) The same, but normalizing
the 𝑧-component by half the outlet size.

As expected, the 𝑎𝑐 profiles show that the particles acceleration increases gradually as the material
descends in the silo. This behaviour is the one predicted by the new concept of free fall arch and is
in contrast with the traditional one, which would give rise to step-like vertical profiles of acceleration.
Furthermore, it is observed that the experimental curves in Fig. 3.16 (a) reach values similar to 𝑔 at
𝑧 = 0. Interestingly, in two cases (𝐷 = 3.12 cm and 𝐷 = 4.72 cm) the acceleration values at the exit
line exceed the gravitational level. This result could be explained if the particles are ejected trough the
orifice after colliding with other ones, a scenario that is possible considering the collisional regime to
which the particles are subjected in the outlet region. Similarly to the 𝜎𝑘 profiles, the accelerations
also collapse when they are represented as function of 𝑧/𝑅 (Fig. 3.16 (b)). Indeed, these profiles of
𝑎/𝑔 against 𝑧/𝑅 were defined in Section 1.4 as ℱ(𝑍) with 𝑍 = 𝑧/𝑅, and 𝛾 can be calculated as the
integral of the profiles between zero and infinity according to Eq. 1.23. The values of 𝛾 obtained by
numerically integrating this expression and using the data of Fig. 3.16 are represented as function of
𝐷 in Fig. 3.17.

Before analyzing the obtained behaviour of 𝛾 versus 𝐷, let me remind that 𝛾 can be calculated also
from the experimental values of 𝑣𝑐 by making use of Eq. 1.22, either computing them individually for
each 𝐷 or adjusting Eq. 1.22 to the entire set of experimental data. The latter method was already
performed in Section 3.1, and the fitting yielded a value of 𝛾 = 1.45 (see Fig. 3.5). The values of 𝛾 as
function of 𝐷 obtained with these two alternative methods are displayed also in Fig. 3.17. Indeed, most
of the 𝛾 values obtained from the experimental velocity at the outlet center using Eq. 1.22 nicely agree
with the fitting value 1.45. Only for small outlet sizes, the values gathered are sensibly lower, probably
due to the formation of partial structures that alter the grains velocity for such small orifices. However,
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Figure 3.17: Values of 𝛾 against 𝐷, obtained by different methods: (1) full diamonds: from the integral
of Eq. 1.23 applied to the profiles of Fig. 3.16; (2) empty pentagons: from Eq. 1.22 and the experimental
data shown in Fig. 3.5. (3) dashed line: the value obtained when fitting the experimental data of Fig.
3.5 using Eq. 1.22.

all the 𝛾 calculated through the numerical integration of Eq. 1.23 fall below the data obtained from
Eq. 1.22. This can be partially explained due to the restricted visual field of the videos recorded. As a
consequence, the experimental 𝑎𝑐 profiles do not reach zero and the values of 𝛾 calculated through the
integral are underestimated. Moreover, this effect is magnified for big outlet sizes since the variable
over which the integral is computed is normalized by 𝑅 (𝑍 = 𝑧/𝑅) and the visual field is the same for
all the cases. Indeed, the considerable difference existing for the largest outlet sizes (𝐷 = 6.38 cm and
𝐷 = 9.18 cm) is attributed to this cause. The value for the smallest outlet size (𝐷 = 1.61 cm), although
notably lower than 1.45, is consistent with the trend followed by the values extracted from the profiles.
Finally, the results of 𝛾 for the intermediate orifice sizes (𝐷 = 3.12 cm and 𝐷 = 4.72 cm) are slightly
above 1.3 and can be considered as compatible with the fitting 𝛾 = 1.45 value. In any case, the 𝛾
values obtained for this experiment with 𝑑𝑝 = 0.4 cm are in general above 1.1, which was the value
reported for the discharges with particles of 𝑑𝑝 = 0.1 cm particles. Hence, the influence of the particle
size on the stress and acceleration fields, which in turn determines the velocity profiles at the outlet,
has become evident: for big particles a natural hopper develops at both sides of the orifice, leading to
large values of the exponent 𝛾 that, in turn, triggers an increase of the grains velocity at the outlet.

3.6 Conclusions

In this section, the profiles of solid fraction and vertical velocity and their connection with the flow
rate have been experimentally studied for a granular silo discharged solely under the action of gravity.
Notably, the theoretical framework proposed by Janda et al. in Ref. [62] has been validated for particles
of 𝑑𝑝 = 0.4 cm. Nevertheless, some disparity has been found, as it is reflected in the different fitting
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parameters of Eqs. 1.17, 1.18, 1.21 and 1.22. Generally speaking, for the range of outlet sizes studied,
the vertical movement is favoured for bigger particles at the expense of reducing the horizontal one
and the solid fraction. The differences encountered in the normalized mass flow rate resulted to be
practically negligible since the magnitudes that affect 𝑊 (the solid fraction and the velocity) balance
each other. The origin of the differences in the profiles was investigated by means of the analysis of
the coarse-grained maps of the solid fraction, the vertical velocity and the kinetic stress. In particular,
I unveiled the formation of two triangular structures with a considerable stability at both sides of the
outlet which were not appreciated to such extent for 𝑑𝑝 = 0.1 cm particles. This natural hopper appears
to modify the whole particle dynamics, and consequently the profiles at the exit become altered.

Additionally, the relationship between the different fields and the profiles at the exit was also tested.
For this, the 𝜎𝑘 and vertical acceleration profiles at the outlet center have been evaluated and related
to the 𝛾 values obtained from the velocity profiles. Interestingly, the hypothesis according to which
a curved region of maximum kinetic stress above the outlet determines the profiles shape is satisfied.
Indeed, the presence of a static region at both sides of the outlet seems to modify the acceleration and
𝜎𝑘 profiles. As a consequence of this, the value of 𝛾 becomes larger than one and the particles flow out
with a larger velocity. Interestingly, this is compatible with the results gathered in flow experiments with
real hoppers [89], where values of 𝛾 above one and increasingly dependent on the bottom angle have
been obtained. Furthermore, the self-similarity of the acceleration and 𝜎𝑘 profiles when representing
them against 𝑧/𝑅 suggests that it is the orifice size which mostly determines the particle dynamics, but
other properties of the system may be also important.

Remarkably, in this work I have shown that a change in the particle size induces an alteration
of the particle dynamics. However, a variation in the particle size entails also a modification of other
magnitudes, such as the particle mass, the fields of contact stress, or the local interparticle and particle-
wall forces. The effect of any of them may be behind the change in the dynamics, an issue that should
be further investigated in a future work.
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Chapter 4

Flow in a silo discharged with a conveyor
belt

This chapter is devoted to the study of the flow features when the silo is discharged by means of a
conveyor belt. The analysis performed is analogous to the one carried out before, in which the flow
features were studied for the discharge under the sole action of gravity. The main difference is the
inclusion of a new variable in the problem: the conveyor belt velocity. Therefore, in this case the
flow features of the system have been determined as function of two parameters: the aforementioned
belt velocity and the orifice size. The range of values explored for both parameters is the maximum
possible given the experimental limitations of the system. In particular, the outlet sizes studied go from
𝐷 = 4.82 cm (an aperture which is only slightly smaller than the belt width, 6.5 cm) to 𝐷 = 1.61 cm (an
orifice size at which clogging becomes frequent). In the same way, the values of 𝑣𝑏 investigated covered
the whole range of extraction velocities allowed by our system, between 𝑣𝑏 = 0.1 and 𝑣𝑏 = 15.6 cm/s.
If nothing else is stated, the distance between the conveyor belt and the silo bottom has been set to
ℎ = 0.67 ± 0.03 cm.

As before, the experimental data have been extracted from the analysis of videos recorded in
time intervals when the material is flowing (discarding possible clog events) by making use of the
Photron®Fastcam-1024 PCI 100K high-speed camera. In particular, for each experimental condition
five videos have been taken with a frame rate between 250 and 1000 frames per second and a typical
duration between 1.5 and 6 seconds each. An example of a frame extracted from a film in an experiment
with 𝐷 = 3.10 cm and 𝑣𝑏 = 1.9 cm/s is illustrated in Fig. 4.1 (a). From the videos, the different
kinematic and dynamic magnitudes have been computed after centroid detection and particle tracking
was carried out as explained in Section 2.5.

The first part of the chapter is devoted to the study of the kinematic features of the flow at the
orifice position (𝑧 = 0). The experimental profiles of solid fraction and vertical velocity, along with their
dependence on both the outlet size and the belt velocity, are shown in Section 4.1. Further down, in
Section 4.2, the experimental flow rate is analyzed as function of the same parameters. In Section 4.3,
I develop a model that explains the flow rate and vertical velocities obtained, which are considerably
different from the purely gravitational discharge. Then, the validity of the model is challenged in Section
4.4 by looking at its ability to reproduce experiments where the distance between the silo and the belt
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Figure 4.1: (a) Frame extracted from a video of a discharge with a belt velocity of 𝑣𝑏 = 1.9 cm/s and
𝐷 = 3.19 cm. Coarse-grained maps of (b) surface solid fraction and (c) vertical velocity for the same
experimental conditions. In both cases, a Heaviside function with 𝑤 = 𝑟𝑝 (Eq. 2.12) has been used to
build the maps.
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is varied. Once this is done, in Section 4.5 the solid fraction, vertical velocity and the kinetic stress have
been explored in a larger area covering the region above the outlet. From these maps, in Section 4.6
the vertical profiles at 𝑥 = 0 are extracted, analyzed and related to the velocity at the outlet through
the 𝛾 parameter. In all cases the results obtained are compared with the ones corresponding to the
free discharge experiment reported before. Finally, Section 4.7 summarizes the results of this chapter,
which have been partially published in Ref. [90].

4.1 Velocity and solid fraction profiles at the exit

After the accomplishment of the centroid detection and particle tracking, the profiles of solid fraction and
vertical velocity are obtained. Unlike in previous chapter, in this case the profiles have been calculated
from the coarse-grained maps of 𝜙𝑆 and 𝑉𝑧 , computed by following the method exposed in Section
2.5. Now, the integrable function chosen has been a two-dimensional Heaviside function with 𝑤 = 𝑟𝑝
(see Eq. 2.12), in order to ensure that the material density beyond the boundaries is null. Examples
of the fields obtained for 𝐷 = 3.19 cm and 𝑣𝑏 = 1.9 cm/s are displayed in the maps of Fig. 4.1 (b)
and (c). Then, when a profile is required to be represented (for example, at the outlet line), it is just
extracted from the desired row or column of the matrix that forms the coarse-grained map. Computing
the profiles from the coarse-grained maps at the expense of the method used in the previous section has
become necessary to adequately register the particles velocity when there are arrests of the flow. This
phenomenon takes place as a consequence of the intermittent motion of the particles produced when
the belt extraction velocities are very low (which will be discussed in Chapter 5). Indeed, if the previous
way to build the profiles had been applied to this case, only the particles that crossed the exit (i.e. the
ones that are moving) would have been registered, and the velocities would have been overestimated.
Yet, for sufficiently large 𝑣𝑏 values (for which the flow is continuous) this effect is minimized and both
methods have been checked to yield very similar results. For the case of the solid fraction computation,
however, this method is essentially the same than the one performed in Section 2.5 that considered the
overlaps between the particles and the exit line.
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Figure 4.2: Vertical velocity profiles at the exit line (𝑧 = 0) as function of 𝑥 for three orifice sizes, in
the free discharge case (empty circles) and with the values of 𝑣𝑏 indicated in the legend (full symbols).
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The vertical velocity 𝑣𝑧 profiles extracted from the coarse-grained maps at 𝑧 = 0 are displayed in
Fig. 4.2 for three different outlet sizes and several belt velocities. In addition, the 𝑣𝑧 values for the
purely gravitational discharge are also included in the graphs. In general, all profiles for the experiments
with the belt have a similar shape to the one obtained for the free discharge. However, the quantitative
dependence on the outlet size is completely different in both cases. As it is observed in Fig. 4.2 (and
exposed in detail in Section 3.1), the magnitude of the 𝑣𝑧 profiles for the free discharge grows with
the outlet size. Nevertheless, this behaviour is not found for the discharge with the conveyor belt when
comparing profiles obtained with the same belt velocity. In fact, the magnitude of the negative velocities
seems to decrease a little as the orifice size is increased (see for example the case of 𝑣𝑏 = 7.3 cm/s;
blue circles in Fig. 4.2 (a), (b) and (c)). Another interesting feature detected in Fig. 4.2 is that, for
the smallest orifice studied (𝐷 = 1.61 cm), the profiles corresponding to the free discharge and to the
fastest belt velocity almost coincide. However, as 𝐷 increases the discharges with the maximum belt
velocity are far to the purely gravitational discharge.
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Figure 4.3: Vertical velocity profiles at the exit line (𝑧 = 0), normalized over the velocity at the center,
as function of 𝑥/𝑅 for three orifice sizes and for the values of 𝑣𝑏 indicated in the legend. The solid
lines are fits of Eq. 1.18.

Following the same procedure than in the previous chapter, the vertical velocity profiles normalized
by 𝑣𝑐 , its value at the outlet center (𝑥 = 0), have been represented against 𝑥/𝑅 (Fig. 4.3). As it
is observed, for each 𝐷 the experimental data for different belt velocities collapse in a single curve,
suggesting that the dependence of the profiles shape on 𝑣𝑏 is small. The curves have been adjusted
to Eq. 1.18 with the fitting exponents 𝜇 displayed in Table 4.1. The parameter 𝜁(𝜇), which accounts
for the relative area of the profiles and allows calculating the mean vertical velocity ⟨𝑣𝑧⟩ via Eq. 1.20,
is also included in the table. Remarkably, an increasing trend of both 𝜇 and 𝜁(𝜇) with outlet size
is observed, indicating that the profiles become wider as the orifice enlarges. Recall that this effect
was not observed in the free discharged silo, where the profiles obtained for different outlet sizes did
collapse, reflecting a similar shape.

Figure 4.4 (a) displays the negative velocity at the center −𝑣𝑐 as function of the belt velocity for
five different outlet sizes. Apparently, the experimental data show a different trend depending on the
outlet size. For the largest orifice size, for example, the values of −𝑣𝑐 exhibit a gradual growth with
𝐷. However, the curve for the smallest outlet size (𝐷 = 1.6 cm) displays a pronounced rise for low
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𝐷 (cm) 𝜇 𝜈 𝜁(𝜇) 𝜁(𝜈)
1.61 1.9 3.6 0.769 0.862
2.39 2.4 7.0 0.812 0.922
3.19 2.9 7.8 0.837 0.929
3.66 2.9 8.3 0.837 0.933
4.82 3.4 8.4 0.856 0.934

Table 4.1: Exponents 𝜇 and 𝜈 obtained from the fits of the velocity and density profiles with Eq. 1.18 and
1.17 respectively, for several values of 𝐷. In addition, their corresponding 𝜁(𝜇) and 𝜁(𝜈) parameters
are displayed.
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Figure 4.4: (a) Vertical velocity at the outlet center as function of the belt velocity, for the outlet sizes
indicated in the legend. (b) Vertical velocity at the outlet center against the orifice size, for the free fall
case and for the belt velocities displayed in the legend.
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values of 𝑣𝑏 , and then a saturation to −𝑣𝑐 ≈ 40 cm/s for 𝑣𝑏 values higher than around 7 cm/s. This
implies that, except for the highest values of 𝑣𝑏 , smaller orifices lead to higher values of 𝑣𝑐 than larger
orifices, a counter-intuitive phenomenon that is maximized for intermediate values of 𝑣𝑏 (around 7 cm/s).
Remarkably, the saturation of 𝑣𝑐 observed for large values of 𝑣𝑏 resembles the one gathered in the
experiments of bottleneck flows of grains placed on a conveyor belt (see Fig. 1.22). There, the velocity
of the particles on the conveyor belt also saturated to a different value depending on the outlet size. In
a similar way, in the curves of Fig. 4.4 (a) the larger 𝐷 is, the higher the values of −𝑣𝑐 at which the
saturation occurs. As a consequence of this phenomenon, the value of −𝑣𝑐 obtained for 𝑣𝑏 = 15.6 cm/s in
the cases of 𝐷 = 2.38, 3.18 and 3.66 cm exceeds the one calculated for the smallest outlet. The reason
for which the curve corresponding to 𝐷 = 4.81 cm is still below the other cases for 𝑣𝑏 = 15.6 cm/s
seems to be related to the fact that it is still far from the saturation limit.
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Figure 4.5: Surface solid fraction profiles as function of 𝑥 for three orifice sizes, for the free discharge
case and the values of 𝑣𝑏 indicated in the legend.

These features may be better explained by looking at Fig. 4.4 (b), where the negative values of 𝑣𝑐
are represented as function of the outlet size for different values of 𝑣𝑏 . This graph also includes the
values of 𝑣𝑐 against 𝐷 for the free discharge experiments, which, as stated in the previous chapter, were
fitted to Eq. 1.22 with 𝛾 = 1.45. Contrary to them, the velocity values for the discharges with the belt
display decreasing trends with 𝐷 in general. Indeed, in this graph this behaviour is only broken by
the value obtained for 𝐷 = 1.61 cm in the fastest belt velocity curve (represented by pink squares in
Fig. 4.4 (b)). In this case the absolute value of 𝑣𝑐 is similar to the one obtained in the free discharge
experiment, indicating that the velocity of grains cannot exceed the free discharge curve in any case. It
should be noted that the conveyor belt is only responsible for slowing down the grains, and it can never
accelerate them more than gravity does. Therefore, the curve for the free discharge acts as the limit at
which the curves corresponding to the experiments with the belt saturate for high 𝑣𝑏 and/or small 𝐷.
Indeed, the saturation velocity of 𝑣𝑐 = −40 cm/s obtained for 𝐷 = 1.61 cm in Fig. 4.4 (a) corresponds
to the velocity value of the gravitational regime (as evidenced in Fig. 4.4 (b)).

A similar analysis to the one explained for the velocity was performed for the surface solid fraction
𝜙𝑆 . Figure 4.5 displays the surface solid fraction profiles for the same cases presented in Fig. 4.2.
Interestingly, all the profiles exhibit comparable shapes, resembling the one obtained for the free
discharge. Remarkably, some ripples are observed in the solid fraction profiles, which account for some
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order in the grains arrangement. This feature, already observed in the gravitational discharge profiles,
is magnified for the experiments with low belt velocities. From a quantitative point of view and contrary
to the behaviour observed with 𝑣𝑧 , the 𝜙𝑆 profiles for the discharges with the belt reveal an increasing
trend with 𝐷 similar to the one found for the free discharge case. Actually, the profiles corresponding to
the experiments with the belt reach higher values of solid fraction than in the free discharge, a behaviour
that is magnified when 𝑣𝑏 is very low. This is explained considering that the presence of the belt induces
a compaction of the material at the exit. Then, opposite to the velocity case, the gravitational regime
determines the lowest limit of solid fraction below which the values of 𝜙𝑆 cannot fall in the discharges
with the belt.
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Figure 4.6: Surface solid fraction profiles, normalized over the solid fraction at the center, as function
of 𝑥/𝑅 for three orifice sizes and for the values of 𝑣𝑏 indicated in the legend. The solid lines are fits
of Eq. 1.17.

Figure 4.6 displays 𝜙𝑆 normalized by the solid fraction at the center, 𝜙𝑆
𝑐 , as function of 𝑥/𝑅. The

outcomes are similar to the ones observed in Fig. 4.3 for the velocities: for each 𝐷, the collapse is
reasonable, but the profiles tend to flatten as the orifice size is increased. Likewise, these profiles have
been successfully fitted with Eq. 1.17 and the 𝜈 exponents shown in Table 4.1. Remarkably, all of them
are considerably greater than the 𝜇 exponent for the velocity, indicating that the 𝜙𝑆 profiles are always
wider than the 𝑣𝑧 ones.

The evolution of the solid fraction profiles with the outlet size and belt velocity is better appreciated
by looking at the solid fraction at the center of the outlet 𝜙𝑆

𝑐 (see Fig. 4.7). In panel (a), the values of
𝜙𝑆

𝑐 are represented as function of 𝑣𝑏 for five different outlet sizes. All of them exhibit decreasing trends
as the belt velocity is increased; i.e. the material descends more decompacted at faster belt velocities.
In addition, Fig. 4.7 (a) shows that the values of 𝜙𝑆

𝑐 are higher for larger outlet sizes, a behaviour
which was also observed for the free discharge. Interestingly, the curve corresponding to the smallest
outlet size becomes practically constant at belt velocity values higher than 𝑣𝑏 = 7 cm/s. Actually, these
points coincide with the same 𝑣𝑏 values for which the velocity values at the center also saturated in
Fig. 4.4 (a). This suggests that the saturating limit value of 𝜙𝑆

𝑐 for small 𝐷 and high 𝑣𝑏 approaches the
value obtained for the free discharge. This is confirmed in Figure 4.7 (b), in which the values of 𝜙𝑆

𝑐 are
displayed against 𝐷 for four belt velocities. The free discharge curve, which was shown to exponentially
saturate to an asymptotic value of 𝜙𝑆

∞ = 0.83 in Section 3.2, is also included in this graph. As it was
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Figure 4.7: (a) Surface solid fraction at the outlet center as function of the belt velocity, for the outlet
sizes indicated in the legend. (b) Surface solid fraction at the outlet center versus the orifice size, for
the free discharge case and for the belt velocities displayed in the legend. The dotted line corresponds
to the two-dimensional close packing of circles, 𝜙𝑆

𝑐 = 𝜙𝑆
𝐶𝑃 = 𝜋√3/6, whereas the dashed line is the

fitting of the 𝜙𝑆
𝑐 values obtained in the free discharge (Eq. 1.21 with the parameters exposed in Chapter

3).

speculated, the results of 𝜙𝑆
𝑐 for 𝐷 = 1.61 cm and 𝑣𝑏 above 7.3 cm/s almost coincide with the value of

the free discharge. From these points, as either 𝐷 increases or 𝑣𝑏 decreases, the solid fraction grows,
tending to an asymptotic value considerably higher than the one obtained for the free discharge. In
particular, the curves seem to approach the close-packing value for a two-dimensional arrangement of
circles, 𝜙𝑆

𝐶𝑃 = 𝜋√3/6, represented by a dotted line in Fig. 4.7 (b).

4.2 Flow rate

The mass flow rate 𝑊, computed from the registration of the amount of grains that cross the orifice in a
certain time interval, is represented as function of 𝑣𝑏 in Fig. 4.8 (a) for several outlet sizes. Therein, an
increasing flow rate dependence is found on both the outlet size and the belt velocity. Clearly, for the
smallest orifice size (𝐷 = 1.61 cm) a saturation of 𝑊 with 𝑣𝑏 is obtained. This is an obvious result since
the mass flow rate is calculated from the integral of the product between the solid fraction and velocity
profiles (see Eq. 3.3), and both magnitudes have been shown a saturation with 𝑣𝑏 for this outlet size.
Figure 4.8 (b) shows the flow rate outcomes represented in a complementary way; that is, as function
of 𝐷, for four belt velocities and for the free discharge as in Fig. 3.9 (a) of Section 3.3. Remarkably, the
trend exhibited by the flow rate curves corresponding to the discharges with the belt is considerably
less steep than the free discharge curve. Indeed, the dependence of 𝑊 on 𝐷 seems to be linear in the
discharges with the belt (instead of the 𝐷3/2 dependence observed for the free discharge).
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Figure 4.8: (a) Mass flow rate as function of the belt velocity, for the outlet sizes indicated in the legend.
(b) Mass flow rate versus the orifice size, for the free discharge and for the belt velocities displayed in
the legend.

4.3 Mass conservation model

Previous sections showed the flow features when the material is extracted from a silo with a conveyor
belt, with considerably different results from the ones obtained for the free discharge. With the aim of
understanding these dissimilarities, this section is devoted to give a physical interpretation of the dis-
charge process with the belt and to propose an analytical model based on mass conservation arguments
that is able to explain the results.

The silo discharge by an extracting conveyor belt is explained with the help of Fig. 4.9. There, panel
(a) shows a photograph of the rear part of the silo while the material is flowing. As the grains descend
in the silo, they are slowed down by the conveyor belt, on which they form a pile. This pile is dragged
by the conveyor belt moving in the horizontal direction, freeing space so that new material coming from
the silo is deposited on the belt. When this process becomes steady, the amount of material that crosses
the orifice and the amount of material that leaves the silo dragged by the belt must be the same due
to mass conservation. This is sketched at Fig. 4.9 (b), where the orifice area is defined as the orange
rectangle and the cross section area of the pile on top of the belt has been approximated by the violet
isosceles trapezoid. Thus, mass conservation imposes that the flow rates 𝑊1 and 𝑊2 going through the
orange and violet areas respectively are the same; that is:

𝑊 = 𝑊1 = 𝑊2 (4.1)

Leaving aside a possible correlation between particle velocity and solid fraction, Eq. 4.1 can be written
as:

𝑊 = 𝜌𝑀⟨𝜙𝑉
1 ⟩⟨𝑣1⟩𝐴1 = 𝜌𝑀⟨𝜙𝑉

2 ⟩⟨𝑣2⟩𝐴2 (4.2)

where 𝜌𝑀 is the density of the material, and the subindexes of the magnitudes in this equation
make reference to the two regions: 1 (orifice) and 2 (pile cross-section). Therefore, 𝐴1 and 𝐴2 are the
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T

Figure 4.9: (a) Close up photograph of the outlet region in the experimental setup, where the variables
𝑊1 and 𝑊2 are illustrated. (b) Sketch of the same region, where some magnitudes are defined. The
orange rectangle is the area through which the particles enter the outlet whereas the violet trapezoid
is the cross section of the granular pile formed on the belt.

areas of the orange rectangle and violet trapezoid respectively, while ⟨𝜙𝑉
𝑘 ⟩ is the volume fraction and

⟨𝑣𝑘⟩ is the mean velocity at these two regions. Assuming that the pile of grains deposited on the belt
is dragged with its same velocity ⟨𝑣2⟩ = 𝑣𝑏 , according to Eq. 4.2 the mean vertical velocity ⟨𝑣1⟩ at the
orifice can be expressed as follows:

⟨𝑣1⟩ = ⟨𝑣𝑧⟩ = 𝐴2
𝐴1

⟨𝜙𝑉
2 ⟩

⟨𝜙𝑉
1 ⟩

𝑣𝑏 (4.3)

Remarkably, Eq. 4.3 reveals that the mean vertical velocity at the orifice depends linearly on the product
of the belt velocity, the quotient of the areas 𝐴2 and 𝐴1 , and the quotient of mean volume fractions at
these regions, ⟨𝜙𝑉

2 ⟩ and ⟨𝜙𝑉
1 ⟩. Now, the specific values of 𝐴1 and 𝐴2 can be estimated. The area of

the orange rectangle (𝐴1) is written as follows:

𝐴1 = 𝑇𝐷 (4.4)

where 𝑇 is the silo thickness in the y-direction. The area of the violet trapezoid (𝐴2) reads

𝐴2 = (𝐷 + 2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃)ℎ𝑒𝑓 𝑓 (4.5)

where Δ = 0.5 cm is the horizontal length of the wedge-shaped inner parts of the pieces that define
the outlet, 𝜃 is the value of the lower intern angles of the trapezoid, and ℎ𝑒𝑓 𝑓 stands for the effective
height of the trapezoid, which is estimated as ℎ𝑒𝑓 𝑓 = ℎ + 0.15 cm. It should be taken into account that
the distance ℎ stands for the gap between the silo bottom and the upper protrusions of the conveyor
belt. However, due to the honeycomb geometry of the belt, some beads get into its hollows, leading to
a difficult computation of the cross sectional area of the pile. For this reason, a higher effective distance
ℎ𝑒𝑓 𝑓 has been used to estimate the trapezoid area in Eq. 4.5.
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𝑣𝑏 (cm/s) 𝐾𝜙
0.11 1.06
1.91 1.06
7.32 0.85
15.60 0.62

Table 4.2: Relationship of the belt velocities 𝑣𝑏 and the values of 𝐾𝜙 = ⟨𝜙𝑉
2 ⟩/⟨𝜙𝑉

1 ⟩ used in the
equations.

Now, using Eq. 4.3, substituting the areas 𝐴1 and 𝐴2 by Eqs. 4.4 and 4.5, and denoting 𝐾𝜙 the
quotient of volume fractions ⟨𝜙𝑉

2 ⟩/⟨𝜙𝑉
1 ⟩, the final expression for the mean vertical velocity at the orifice

reads:

⟨𝑣𝑧⟩ = 𝐾𝜙ℎ𝑒𝑓 𝑓
(𝐷 + 2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃)

𝑇𝐷 𝑣𝑏 =
𝐾𝜙ℎ𝑒𝑓 𝑓

𝑇 (1 +
2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃

𝐷 ) 𝑣𝑏. (4.6)

Interestingly, according to Eq. 4.6 the mass flow rate exhibits an inverse dependence (with a constant
term) on the outlet size. To test the validity of this expression, the experimental values of ⟨𝑣𝑧⟩ are
calculated from the velocities at the outlet center (shown in Fig. 4.4) and the values of 𝜁(𝜇) displayed
in Table 4.1. The results are represented against 𝐷 in Fig. 4.10 (a), where the free discharge outcomes
are also included. Furthermore, Fig. 4.10 (a) shows plots of Eq. 4.6 with different values of 𝐾𝜙 for each
𝑣𝑏 as displayed in Table 4.2. The parameter 𝐾𝜙 has been assumed to be affected by the belt velocity
but independent on the outlet size. For the lowest belt velocities, the values of 𝐾𝜙 have been set to
1.06, which is the ratio between a 3D random close packing of spheres, 𝜙𝑉

𝑅𝐶𝑃 = 0.64, and the volume
fraction for the closest packing of a two-dimensional layer, 𝜙𝑉

𝐶𝑃 = 2
3𝜙𝑆

𝐶𝑃 = √3
9 ≃ 0.604. This assumes

that the system goes from a state of full compaction when it is arranged in a 2D layer inside the silo,
to a random close packed 3D pile deposited on the belt. As 𝑣𝑏 increases, the values of 𝐾𝜙 exhibit a
decreasing trend suggesting that the material in the pile decompacts to a larger extent than inside the
silo.

Remarkably, most experimental data are well described by Eq. 4.6. Only the results for the smallest
outlet sizes and highest belt velocities deviate from these analytical curves. Surely, the reason is that the
assumption that the quotient 𝐾𝜙 = ⟨𝜙𝑉

2 ⟩/⟨𝜙𝑉
1 ⟩ is independent on 𝐷 is not valid when the gravitational

regime is approached. Indeed, the saturation of the solid fraction for fast belt velocities and large orifice
sizes observed in Fig. 4.7 is behind this behaviour. Clearly, as 𝑣𝑏 increases, ⟨𝜙𝑉

1 ⟩ keeps constant but
⟨𝜙𝑉

2 ⟩ – and therefore 𝐾𝜙 – must decrease. In fact, for large values of 𝑣𝑏 at which both the solid fraction
and the particles velocity are constant with the extraction rate, 𝐾𝜙 must be proportional to the inverse
of the belt velocity (1/𝑣𝑏). This is deduced by looking at Eq. 4.6, in which for a fixed 𝐷, ⟨𝑣𝑧⟩ depends
only on constant distances and on the product of 𝑣𝑏 and 𝐾𝜙 . As the results show a constant trend with
𝑣𝑏 at high extraction rates, the parameter 𝐾𝜙 must scale as (1/𝑣𝑏) to maintain this dependence.



80 Flow in a silo discharged with a conveyor belt

Figure 4.10: (a) Mean vertical velocity against the outlet size, for the free discharge case and for the
values of 𝑣𝑏 indicated in the legend. The solid lines are plots of Eq. 4.6 with the parameters given in
the text. The dashed line is Eq. 1.18 with 𝛾 = 1.45. (b) Mass flow rate as function of the outlet size,
for the same cases. The dotted lines are plots of Eq. 4.9 with the parameters given in the text, and the
dashed line is Eq. 3.4 with the parameters obtained in the previous chapter for the free discharge flow.

Similar arguments to the ones given above can be used to describe the mass flow rate. Again, due
to mass conservation 𝑊 can be computed by combining Eqs. 4.1 and 4.2; i.e.

𝑊 = 𝑊1 = 𝜌𝑀⟨𝜙𝑉
2 ⟩⟨𝑣2⟩𝐴2 (4.7)

Substituting 𝐴2 by Eq. 4.5, and using ⟨𝜙𝑉
2 ⟩ = 𝐾𝜙⟨𝜙𝑉

1 ⟩ and ⟨𝑣2⟩ = 𝑣𝑏 the equation reads:

𝑊 = ⟨𝜙𝑉
1 ⟩𝐾𝜙𝜌𝑀(𝐷 + 2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃)ℎ𝑒𝑓 𝑓𝑣𝑏 (4.8)

The mean volume fraction at the orifice is related to the mean surface solid fraction considering ⟨𝜙𝑉
1 ⟩ =

2
3⟨𝜙𝑆

1⟩ (see Appendix A), where ⟨𝜙𝑆
1⟩ depends on the solid fraction at the orifice center via Eq. 1.19 and

the exponents of Table 4.1. The different values of 𝜈 exposed in this table and the dependence of 𝜙𝑆
𝑐 on

either 𝐷 and 𝑣𝑏 , (see Fig. 4.7), make difficult to write an analytical expression for ⟨𝜙𝑉
1 ⟩ as function of

𝐷 and 𝑣𝑏 . However, it should be noted that as 𝐷 increases, 𝜙𝑆
𝑐 approaches an asymptotic value equal

to the close-packed solid fraction of circles in 2D (see Fig. 4.7 (b)) and the values of 𝜁(𝜈) in Table 4.1
tend to 1. This means that the profiles obtained for large orifices are similar to the expected for a plug
flow. Regarding these considerations, let us assume that 𝜁(𝜈) = 1 and 𝜙𝑉

𝑐 = 2
3𝜙𝑆

𝑐 = 2
3𝜙𝑆

𝐶𝑃 = 2
3

𝜋√3
6 ;

i.e. that the material descends as a fully compacted plug, an approximation that only will work in the
limit of large orifice sizes. Thus, the final expression for the mass flow rate in this particular scenario
should read:

𝑊 = 2
3𝜙𝑆

𝐶𝑃𝐾𝜙𝜌𝑀(𝐷 + 2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃)ℎ𝑒𝑓 𝑓𝑣𝑏 (4.9)

Remarkably, this equation exhibits a linear dependence of the mass flow rate on the orifice size, with
an independent term, which contrasts to the 𝐷3/2 scaling observed for the free discharge. In Fig. 4.10
(b) the plots of Eq. 4.9 are shown for the four values of 𝑣𝑏 studied and the values of 𝐾𝜙 estimated before
(see Table 4.2). Clearly, this simplified model is able to describe accurately the experimental flow rates
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obtained for the lowest belt velocities. The flow rate for the fastest belt velocity, however, is situated
in the gravitational regime (described by Eq. 3.4) for low values of 𝐷, and it seems to asymptotically
tend to the values predicted by Eq. 4.9 only for large outlet sizes. An interesting feature of both Eq.
4.6 and Eq. 4.9 is that they are considerably dependent on the geometry of the outlet and the region
below it. In particular, the flow rate and the particles velocity are affected by the parameters 𝐷, Δ, 𝜃
and, specially, ℎ𝑒𝑓 𝑓; the latter with a quadratic dependence. Consequently, the relation among these
magnitudes and the extraction velocity can be altered by simply changing the geometry of the region
below the outlet. In the next section, the expressions obtained by the geometrical model exposed above
will be challenged by testing its ability to reproduce the effect of changing ℎ𝑒𝑓 𝑓 , the effective distance
between the conveyor belt and the silo bottom.

4.4 Effect of the distance between the belt and the silo bottom

In previous sections, the kinematics at the outlet and the flow rate in a silo discharged with a belt
have been studied for a given gap between the silo bottom and the conveyor belt: ℎ = 0.67 ± 0.03 cm.
Interestingly, the expressions obtained for both the flow rate and the particles vertical velocity (Eqs. 4.6
and 4.9) show a quadratic dependence on the effective distance ℎ𝑒𝑓 𝑓 that will be preliminarily checked
here. To this end, the flow rate and velocity data have been also analyzed from some videos previously
recorded in relation to the clogging experiments that will be explained in Chapter 6. In those experiments
the conveyor belt was placed at two different positions below the silo bottom: ℎ = 0.32 ± 0.03 cm and
ℎ = 0.46±0.03 cm, and the only outlet size similar to the ones studied in this chapter was 𝐷 = 1.53 cm,
(close to the case of 𝐷 = 1.61 cm evaluated above). Although these outlet sizes are not exactly equal,
the kinematic magnitudes are not critically dependent on 𝐷, and therefore should not vary to a large
extent. In addition, let us comment that experiments carried out with outlet sizes in the range in which
clogging appears are not the best scenario to investigate the dependence of kinematic magnitudes on a
given variable. Indeed, the flow rate and the beads velocity become highly fluctuating when the orifice
is reduced (as it was already mentioned in Section 1.4 and will be thoroughly analyzed in next chapter).
However, the results can give an idea of the effect of ℎ in the kinematic behaviour of the system and
how accurate is the model proposed in Section 4.3 under variations of the distance ℎ.

Figure 4.11 (a) displays the vertical velocity at the center of the outlet as function of 𝑣𝑏 for the three
values of ℎ. The graph also includes the experimental value for the free discharge, represented with a
dashed horizontal line. For the experiments with the belt, as the extraction velocity is increased, the
values of 𝑣𝑐 grow with a steepness that is higher for larger values of ℎ. This feature agrees with the
model proposed in the previous section, according to which the velocity should be linearly dependent on
𝑣𝑏 and quadratically on ℎ𝑒𝑓 𝑓 (see Eq. 4.6). In all cases, the velocities deviate from the linear dependence
as 𝑣𝑏 increases, and seem to asymptotically tend to the experimental value of −𝑣𝑐 obtained for the free
discharge. This saturation of −𝑣𝑐 is especially visible for the highest value of ℎ.

Now, in order to test the validity of the model, Eq. 4.6 has been expressed in terms of the velocity
at the orifice center by making use of Eq. 1.20:

𝑣𝑐 = ⟨𝑣𝑧⟩
𝜁(𝜇) =

𝐾𝜙ℎ𝑒𝑓 𝑓

𝑇𝜁(𝜇) (1 +
2Δ + ℎ𝑒𝑓 𝑓 cot 𝜃

𝐷 ) 𝑣𝑏 (4.10)
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The plots of this expression have been included in Fig. 4.11 (a) for the three orifice sizes studied
using the following parameters: i) the effective gap ℎ𝑒𝑓 𝑓 has been estimated from the values of ℎ in the
same way than before, that is, ℎ𝑒𝑓 𝑓 = ℎ + 0.15 cm; ii) the value of 𝜁(𝜇) has been set to 0.769, the one
corresponding for 𝐷 = 1.61 cm according to Table 4.1; iii) the parameter 𝐾𝜙 has been given a value
of 1.06, the one corresponding to low 𝑣𝑏 . It should be reminded that the value of 𝐾𝜙 = 1.06 comes
from the assumption that the material goes from the closest packing of spheres in a 2D layer inside the
silo to a 3D random packing when it is deposited on the belt. Remarkably, taking these values of the
parameters and without any other fitting one, Eq. 4.10 is able to reproduce the behaviour of the grains
velocity at the outlet center for different values of ℎ as soon as the belt velocity is sufficiently low. This
confirms the validity of the proposed model.

Figure 4.11: (a) Negative vertical velocity at the outlet center and (b) flow rate, both as function of the
belt velocity, for the outlet sizes and the distances ℎ indicated in the legend of panel (a). The solid
lines are Eq. 4.10 (panel (a)) and Eq. 4.9 (panel(b)) with the parameters explained in the text. In both
cases the dashed lines are the experimental data of the magnitudes for the free discharge case.

Likewise, the experimental flow rate is represented against the belt velocity in Fig. 4.11 (b) for the
three values of ℎ investigated. The results show similar features than the 𝑣𝑐 curves analyzed in panel
(a): the flow rate grows and tends to saturate at the value of the free discharge case when the belt
velocity increases. Furthermore, the rate of change for low values of 𝑣𝑏 raises as ℎ is enlarged. This
feature is reproduced by the expression of the flow rate (Eq. 4.9) yielded by the model. Indeed, in Fig.
4.11 (b) the trends obtained using this equation and the parameters introduced above are represented,
leading to a nice agreement with the experiments for low 𝑣𝑏 . Moreover, it is observed that the value at
which the flow rate saturates for the largest value of ℎ fluctuates around the value of the free discharge
case. These fluctuations in the measurements of the flow rate are attributed to the high intermittencies
appearing for small outlets. This could be also the reason why the flow rate obtained for the free
discharge is slightly lower than some of the flow rates obtained with the belt. In Fig. 4.11 (b), it can
be also observed that the rate of change of 𝑊 with 𝑣𝑏 grows considerably as ℎ increases. Recall that
Eq. 4.9 predicted a quadratic dependence of the flow rate on ℎ. Hence, it is expected that, for a big gap
between the silo and the belt, the slope tends to infinity and the magnitudes saturate even for small
values of the extraction velocity. In other words, if the conveyor belt was placed sufficiently down, the
system would behave as in the free discharge scenario.
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Figure 4.12: Flow rate versus ℎ𝑒𝑓 𝑓 , the effective separation between the silo bottom and the belt, for
the values of 𝐷 and ℎ analyzed in Fig. 4.11 and the two belt velocities indicated in the legend. The
solid lines are plots of Eq. 4.9 with 𝐷 = 1.53 cm. The values of 𝐾𝜙 used have been: 𝐾𝜙 = 1.06 for
𝑣𝑏 = 1.9 cm/s; and 𝐾𝜙 = 0.89 for 𝑣𝑏 = 3.7 cm/s.

Finally, in Fig. 4.12, some of the flow rate values displayed in Fig. 4.11 (b) are represented against
the effective gap ℎ𝑒𝑓 𝑓 . In particular, the figure shows the data obtained with two relatively slow belt
extraction velocities, 𝑣𝑏 = 1.9 cm/s and 𝑣𝑏 = 3.7 cm/s, for which the model (i.e. Eq. 4.9) works
reasonably well. For both belt velocities, the increasing trends of the experimental data are nicely
reproduced by the plots of Eq. 4.9 for an outlet size of 𝐷 = 1.53 cm1 . Importantly, for 𝑣𝑏 = 1.9 cm/s the
data are well described with 𝐾𝜙 = 1.06, the ratio between packing fractions corresponding to low belt
velocities explained before. For 𝑣𝑏 = 3.7 cm/s, however, the value that reproduces in a best way the
experimental data is a bit smaller, 𝐾𝜙 = 0.89, a figure that is compatible with a larger decompaction
of the material on the belt for these faster extraction rates.

As a conclusion, the agreement of both Eqs. 4.9 and 4.10 with the experimental data for different
gaps between the silo bottom and the conveyor belt is satisfactory. Therefore, the model holds generally
for different positions of the belt, a feature that stresses the notable importance of the exit geometry in
the kinematics when the silo is discharged with a conveyor belt.

4.5 Coarse-grained maps of different magnitudes

In this section, the micromechanics of the system has been characterized in a large area close to the
orifice. To this end, different fields have been calculated as in the free discharge case (Section 3.4).
This has been performed by means of a coarse-grained analysis of the videos already used in Sections
4.1 and 4.2, but now focusing on the whole visual field of the films. In particular, the frames cover a
width of around 15 particle diameters wide (6 cm) and 5 particle diameters high (2 cm), with the orifice

1The difference between these curves and the ones for 𝐷 = 1.61 cm is small
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placed around one particle above the bottom part of the image. From particle positions and velocities,
the coarse-grained field maps of 𝜙𝑆 , 𝑉𝑧 and 𝜎𝑘 have been extracted by implementing the procedure
exposed in Section 2.5. Specifically, a two-dimensional Gaussian function (Eq. 2.11) with 𝑤 = 𝑟𝑝 has
been used to build the maps. Figures 4.13, 4.14 and 4.15 are families of these coarse-grained field maps
illustrating the findings obtained for the whole range of 𝐷 and 𝑣𝑏 analyzed. It should be noted that in
previous sections the discharges with the belt corresponding to small orifices and fast extraction rates
have shown profiles similar to the ones exhibited in the free discharge. Therefore, it can be expected
that the field maps obtained for these conditions exhibit also similar patterns than the ones reported in
Figs. 3.11, 3.12 and 3.13 for purely gravitational discharges.

The hypothesis is fulfilled for the 𝜙𝑆 field maps displayed in Fig. 4.13. Therein, panels (g) and
(j) show two triangular zones of high solid fraction at both sides of the outlet, and a central region in
which 𝜙𝑆 becomes reduced as the material approaches the orifice; features already observed in the
free discharge. Interestingly, the existence of the stagnant zone at both sides of the outlet seems to be
also present for the rest of conditions studied. In fact, the reduction of the extraction velocity (top of the
figure) seems to favour the increment of order leading to more stable stagnant zones. When either 𝐷 is
enlarged or 𝑣𝑏 is reduced the influence of the conveyor becomes important. This makes that the blueish
patterns (low volume fraction) visible in the orifice region of panels (g) and (j) disappear in the rest
of the maps. Indeed, the compaction is in general greater as the outlet size enlarges or the extraction
velocity slows down. Furthermore, for the panels corresponding to 𝐷 = 4.82 cm (right column in Fig.
4.13), a high compaction spot above the orifice is observed, yielding a maximum of 𝜙𝑆 in a position
around (𝑥, 𝑧) = (0, 1) cm. This phenomenon is especially evident in panels (c) and (f ) for which the
belt velocity is the slowest. The accumulation of material in the orifice (and above it), is attributed to
the presence of the belt, which slows down and compact the material in this region. In addition, in the
cases where the high compaction spot is observed, a yellow triangle of lower solid fraction also appears
surrounding the central maximum. This pattern might be a consequence of the shear bands produced
due to the high order that the material exhibits with so low extraction velocities. On the whole, Fig.
4.13 shows that the gravitational regime is recovered for small orifice sizes and fast extraction rates. As
either 𝐷 is enlarged or 𝑣𝑏 reduced, the influence of the belt emerges. This is translated into a general
compaction of the material, leading, for the highest values of 𝐷 and lowest of 𝑣𝑏 , to a high compaction
spot in the central part of the field surrounded by a triangle formed by shear bands.

The field maps for the (negative) coarse-grained vertical velocity −𝑉𝑧 are displayed in Fig. 4.14,
where notable differences among the absolute velocity values are observed, specially when the belt
velocity is changed. This is appreciable in the colorbars, each of which refers to the panels in its row
(i.e. to the maps with the same value of 𝑣𝑏). Indeed, panels (g) and (j) – corresponding to small orifice
sizes and high extraction rates – exhibit values near 40 cm/s, which contrast with the velocities below
1 cm/s observed in (a), (b) and (c). Furthermore, the presence of stagnant zones (represented in deep
blue) is clear in all panels.

In order to further discuss the differences among the velocity fields obtained for different 𝐷 and
𝑣𝑏 , let us start again with the case of 𝐷 = 1.61 cm and belt velocities above 7.3 cm/s. For these
conditions, panels (g) and (j) exhibit similar patterns than the maps for the free discharge displayed in
Fig. 3.12, as it also happened with the 𝜙𝑆 maps. Specifically, in these scenarios the velocity of the
grains monotonically increases as they descend along the silo, and their absolute maximum values are
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Figure 4.13: Coarse-grained field maps of surface solid fraction for the three outlet sizes indicated at
the top and the four belt velocities written on the left. The scale in all plots is the same as illustrated
by the colorbars of panels (a,d,g,j).



86 Flow in a silo discharged with a conveyor belt

-3 -2 -1 0 1 2 3

0

2

4

(g)

(f)(e)(d)

(c)(b)

(i)

v b =
 1

.9
 c

m
/s

v b =
 0

.1
 c

m
/s

 

 

z 
(c

m
)

x (cm)

0.1

0.3

0.6

0.8

1.0

-3 -2 -1 0 1 2 3

0

2

4

 

 

z 
(c

m
)

x (cm)

1.0

5.0

9.0

13.0

17.0

-3 -2 -1 0 1 2 3

0

2

4

(l)

(h)

 

 

z 
(c

m
)

x (cm)

2

16

30

40

(a)

-3 -2 -1 0 1 2 3

0

2

4 (k)

 

 

z 
(c

m
)

x (cm)

2

16

30

40

D = 1.61 cm

-3 -2 -1 0 1 2 3

0

2

4

 

 

D = 3.18 cm

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

 

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

 

 

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

 

 

D = 4.82 cm

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

 

 

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

1

2

3

4

 

 

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

(j)

v b =
 1

5.
6 

cm
/s

v b =
 7

.3
 c

m
/s

 

 

z 
(c

m
)

x (cm)

-3 -2 -1 0 1 2 3

0

2

4

 

 

z 
(c

m
)

x (cm)

-Vz
(cm/s)

Figure 4.14: Coarse-grained field maps of (negative) vertical velocity for the three outlet sizes indicated
at the top and the four belt velocities written on the left. The colorbars in the panels of the first column
(a,d,g,j) apply to all panels in the row, i.e. panels with the same values of 𝑣𝑏 .
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Figure 4.15: Coarse-grained field maps of the kinetic stress trace for the three outlet sizes indicated at
the top and the four belt velocities written on the left. The colorbars in the panels of the first column
(a,d,g,j) apply to all panels in the row, i.e. panels with the same values of 𝑣𝑏 .
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observed in the lowest extreme of the field map (below the outlet). Now, comparing the panels with
the same 𝑣𝑏 (arranged in rows), it appears that the shape of the patterns scales with the orifice size.
However, the absolute values of 𝑉𝑧 at the outlet appreciably decrease with 𝐷 in all cases except for
𝑣𝑏 = 15.6 cm/s, where the variation of the particles velocity at the outlet with 𝐷 is small (as it was
already shown in Fig. 4.4 (b)). These two features (pattern shape scaling with 𝐷 and velocities at the
outlet reducing with 𝐷) imply that the shape of the patterns is not exactly the same in all panels. For
example, when the system gets far from the gravitational regime (either decreasing 𝑣𝑏 or increasing 𝐷),
there is a small but important qualitative change. In particular, a spot of maximum velocity emerges
around the orifice center; that is, the particles do not increment monotonically their velocity as they
descend along the silo but they are slowed due to the action of the conveyor belt. This feature is
observed to a larger or lesser extent in the panels in which the influence of the belt is appreciable
and are far from the gravitational regime; i.e. all panels except (g) and (j). Interestingly, the position
of the aforementioned maximum seems to raise as the orifice is enlarged or the belt velocity reduced,
reaching a height of 𝑧 = 2 cm for the slowest belt velocity and largest outlet investigated (panel(c)).
The influence of the belt, which induces a slowing down of the grains upflow, and its competition with
the gravity acceleration, seem to be the cause of the presence of a velocity maximum above the orifice
at different positions.

The last family of maps displays the kinetic stress 𝜎𝑘 for the same experimental conditions reported
before (Fig. 4.15). Paying attention to the colorbars, each of which apply to its row (i.e. panels with the
same 𝑣𝑏), the values of 𝜎𝑘 considerably vary with the extraction rate. In the same way than the values
of velocity, their fluctuations also decrease when the values of 𝑣𝑏 are reduced. A qualitative analysis
of this magnitude allows shedding light into the mechanisms that govern the dynamics of the system.
Again, let us start with the panels (g) and (j) of Fig. 4.15, whose behaviour is situated close to the
gravitational regime. In accordance to this, these kinetic stress maps show the form of the arch above
the orifice with the characteristic lobes of the free discharge discussed in Section 3.4. This indicates the
existence of a highly fluctuating region created by collisions and mainly determined by the outlet size.
As the belt velocity is reduced, the influence of gravity decreases and the two lobes are substituted
by a big one in the region of the exit. Furthermore, when the outlet size is enlarged, a triangle with
the same dimensions that the one of low solid fraction observed in Fig. 3.11 emerges. The triangle is
composed in this case by two different collisional zones: the base, produced by the slowing due to the
belt, and the upper sides, which constitute a deformation of the gravitational arch.

In summary, the reported kinematic features reveal an evolution from a gravitational regime (for
low 𝐷 and high 𝑣𝑏) to another scenario in which the effect of the belt becomes important. In the
gravitational regime, the dynamics is governed by the orifice size, and is characterized by the existence
of arch-shaped region where the collisions take place. Nevertheless, when the experimental conditions
are far from the gravitational regime, the conveyor belt generates a new region of collisions below the
orifice that produces the compaction of the material above it and the reduction of its velocity. In fact,
the dynamics suggests a competition between the arch effect above the outlet caused by gravity and the
slowing down effect induced by the conveyor belt. The predominance of one effect or the other depends
on both 𝐷 and 𝑣𝑏 .
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4.6 Vertical profiles of the magnitudes and their relationship with the
velocity at the outlet

In order to take a further step in the analysis of the system dynamics, the vertical profiles of the
magnitudes studied in previous sections have been represented against 𝑧/𝑅 in Fig. 4.16 (in this case,
the acceleration of the particles has been also included). The normalization over half the outlet size
has been carried out since this is the variable that governed the system dynamics in the free discharge
case, as it was concluded in the previous chapter. The profiles of 𝜙𝑆 (panels (a-c)), 𝑉𝑧 (panels (d-f))
and 𝜎𝑘 (panels (j-l)) have been extracted from the matrices conforming the maps of Figs. 4.13, 4.14 and
4.15 imposing that 𝑥 = 0. The acceleration profiles (panels (g-i)) have been derived from the vertical
velocity curves by making use of Eq. 3.6.

The first row of graphs (panels (a-c)) shows the vertical 𝜙𝑆 profiles against 𝑧/𝑅. For the smallest
outlet size studied (panel (a)), the curves for 𝑣𝑏 = 7.3 and 15.6 cm/s fall on top of the free discharge
profile. However, for lower values of 𝑣𝑏 , the reduction of 𝜙𝑆 observed in the free discharge for low values
of 𝑧/𝑅 is clearly attenuated. This evidences the role of the belt, slowing the grains and preventing
their dilation. When the outlet size is increased, a local minimum of 𝜙𝑆 is observed at a position
around 𝑧/𝑅 ≈ 1.5. This phenomenon is a signature of the triangular shear bands shown in Fig. 4.13.
In addition, despite the existence of this minimum, it is important to stress that the purple curves
(corresponding to the lowest belt velocity) exhibit higher values of 𝜙𝑆 for all 𝐷, approaching in some
cases the closest packing of circles in 2D, 𝜙𝑆

𝐶𝑃 = 𝜋√3/6 ≈ 0.906.
The profiles of (negative) vertical velocity 𝑉𝑐 against 𝑧/𝑅 are illustrated in the second row of Fig. 4.16

(panels (d-f)), whereas their temporal derivatives (the acceleration profiles 𝑎𝑐 vs 𝑧/𝑅) are represented
in the third row (panels g-i). For all orifice sizes, both the velocity and acceleration profiles for the
minimum value of 𝑣𝑏 = 0.1 cm present negligible values. This indicates that this scenario is a good
approximation of a quasi-static discharge. As the extraction rate is increased, the velocity profiles grow
in magnitude, reaching the curve for the free discharge in the case of 𝐷 = 1.61 cm. Comparing the
velocity profiles obtained for different 𝐷, an important dependence on this parameter, as it is the case for
the free discharge, cannot be detected. Nevertheless, the apparition of velocity maxima whose position
in 𝑧/𝑅 increases with 𝐷 can be discerned. Evidently, these maxima should coincide with the point at
which the 𝑎𝑐/𝑔 curves cross the x-axis. Indeed, the behaviour of the system is better appreciated in the
acceleration profiles. In these graphs, all curves seem to follow the free discharge case for high values
of 𝑧/𝑅, and they split from it at a certain point as 𝑧/𝑅 decreases. The presence of the conveyor belt
slows the grains preventing their acceleration as in the free discharge scenario. The more important the
effect of the belt is (for low 𝑣𝑏 and large 𝐷), the higher the position at which the grains start feeling
its presence and depart from the free discharge behaviour.

The last row of panels (j-l) in Fig. 4.16 represents the kinetic stress field profiles 𝜎𝑘 versus 𝑧/𝑅.
In panel (l) for 𝐷 = 4.82, two maxima of kinetic stress around 𝑧/𝑅 = 0 and 1 are observed for the
highest values of 𝑣𝑏 . Essentially, these maxima reflect the two collisional regions already appreciated
in the maps: the higher one is caused by the arch and the lower one by the belt. As the outlet size is
decreased to 𝐷 = 3.19 cm (panel (k)), the two maxima seem to join, and when 𝐷 is reduced even more
(𝐷 = 1.61 cm, panel (j)), a lone minimum (which coincides with the one displayed in the gravity curve)
is observed. Apparently, the contribution of the belt (that yielded the maximum at 𝑧/𝑅 = 0 in panel (l))
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Figure 4.16: Vertical profiles at 𝑥 = 0 of (a-c) surface solid fraction, (d-f) vertical velocity, (g-i) vertical
acceleration and (j-l) kinetic stress against 𝑧/𝑅. Results for the three outlet sizes displayed at the top
of the figure, for the free discharge and for the different belt velocities indicated in the legends.
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disappears for the smallest 𝐷 and only the maximum related to the gravity acceleration (corresponding
to the typical arch of this regime) is present. For the case of very small values of 𝑣𝑏 , the kinetic stress
is negligible for all the orifices studied. Then, under these experimental conditions, the material is
discharged with a high compaction and negligible acceleration, velocity and kinetic stress. From now
on, this motion will be called quasi-static and can be identified with the one that takes place in a solid
submitted to plastic deformations.
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Figure 4.17: Values of 𝛾 as function of 𝐷 for the belt velocities indicated in the legend and the free
discharge case, obtained by three different methods: (1) full symbols: from the integral of Eq. 1.23
applied to the profiles of Fig. 4.16 (g-i); (2) empty symbols: from Eq. 1.22 and the experimental data
shown in Fig. 4.4 (b); (3) dashed line: value of 𝛾 = 1.45 obtained for the free discharge when fitting
all the data of Fig. 3.5 to Eq. 1.22.

Finally, the vertical profiles of acceleration will be connected with the particles velocity at the outlet
by computing the 𝛾 parameter, as it was done in Chapter 3. Recall that 𝛾 accounts for the integral of
the dimensionless vertical acceleration of the grains along the z-axis. Figure 4.17 shows the values of
𝛾 versus 𝐷 for the different belt velocities studied in this section. In addition, the values of 𝛾 for the
free discharge, already shown in Fig. 3.17 of Section 3.5, are also included in this graph. Now, the 𝛾
values for the experiments with the belt have been computed by two of the three methods used in the
free discharge case (Section 3.5): i) Calculating it from Eq. 1.22 and the data of 𝑣𝑐 vs 𝐷 shown in Fig.
4.4 (empty symbols in Fig. 4.17); and ii) solving the integral 1.23 using the acceleration profiles of 4.16
(g-i) (full symbols in Fig. 4.17). Obviously, the other method used in Section 3.5 (determining a single
value of 𝛾 for all 𝐷 by adjusting the data to Eq. 1.22) is not possible for the belt discharge since the
values of 𝛾 vary with the orifice size as shown in Fig. 4.17.

In this case, the agreement of the 𝛾 values obtained by both methods is much better than for the
free discharge. Presumably this is due to the precise values obtained by means of the integration of
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the acceleration, given that the curve values for high values of 𝑧/𝑅 are close to 0. Concerning the
dependence of 𝛾 on 𝐷, it is remarkable that for small outlet sizes and high belt velocities, 𝛾 shows
a value near one, similar to the one obtained for free discharge, and in agreement with the results
obtained when analyzing other magnitudes. In addition, the trends observed for all curves are similar
to the data of 𝑣𝑐 vs 𝐷 (see Fig. 4.4 (b)), confirming that the 𝛾 parameter defined as in Eq. 1.23 is the
one that determines the velocities of the particles at the exit line. In fact, this parameter can be viewed
as a measure of how close is the regime to the free discharge, which is characterized by values of 𝛾
equal or higher than one.

4.7 Conclusions

In this chapter the flow rate in a silo discharged by means of a conveyor belt has been investigated
by analyzing the kinematic and dynamic features of the grains in the outlet region. The solid fraction
and velocity profiles at the orifice for different extraction rates have shown certain self-similarity and,
as in the free discharge case, have been successfully described by Eqs. 1.17 and 1.18 respectively.
Nonetheless, the quantitative dependence of the profiles (expressed by the value of these magnitudes
at the orifice center) exhibits a considerably different trend than the dependence observed for the free
discharge. Remarkably, for a given belt velocity, the velocity of the particles reduces as 𝐷 increases.
This is in agreement with the observation that the flow rate for the case of the belt grows with 𝐷 in
a much less pronounced way than for the free discharge. In addition, for a given outlet size, these
magnitudes seem to saturate for a sufficiently fast belt velocity to values that coincide with the ones of
the free discharge experiments.

Aiming at a better understanding of all these features, a model based on mass conservation arguments
has been proposed. Interestingly, the equations obtained for the flow rate and belt velocities show that
both magnitudes are proportional to the belt velocity. In addition, they reveal that both the flow rate and
the grains velocity are mainly determined by the geometry of the region below the orifice (in particular,
by the cross section of the grains deposited on the belt). These expressions agree with the experimental
data when the belt velocity is sufficiently low. When it increases, the model is not always valid, and
there seems to be a smooth transition between two different regimes depending on the outlet size. For
small outlet sizes, the system behaves as if the discharge was driven solely by gravity and therefore
the model fails at describing the observed behaviour. For large values of 𝐷, however, the influence of
the belt becomes important and the proposed model is valid again. Furthermore, the validity of the
model has been confirmed implementing additional experiments varying the distance ℎ between the silo
bottom and the conveyor belt, a parameter that appears in the equations with a quadratic dependence.

Besides, the analysis of the field maps of solid fraction, vertical velocity and kinetic stress contributed
to understand the dynamics of the system, which is characterized by a competition between two agents.
On one hand, the outlet size that sets the characteristic length from which grains start accelerating
and decompacting; on the other, the presence of the belt, which induces an upward transference of
momentum that slows down the grains and compacts them below the orifice. Interestingly, when the
conveyor belt barely affects the dynamics (for low 𝐷 and high 𝑣𝑏) the fields are quite similar to the free
discharge case. For other experimental conditions, the combination of both influences determines the
patterns of the different magnitudes. Finally, the analysis of the vertical profiles allowed relating the



Section 4.7 93

different variables among them, and the computation of the values of 𝛾 for all the experimental conditions
studied. Interestingly, this parameter can be understood as a measure of the degree of influence of the
belt in the discharge (𝛾 = 0 for a strong effect and 𝛾 ≃ 1 for a negligible effect).
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Chapter 5

Velocity fluctuations and intermittency

As mentioned in the introduction (Section 1.4), the instantaneous flow rate in a gravity-driven discharge
of a granular silo exhibits fluctuations around the mean value that depend considerably on the outlet
size. More precisely, flow statistics appears to be related to the clogging probabilities as non-Gaussian
fluctuations emerge when the outlet size decreases and clogging becomes frequent [71, 72]. In this work,
the extraction of the material with a conveyor belt adds a new dimension in the parameter space whose
implications in the flow fluctuations must be explored. In fact, low values of 𝑣𝑏 induce an intermittent
movement that can be appreciated with a naked eye, whereas extractions with high belt velocities seem
to present a continuous flow similar to the free discharge.

In this chapter, the fluctuating nature of the granular flow when a silo is discharged with a conveyor
belt is investigated from different perspectives. Particularly, Section 5.1 studies the distributions of
temporal signals characterizing instantaneous discharge velocities. In Section 5.2, the time increments
of these signals are analyzed from the point of view of a multiscale analysis originated in the field of
three-dimensional turbulence. The results collected there are explained in Section 5.3, where a study of
the statistical distributions of these velocity increments is performed. In Section 5.4, the same problem
is addressed by looking at the correlation distances in the movement of the particles. Finally, Section
5.5 exposes the conclusions derived from the results of this chapter, most of which have been published
in Ref. [91].

Figure 5.1: Frame extracted from a video corresponding to a discharge through an orifice 𝐷 ≈ 12𝑑𝑝 .
Red crosses indicate the centroid positions of the particles, whereas the green rectangle is the region
in which the individual velocities are analyzed and averaged to build the velocity signals 𝒱(𝑡).
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In all experiments presented here, granular flows have been studied by placing the conveyor belt
at ℎ = 0.67 ± 0.03 cm below the silo bottom as before. The research has been focused in two outlet
sizes: one in the region where clogging occurs frequently (𝐷 = 1.61 cm ≈ 4𝑑𝑝), and another one where
clogging is not observed (𝐷 = 4.82 cm ≈ 12𝑑𝑝). For both values of 𝐷, the whole range of 𝑣𝑏 has been
explored. The measurements have been performed by recording videos focusing on the exit line and
taken when the material is flowing; that is, excluding the sequences where clogs are formed in the small
outlet case. The films were typically recorded with a frame rate of 800 frames per second and had a
duration of around 40 s. From these videos, images like the one shown in Fig. 5.1 were extracted, and
the particle centroids and velocities were obtained with the method already explained in Chapter 2.

5.1 Temporal velocity fluctuations

In this section, the temporal velocity fluctuations are studied from the analysis of different temporal
signals 𝒱(𝑡), one per experimental condition. These signals have been constructed by averaging, in
each frame, the velocities 𝑣𝑖 of the particles in the outlet region. In particular, the velocities considered
have been the ones corresponding to the particles positioned in the green box of Fig. 5.1. The size of
this window, centered at the outlet, is one particle diameter in its vertical direction. In the horizontal
direction the extent of the box is 10𝑑𝑝 for the aperture size of 𝐷 ≈ 12𝑑𝑝 and 3𝑑𝑝 for 𝐷 ≈ 4𝑑𝑝 .
The resulting signal is an instantaneous mean velocity that characterizes the discharge speed at each
moment. The purpose of evaluating this magnitude is two-fold: on one hand, it is a way to determine
the particles movement in each moment with only one variable; on the other hand, the velocity signals
are necessary as a starting point to apply the multifractal analysis that will be explained in next section.

The plots of 𝒱(𝑡) versus time for different experimental conditions are displayed in Fig. 5.2. There,
signals of diverse nature are observed. For example, in panel (a), peaks of variable height alternate
with time intervals with zero velocity. Conversely, in panel (c) a more homogeneous signal is appre-
ciated with negative velocities around 30 − 40 cm/s. In order to investigate these dissimilarities in
the signals obtained for different values of 𝑣𝑏 and 𝐷, the probability distribution functions of 𝒱(𝑡)
have been evaluated and represented in Fig. 5.3 for both outlet sizes considered and several values of
𝑣𝑏 . Additionally, the same distributions for the free discharge case are presented for comparison. In
general, the distributions show similar trends for the two outlet sizes studied, although they are wider
for 𝐷 ≈ 4𝑑𝑝 . In both cases, for low values of 𝑣𝑏 they exhibit a peak at zero and present an asymmetry
in the form of an exponential tail in the negative direction. These features disappear as the extraction
velocity increases, approaching Gaussian distributions for the largest values of 𝑣𝑏 . Remarkably, for the
outlet size of 𝐷 ≈ 4𝑑𝑝 , a small asymmetry is also observed for large values of 𝑣𝑏 , but this time in the
positive direction towards 𝒱 = 0. Probably, the formation of partial clogging structures above the outlet,
which are produced for relatively small orifice sizes, can be behind the non-Gaussian features observed
in this specific case (𝐷 ≈ 4𝑑𝑝 and high 𝑣𝑏). This idea is supported by the fact that, for 𝐷 ≈ 4𝑑𝑝 , the pdf
for the free discharge case exhibits the same kind of asymmetry. However, for 𝐷 ≈ 12𝑑𝑝 , the values of
|𝒱(𝑡)| are considerably higher and the symmetric Gaussian functional form is preserved for both, high
belt velocities and free discharge.

Interestingly, the asymmetries observed in Fig. 5.3 can be captured by the Generalized Gumbel
distribution (GG) [92], a function that exhibits an exponential tail on one side and an abrupt fall on the
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Figure 5.2: (a)-(d) Examples of velocity signals 𝒱(𝑡) as function of time for different experimental
conditions as indicated in the labels. The four plots represent examples of the signals obtained in each
one of the four (I-IV) scenarios described in the text. The dashed line indicates the zero level of the
velocity signals.
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Figure 5.3: Probability distribution functions (pdf) of the signal velocities 𝒱(𝑡) for the two outlet sizes
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Section 5.1 99

10-4

10-3

10-2

10-1

100

-6 -4 -2 0 2
10-4

10-3

10-2

10-1

100

-4 -2 0 2 4-6 -4 -2 0 2 4 -4 -2 0 2 4 6

(h)(g)(f)(e)

(d)(c)(b)

D
 

 4
d p

 

 
pd

f (
Y

)

D
 

 1
2d

p

vb=0.4 cm/s

(a)

 = 8.37

 

 

pd
f (
Y

)

Y

 

 

 

Y

vb=15.6 cm/svb=1.9 cm/s

 

 vb=3.7 cm/s

 

 

Y

 

 

 

 

 

 = 0.29

 = 0.32  = 5.27 = 7.37

 

 

Y

Figure 5.4: Probability density functions (pdf) of the normalized velocity signals 𝑌 = 𝒱−⟨𝒱⟩
𝜎 for different

values of 𝑣𝑏 and 𝐷. The red solid lines are plots of GG distributions (Eq. 5.1) with the value of 𝛼
indicated inside each graph, and obtained from the experimental skewnesses as ⟨𝑌3⟩ = 1/√𝛼. Note
that the function in panel (h) exhibits an opposite asymmetry to the rest, and has been constructed also
with Eq. 5.1 but using pdf(−𝑌) as explained in the text. The blue solid lines are Gaussian functions.

other one. Initially introduced to describe the behaviour of extreme events [93], the GG has been also
proven to describe asymmetric distributions in correlated systems of diverse nature when the correlation
length is of the order of the system size [94–96]. The GG is characterized by a shape parameter 𝛼 and
follows the expression:

pdf(𝑌) = 𝛼𝛼𝑏𝛼
Γ(𝛼) exp(−𝛼{𝑏𝛼(𝑌 + 𝑠𝛼) + exp[−𝑏𝛼(𝑌 + 𝑠𝛼)]}) (5.1)

where 𝑌 = 𝒱−⟨𝒱⟩
𝜎 is the relative velocity normalized with the standard deviation, 𝑏𝛼 = √𝑑2 lnΓ(𝛼)

𝑑𝛼2 /𝜎,
𝑠𝛼 = ⟨𝑌⟩ + {ln 𝛼 − 𝑑 lnΓ(𝛼)

𝑑𝛼 }/𝑏𝛼 and Γ is the Euler’s Gamma function. Since by definition ⟨𝑌⟩ = 0 and
𝜎 = 1, Eq. 5.1 depends only on the shape parameter 𝛼. Indeed, the parameter 𝛼 can be extracted from
the skewness of the distributions because they are directly related by the expression ⟨𝑌3⟩ = 1/√𝛼.

In Fig. 5.4, some of the distributions already represented in Fig. 5.3 are displayed in separate
graphs. In particular, the figure shows distributions for the two outlet sizes studied and four values of
𝑣𝑏 . In order to better appreciate possible deviations from Gaussianity in the distributions, and check
the validity of the GG expression, the velocity signal values are normalized as 𝑌 = 𝒱−⟨𝒱⟩

𝜎 . For both
orifice sizes, the evolution of the experimental distributions with 𝑣𝑏 appears to be similar, at least for
low extraction rates. Indeed, for 𝑣𝑏 = 0.4 cm/s (panels (a) and (e)) and 𝑣𝑏 = 1.9 cm/s (panels (b) and



100 Velocity fluctuations and intermittency

(f )), the distributions present certain degree of asymmetry, which is remarkably well described by the
GG. It should be reminded that these curves, represented with red lines, are characterized by a single
parameter 𝛼 which is not obtained from a fit but from the distribution skewness as mentioned before.
As the belt velocity increases to 𝑣𝑏 = 3.7 cm/s (see Fig. 5.4 (c) and (g)), the skewness practically
disappears and the experimental distributions are well described by the Gaussian curves represented
with blue lines. A further increase of 𝑣𝑏 leads to the emergence of differences between small and large
outlet sizes as it is shown in panels (d) and (h). Indeed, for 𝐷 ≈ 12𝑑𝑝 , the distribution maintains its
symmetry, and it is characterized by the Gaussian function. However, for the outlet size of 𝐷 ≈ 4𝑑𝑝 , an
asymmetry appears towards positive values of 𝑌, which is once more well described by the Generalized
Gumbel distribution. The representation of the GG distribution with the opposite asymmetry in Fig.
5.4 has been also carried out by plotting Eq. 5.1, but in this case using pdf(−𝑌) (including a negative
value for the normalized variable).

In summary, all the distributions studied have been described by either the Gaussian function or the
GG. In the latter case, the asymmetry can be quantified by a single shape parameter 𝛼. Specifically, the
smaller the value of 𝛼, the more marked is the distribution asymmetry, as it is inferred from the definition
⟨𝑌3⟩ = 1/√𝛼. According to this expression, the parameter 𝛼 presents a non-linear dependence on the
skewness. Therefore, the quantitative differences between the 𝛼 values obtained in the distributions of
panels (b), (f ) and (h) in Fig. 5.4, which range from 5.27 to 8.39, cannot be used to directly compare
shapes. Indeed, a hypothetical symmetric GG distribution could be achieved with an infinite value
of 𝛼, leading to a Gaussian function. The reason for the successful description of these asymmetric
distributions by the GG distributions is left for a future work.

5.2 Multifractal analysis of the intermittency

In this section, the intermittency of the particles movement is analyzed by means of a multiscale
analysis formulated by Frisch [97] in the framework of turbulence. In his book he starts introducing
two types of random functions: self-similar and intermittent. The concept of self-similarity deals with
a scale-invariant property of the functions. This notion is illustrated in Fig. 5.5 (a), which shows a
time-dependent signal corresponding to a Brownian motion. In this case, if the function is evaluated
in different windows, their statistical properties are maintained regardless of the position or the size of
the window. As a counter-example, Frisch shows the Cantor function or Devil’s staircase (Fig. 5.5 (b)).
Remarkably, this function does not fulfil the previous criterium of self-similarity since the magnification
of windows at different positions produce different results1 . Indeed, this function is only active in certain
sections, whereas it is stopped in other parts. The functions that exhibit this latter behaviour are called
intermittent.

Intermittency is a characteristic feature of turbulence, and leads to progressively larger deviations
of the velocity gradients distributions from Gaussian statistics at increasingly smaller scales. In partic-
ular, the existence of energy dissipation is behind the large kurtosis values observed in the fat-tailed
distributions of velocity gradients. This complex behaviour is well described by a multifractal analysis,
which has been widely applied to diverse systems such as wave turbulence in fluid surfaces [98], motion

1It should be noted that the Devil’s staircase is a function defined from the Cantor set, which is self-similar by construction from a
geometrical point of view. However, this is not the concept of self-similarity used in this work.
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Figure 5.5: Examples of (a) a self-similar function: Brownian motion; and (b) an intermittent function:
The Devil’s staircase. Figures extracted from [97].

of fluids in porous media [99, 100], capillary bursts of two-phase fluid fronts in fractured media [101], or
the morphology of fracture fronts [102, 103]. Basically, this is a tool that evaluates the distributions of
the increments from a velocity signal and determines their deviations from a strict self-similar behaviour
characterized by Gaussian statistics.

A concept closely related to self-similarity is fractality. A fractal is a geometrical complex object
with fine structure at arbitrary small scales [104], which presents some degree of self-similarity. In a
fractal object, when one of its parts is magnified, the features of the portion resemble the whole object.
Multifractality, instead, appears when there is a set of fractals that are scale-dependent. In particular, in
a multifractal object, a change in the scale leads to variations in the properties of the magnified portion
of the sample. It should be noted that, in the scope of turbulence, any deviation from a self-similar
time-dependent signal (for example, one that corresponds to a multifractal behaviour) is considered as
intermittent.

The aim of this section is to make use of this multiscale analysis to describe the intermittency
in the discharge of a granular silo by means of a conveyor belt. According to the bibliography, the
intermittent motion has been widely studied in the scope of granular media from several points of view:
experimental [105–110], theoretical [111] and numerical [112–114]. However, as far as I know, the only
work that observed a multifractal behaviour in granular materials involved a completely different system
(a simulated sample subjected to homogeneous shearing [114]).
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Self-similarity of the velocity signals

The application of the multiscale analysis requires that the morphology of the 𝒱(𝑡) functions is self-
similar. One way to test whether this condition is fulfilled is the evaluation of the distributions of
burst sizes 𝑆, which should exhibit a power-law dependence. Here, a burst is a collective motion of
the particles that pass through the orifice faster than the mean during a finite interval of time [115].
Accordingly, the burst sizes are calculated from the 𝒱(𝑡) signals as the sizes of the shadowed regions
in Fig. 5.6, i.e. the areas between the values of the signal and its mean. Since the velocities are mainly
negative, the peaks analyzed have been the ones pointing downwards.
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Figure 5.6: Zoomed view of the 𝒱(𝑡) signal displayed in Fig. 5.2 (a) (𝐷 ≈ 12𝑑𝑝 and 𝑣𝑏 = 0.4 cm/s)
in which the computation of the burst sizes is illustrated. The dashed line represents the zero level
whereas the horizontal solid red line accounts for the mean value of the temporal signal. The sizes 𝑆
of the four bursts detected in this part of the signal are computed as the shadowed areas of the peaks
below the mean value.

The experimental distributions of the burst sizes 𝑆 are represented in Fig. 5.7 for 𝐷 ≈ 12𝑑𝑝 (panel
(a)) and 𝐷 ≈ 4𝑑𝑝 (panel(b)). For both outlet sizes, most of the distributions appear to be compatible
with power laws (at least for the two first decades), and tend to decay to zero at higher values of 𝑆.
Regarding these features, the distributions have been successfully fitted by means of a power law with
an exponential cutoff that characterizes the decay at large burst sizes:

𝑃(𝑆) = 𝐶𝑆−𝛽𝑒−𝑆/𝑆0 (5.2)

The expression includes three fitting parameters: a normalization constant 𝐶, the power law exponent
𝛽 and a characteristic burst size 𝑆0 at which the distributions decay exponentially. In particular, the
exponential decay accounts for a macroscopic threshold which is often related to the size of the system
(it is impossible to obtain bursts considerably greater than 𝑆0).

All the distributions shown in Fig. 5.7 (a) and (b) have been adjusted to Eq. 5.2 leaving 𝐶, 𝛽 and
𝑆0 free. Two fitting examples (for the case of 𝑣𝑏 = 1.9 cm/s and both orifice sizes) are included in
panels (a) and (b) with solid lines. The values of the fitting parameters obtained are represented in the
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Figure 5.7: Probability density functions (pdf) of bursts sizes 𝑆 for outlet sizes of (a) 𝐷 ≈ 12𝑑𝑝 and (b)
𝐷 ≈ 4𝑑𝑝 for the values of 𝑣𝑏 indicated in the legend of panel (a). The solid line represents the best fit
according to Eq. 5.2 for the distribution of 𝑣𝑏 = 1.9 cm/s in each case. Panels (c), (d) and (e) represent
the values of 𝐶, 𝛽 and 𝑆0 respectively as function of 𝑣𝑏 , obtained when fitting the distributions to Eq.
5.2 for both outlet sizes (as indicated in the legend).
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lower row of Fig. 5.7 (panels (c), (d) and (e)) as function of 𝑣𝑏 . As it is observed, they follow different
systematic trends. In particular, the values of 𝐶 vary with the orifice size; increasing for 𝐷 ≈ 4𝑑𝑝 and
remaining more or less constant for 𝐷 ≈ 12𝑑𝑝 . The values of 𝛽 do not change a lot in the whole range
of 𝑣𝑏 and remain in general around 1. Concerning the values of the characteristic length 𝑆0 , they are
notably reduced (note the logarithmic scale in the y-axis) as the belt velocity increases for both outlet
sizes. Furthermore, it should be stressed that in some cases (the two smallest values of 𝑣𝑏 in the case
of 𝐷 ≈ 12𝑑𝑝 and the smallest one in the case of 𝐷 ≈ 4𝑑𝑝), the best fit of Eq. 5.2 yielded values of
𝑆0 tending to infinity (not shown in Fig. 5.7 (e)); that is, the distributions exhibit pure power laws
in these scenarios. Summarizing, all the distributions follow power laws over at least two decades,
suggesting that the bursts are scale-invariant in all cases, a feature that justifies the implementation
of the multiscale analysis. However, it should be kept in mind that for low values of 𝑣𝑏 (for which
the pure power laws have been obtained) the signals present on-off dynamics and do not fulfil the
self-similarity condition according to Frisch. Indeed, the burst analysis only takes into account the
burst size distributions, which would not change if the signal is stopped between two peaks. Hence, in
spite of the lack of self-similarity according to the Frisch criterion, the bursts morphology of the on-off
signals shows also scale-invariant properties.
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Figure 5.8: Probability density functions (pdf) of the burst sizes normalized by their corresponding
mean value, 𝑋 = 𝑆/⟨𝑆⟩, for outlet sizes of 𝐷 ≈ 12𝑑𝑝 (a) and 𝐷 ≈ 4𝑑𝑝 (b) and for the values of 𝑣𝑏
indicated in the legend. The solid lines are in both cases Eq. 5.3 with 𝐶′ = 0.19, 𝛽 = 1 and 𝑋0 = 5.
Panel (c) representees the best values of 𝑋0 when fitting Eq. 5.3 to the distributions of panels (a) and
(b).

Given the relatively similar values around 1 of the power-law exponent 𝛽 obtained in the fittings,
let us now try to describe all the bursts distributions with the same exponent 𝛽 = 1. Furthermore, with
the aim of determining a representative scaling of the problem, the bursts are going to be expressed
in a dimensionless way by normalizing them by their mean value. The distributions of the variable
𝑋 = 𝑆/⟨𝑆⟩ for the same cases than above are displayed in panels (a) and (b) of Fig. 5.8, evidencing a
nice collapse of most of the curves. The only exception are distributions for the lowest 𝑣𝑏 , which were
the ones displaying pure power laws (without exponential cutoff) in Fig. 5.7. To describe the behaviour
of the collapsed curves, Eq. 5.2 has been adapted to the normalized variable as follows:

𝑃(𝑋) = 𝐶′𝑋−𝛽𝑒−𝑋/𝑋0 (5.3)
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In this expression, 𝐶′ = 𝐶⟨𝑆⟩𝛽 is the new constant term and 𝑋0 = 𝑆0/⟨𝑆⟩ the new decay constant. Now,
the 𝑋 distributions have been fitted by fixing the exponent 𝛽 to 1, obtaining the 𝑋0 values displayed in
Fig. 5.8 (c). For both outlet sizes 𝑋0 displays a dramatic increase when 𝑣𝑏 approaches zero. Therefore,
the normalization has not been useful to establish a single representative scaling of the decay constant
for all values of 𝑣𝑏 . Nonetheless, for large extraction velocities a plateau seems to be reached. Indeed,
all distributions obtained for high 𝑣𝑏 are compatible with Eq. 5.3 and the parameters 𝐶′ = 0.19, 𝛽 = 1
and 𝑋0 = 5. This function has been plotted in both panels (a) and (b) of Fig. 5.8.

Once the self-similarity of the signal morphology has been proven, the multifractal analysis can
be performed. As a first step, families of new signals of velocity increments have been calculated
from the 𝒱(𝑡) ones. For each value of a time lag 𝜏, the velocity increments signal is computed as
Δ𝒱(𝑡, 𝜏) = 𝒱(𝑡 + 𝜏) − 𝒱(𝑡). An example of Δ𝒱(𝑡, 𝜏), is represented in Fig. 5.9 for the case of
𝐷 ≈ 12𝑑𝑝 , 𝑣𝑏 = 1.9 cm/s and 𝜏 = 0.64 s. As can be appreciated, the result is another fluctuating signal
but this time centered around zero. From each signal 𝒱(𝑡) extracted in each experimental condition, a
family of Δ𝒱(𝑡, 𝜏) have been computed using different values of 𝜏, logarithmically distributed between
𝜏 = 1.25 ⋅ 10−3 s and 𝜏 = 20.48 s. These time series are the starting point for the multifractal analysis
exposed below.
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Figure 5.9: Velocity increments signal for an outlet size of 𝐷 ≈ 12𝑑𝑝 , a belt velocity of 𝑣𝑏 = 1.9 cm/s
and a time lag 𝜏 = 0.64 s.

Analysis of the structure functions

At this point, the multifractal behaviour of the system is tested through the 𝑝-order structure functions
defined as 𝒮𝑝(𝜏) = ⟨|Δ𝒱(𝑡, 𝜏)|𝑝⟩. Basically, these functions evaluate the evolution of the 𝑝-order
momenta of the distribution of absolute values of Δ𝒱(𝑡, 𝜏) with the time lag 𝜏. One of the key properties
of 𝒮𝑝(𝜏) is that they should scale as power laws of the time lag (𝒮𝑝 ∼ 𝜏𝜉𝑝 ) provided that the signals
of the velocity increments present some scale invariance [102]. In addition, the fluctuations of Δ𝒱(𝑡, 𝜏)
are locally characterized by their singularity exponents, Δ𝒱(𝑡, 𝜏) ∼ 𝜏𝑞(𝑡) when 𝜏 → 0+ . If these
fluctuations are homogeneous, then the singularity exponents will be constant, 𝑞(𝑡) = 𝑄, for all 𝑡. In
this scenario, the exponents 𝜉𝑝 of the structure functions 𝒮𝑝(𝜏) will depend linearly on the 𝑝-order
index. Conversely, if the signal displays nonhomogeneous fluctuations, then the singularity exponents
will depend on 𝑡, and the relation between 𝜉𝑝 and 𝑝 will become nonlinear, which constitutes a hallmark
of multifractal intermittency.
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In this work, with the aim of comparing the structure functions for the different signals and focusing
on deviations from Gaussian statistics, I will use the ratio between the 𝑝-order and the second-order
structure functions, which is defined as:

ℛ𝑝(𝜏) =
(𝒮𝑝)1/𝑝

(𝒮2)1/2 = ⟨|Δ𝒱(𝑡, 𝜏)|𝑝⟩1/𝑝

⟨[Δ𝒱(𝑡, 𝜏)]2⟩1/2
(5.4)

Interestingly, the ratio of Eq. 5.4 is independent on the time lag if the velocity increments follow a
Gaussian distribution with zero mean and variance 𝜎2 as

𝑃(Δ𝒱(𝑡, 𝜏)) = 1
2𝜋𝜎2 𝑒− (Δ𝒱(𝑡,𝜏))2

2𝜎2 (5.5)

This statement is demonstrated below. Considering this distribution for 𝑃(Δ𝒱(𝑡, 𝜏)), the expected value
of |Δ𝒱(𝑡, 𝜏)|𝑝 , is calculated as:

𝐸 (|Δ𝒱(𝑡, 𝜏)|𝑝) = 1
√2𝜋𝜎2

∫
∞

−∞
|Δ𝒱(𝑡, 𝜏)|𝑝𝑒− (Δ𝒱(𝑡,𝜏))2

2𝜎2 𝑑(Δ𝒱(𝑡, 𝜏)) (5.6)

Now, in order to remove the absolute value, the integral from −∞ to ∞ is substituted by an integral
from 0 to ∞ times a factor 2:

𝐸 (|Δ𝒱(𝑡, 𝜏)|𝑝) = 2
√2𝜋𝜎2

∫
∞

0
(Δ𝒱(𝑡, 𝜏))𝑝𝑒− (Δ𝒱(𝑡,𝜏))2

2𝜎2 𝑑(Δ𝒱(𝑡, 𝜏)) (5.7)

Performing the following change of variable: 𝑍 = [Δ𝒱(𝑡, 𝜏)2]/2𝜎2 , the equation reads:

𝐸 (|Δ𝒱(𝑡, 𝜏)|𝑝) = (2𝜎2)𝑝/2

√𝜋 ∫
∞

0
𝑍

𝑝−1
2 𝑒−𝑍𝑑𝑍 = (2𝜎2)𝑝/2

√𝜋 Γ (𝑝 + 1
2 ) (5.8)

where Γ is the Euler’s Gamma function. The numerator of Eq. 5.4 is computed by raising Eq. 5.8 to
1/𝑝:

[𝐸 (|Δ𝒱(𝑡, 𝜏)|𝑝)]1/𝑝 = √2𝜎2 ⎛⎜⎜
⎝

Γ (𝑝+1
2 )

√𝜋
⎞⎟⎟
⎠

1/𝑝

(5.9)

Finally, taking into account that the denominator of Eq. 5.4 just stands for the standard deviation of
the distribution √𝜎2 , the ratio ℛ𝐺

𝑝 for Gaussian distributions reads:

ℛ𝐺
𝑝 = √2 ⎛⎜⎜

⎝

Γ (𝑝+1
2 )

√𝜋
⎞⎟⎟
⎠

1/𝑝

(5.10)

which does not depend on the lag time with which the signal is built as it was stated above.
In this work, different types of normalizations have been used to represent the structure functions

in diverse ways. In particular, apart from 𝒮𝑝(𝜏), the sets of functions of 𝐶𝑝(𝜏) = 𝒮1/𝑝
𝑝 (𝜏), 𝐶𝑁

𝑝 (𝜏) =
𝐶𝑝(𝜏)/ℛ𝐺

𝑝 , and 𝐶𝑁
𝑝 (𝜏)/(𝑆2(𝜏))1/2 = ℛ𝑝(𝜏)/ℛ𝐺

𝑝 have been computed for all experimental conditions
investigated. In order to give an idea of the typical curves obtained for the different kinds of 𝑝-order
structure functions computed, some examples have been represented for two different experimental
conditions and several values of 𝑝 in Fig. 5.10 (note the double logarithmic scale in all panels). The first
row of this figure (panels (a)-(d)) shows four sets of structure functions for 𝐷 ≈ 12𝑑𝑝 and 𝑣𝑏 = 1.9 cm/s,
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Figure 5.10: Different kinds of structure functions: 𝒮𝑝(𝜏), 𝐶𝑝(𝜏), 𝐶𝑁
𝑝 (𝜏), and 𝑅𝑝(𝜏)/𝑅𝐺

𝑝 =
𝐶𝑁

𝑝 (𝜏)/(𝑆2)1/2 , with 𝑝 from 1 to 8 as indicated in the legend of panel (d). Results correspond to
experiments using an outlet size of 𝐷 ≈ 12𝑑𝑝 and values of 𝑣𝑏 = 1.9 cm/s (top row) and 𝑣𝑏 = 3.7 cm/s
(bottom row).

a case in which multifractality is observed. The second one, instead, shows a scenario where the
statistics is close to Gaussian, for the same outlet size and an extraction velocity of 𝑣𝑏 = 3.7 cm/s.

Panels (a) and (e) show the values of 𝒮𝑝(𝜏) versus the lag time 𝜏 for the eight first values of
𝑝. As mentioned before, the sign of multifractality is given by a non-linear dependence of 𝜉𝑝 on
𝑝, that is, on the slopes of 𝒮𝑝 vs 𝜏 in double logarithmic scale. As this property is quite difficult
to discern to the naked eye, in panels (b) and (f) the structure functions have been represented as
𝐶𝑝(𝜏) = 𝒮𝑝(𝜏)1/𝑝 . With this normalization, similar values of the slopes in double logarithmic scale
imply monofractality and Gaussianity. This condition seems to be fulfilled in panel (f ) for short time lags.
Conversely, panel (b) shows a family of functions whose slope appears to change with 𝑝. This behaviour
is viewed even better in the third column (panels (c) and (g)), where the magnitude represented against
𝜏 is 𝐶𝑁

𝑝 (𝜏) = 𝐶𝑝(𝜏)/ℛ𝐺
𝑝 . This normalization leads to a collapse of the curves if the distributions

are Gaussian, as in panel (g). In particular, the collapse takes place over the standard deviation of
the Δ𝒱(𝑡, 𝜏) distributions, a feature that is not observed in panel (c) for short 𝜏 values. Finally, the
representation of ℛ𝑝(𝜏)/ℛ𝐺

𝑝 = 𝐶𝑁
𝑝 (𝜏)/(𝑆2)1/2 (panels (d) and (h) respectively), shows a total collapse

of this normalized structure function to 1 if the distributions of Δ𝒱(𝑡, 𝜏) are Gaussian. The deviation
from Gaussianity is much more evident for the case of 𝑣𝑏 = 1.9 cm/s, although a slight split of the
functions is also perceived for 𝑣𝑏 = 3.7 cm/s. From my point of view, the representation that gives more
information about the flow dynamics is the third one, 𝐶𝑁

𝑝 (𝜏), because it shows at the same time the
existence of multitractality or not (inferred from the degree of ramification in the functions for low values
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Figure 5.11: Normalized 𝑝-order structure functions 𝐶𝑁
𝑝 , with 𝑝 from 1 to 8 according to the legend, as

function of the time lag for different experimental conditions. Note the double-logarithmic scale. Panels
(a)-(d) correspond to an outlet size of 𝐷 ≈ 12𝑑𝑝 and panels (e)-(h), to 𝐷 ≈ 4𝑑𝑝 . In both cases each
panel stands for a different belt velocity as it is indicated within each graph.

of 𝜏) and the time at which the structure functions become constant, indicating the loss of the particles
temporal correlation.

For this reason, in the following the function 𝐶𝑁
𝑝 (𝜏) will be used to compare the flow properties

for the whole range of 𝑣𝑏 explored and the two values of 𝐷. In Fig. 5.11, the first eight orders of the
normalized structure functions 𝐶𝑁

𝑝 (𝜏) have been represented as function of 𝜏. The general trend is
similar in all cases: they are increasing functions that become constant at certain value of 𝜏, which
corresponds to the time lag at which the temporal correlation of the particles movement is lost. However,
some features of the function families (as the collapse or not in a single curve, the ramification at small
lag times and so on) allow discerning four different scenarios, which are expressed by means of roman
numbers that will appear in most of the forthcoming figures in this chapter.

The first scenario (I) is observed for both outlet sizes and very low values of 𝑣𝑏 (panels (a) and (e)).
For this situation the structure functions do not reach a clear collapse for long 𝜏, meaning that they
never become Gaussian. This behaviour can be related to the existence of an on-off intermittency, as it
was already pointed out when describing the example of Fig. 5.2 (a). There, the signal was reported to
remain at zero during some intervals of time which were separated by large peaks of activity. Clearly,
this behaviour does not correspond to a fractal intermittency and therefore it is not well described by
this analysis.

As the extraction velocity increases, the arrest times in the velocity signals disappear (see an example
of the 𝒱(𝑡) curve in Fig. 5.2 (b)) and the second (II) scenario is defined for the two orifice sizes studied.
In particular, this behaviour is found at 𝑣𝑏 = 1.9 cm/s for an outlet size of 𝐷 ≈ 12𝑑𝑝 (panel (b)),
whereas for the case of 𝐷 ≈ 4𝑑𝑝 it appears at 𝑣𝑏 = 1.0 cm/s (panel (f )) and extends up to values of
𝑣𝑏 around 3.7 cm/s (panel (g)). In this scenario the 𝐶𝑁

𝑝 structure functions collapse at long values of 𝜏.
However, as the time lag is reduced the functions branch out and decrease, each one with a different
rate that depends on the order 𝑝. From the plots, the values of 𝜉𝑝/𝑝 are calculated from linear fits of the
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Figure 5.12: Values of the exponents 𝜉𝑝 obtained for different values of 𝑝 when fitting the structure
functions of Fig. 5.11. Panels (a), (b), (c) and (d) have been obtained from the 𝐶𝑁

𝑝 functions of Fig. 5.11
(b), (c), (f ) and (g) respectively. The continuous lines are second-degree polynomial fits with the form
𝜉𝑝 = 𝐴𝑝 − 𝐵𝑝2 . The parameters obtained are displayed in each plot.

slopes of 𝐶𝑝
𝑁 vs 𝑝 in double logarithmic scale. The exponents 𝜉𝑝 obtained from the structure functions

of panels (b), (f ) and (g) in Fig. 5.11, are represented against 𝑝 in Fig. 5.12 (a), (c) and (d) respectively.
There, the nonlinear trends of 𝜉𝑝 as function of 𝑝 indicate the existence of multifractal intermittency.
Indeed, these data have been successfully fitted to a second-degree polynomial with null independent
term, 𝜉𝑝 = 𝐴𝑝 − 𝐵𝑝2 . The parameters obtained appear inside the plots, proving the aforementioned
non-linearity.

The third (III) scenario appears only for 𝐷 ≈ 12𝑑𝑝 and large values of 𝑣𝑏 . The typical trend of
the velocity signals is the one displayed in Fig. 5.2 (c), where a relatively continuous movement is
appreciated. The normalized structure functions for this case, displayed in Fig. 5.11 (c) and (d), also
show increasing trends that become constant at certain value of the time lag. However, in this case
the functions present a reasonable collapse for low 𝜏, which seems to improve as 𝑣𝑏 increases. For
this scenario the distributions approach a Gaussian behaviour, as it is appreciated in the almost linear
trend of 𝜉𝑝 versus 𝑝 reported in Fig. 5.12 (b) and obtained from the fitting of the structure functions of
Fig. 5.11 (c) (𝑣𝑏 = 3.7 cm/s).

Finally, the fourth (IV) scenario emerges for 𝐷 ≈ 4𝑑𝑝 and for high values of 𝑣𝑏 . For these exper-
imental conditions the 𝒱(𝑡) signal obtained looks like the one of Fig. 5.2 (d). As it is observed, the
fluctuations of this signal appear to be more heterogeneous than in the signal corresponding to the third
scenario (see Fig. 5.2 (c)). Moreover, although the difference is small, the structure functions of this
case, shown in Fig. 5.11 (h), do not completely collapse for any value of 𝜏. Interestingly, the difference
between scenarios (III) and (IV) is only found when modifying the orifice size at large values of 𝑣𝑏 . This
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feature should be related with the emergence of non-Gaussian fluctuations in silos discharged solely
by gravity when they are prone to clogging (see Refs. [71, 72]).

In summary, the structure functions show different behaviours when represented against the lag time
𝜏. According to this, depending on the values of 𝐷 and 𝑣𝑏 four distinct scenarios have been defined. In
order to further investigate the character of the motion in each one of them, an analysis of the velocity
increment distributions will be performed in next section.

5.3 Probability density functions of the velocity increments

Aiming at complementing the outcomes revealed by the structure functions, here the probability density
functions (pdf) of the velocity increments for different 𝜏 are analyzed. In Fig. 5.13, these distributions
have been represented for the same cases studied in the previous section, including roman numbers to
label the different scenarios.
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Figure 5.13: Probability density functions (pdf) of the velocity increments Δ𝒱(𝑡, 𝜏) for several values of
𝜏 and different experimental conditions. The values of 𝜏 grow exponentially in the sense of the arrows
and span between 0.00125 and 20.4 s. The first row refers to the outlet size of 𝐷 ≈ 12𝑑𝑝 (panels
(a)-(d)) and the second one, to 𝐷 ≈ 12𝑑𝑝 (panels (e)-(h)). The values of 𝑣𝑏 are the ones indicated in
each plot. Note the semilogarithmic scale in all panels.

The first relevant feature observed is that all distributions are centered around zero but their width
depends strongly on 𝜏, 𝑣𝑏 and marginally on 𝐷. In general, the distributions become narrower as 𝜏 is
reduced. Indeed, the distributions for low belt velocities exhibit a pronounced peak at Δ𝒱 = 0, which is
magnified for short lag times. Now, in order to better quantify the distributions dependence on 𝑣𝑏 and 𝜏,
the mean values and variances of the Δ𝒱(𝑡, 𝜏) distributions are represented in Fig. 5.14. Remarkably,
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Figure 5.14: Means and variances of the Δ𝒱(𝑡, 𝜏) distributions as function of 𝜏 for 𝐷 ≈ 12𝑑𝑝 (panels
(a) and (b)) and for 𝐷 ≈ 4𝑑𝑝 (panels (c) and (d)). Values for different belt velocities are represented as
indicated in the legend of panel (a).

the values of the mean are strictly zero for all 𝑣𝑏 and 𝜏, except for the longest lag times and 𝐷 ≈ 4𝑑𝑝 .
This is probably due to the highly fluctuating nature of this signal, indicating that in these conditions
the measurement time is not long enough to recover an accurate value of the signal mean. In all cases
studied, the variances present increasing trends for low values of 𝜏 and become constant at certain
time lag. Furthermore, the larger values of the variances are observed in general for higher extraction
rates and for the small orifice size. In addition, the characteristic time at which the variances become
constant, which reflects the loss of temporal correlation of the particles movement, is longer as the belt
velocity is decreased.

Given the widely different values of the variances obtained for the distributions of Fig. 5.13, it
is difficult to appreciate dissimilarities in other features of higher order such as the skewness or the
kurtosis. Therefore, in order to compare the different distributions, these have been normalized in
Fig. 5.15. In particular, they have been multiplied by (2𝜋𝜎2)1/2 and displayed against (Δ𝒱(𝑡, 𝜏) −
⟨Δ𝒱(𝑡, 𝜏)⟩)/𝜎. With this representation, all the distributions exhibiting a Gaussian behaviour should
collapse in a single function (no matter the value of their variance), and any divergence from a normal
distribution would become evident.

Figures 5.15 (a) and (e) display the normalized distributions for both outlet sizes and low values
of 𝑣𝑏 , experimental conditions which are classified as the scenario (I). For 𝐷 ≈ 12𝑑𝑝 (panel (a)) the
distributions show a reasonable collapse with a peak in zero and exponential tails for both positive
and negative values of the rescaled Δ𝒱. For 𝐷 ≈ 4𝑑𝑝 (panel (e)) the distributions look slightly broader
and the exponential character of the tails is not so clear. In any case, the functional form of these
distributions is far from Gaussianity for every value of 𝜏, a feature compatible with the lack of collapse
of the structure functions and with the on-off intermittency described by the 𝒱(𝑡) signals in Fig. 5.2
(a).
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Figure 5.15: Normalized probability density functions (pdf) of the velocity increments Δ𝒱(𝑡, 𝜏) for
several values of 𝜏 and different experimental conditions. The values of 𝜏 grow exponentially in the
sense of the arrows, going from 0.00125 to 20.4 s. The first row refers to the outlet size of 𝐷 ≈ 12𝑑𝑝
(panels (a)-(d)) and the second one, to 𝐷 ≈ 4𝑑𝑝 (panels (e)-(h)). The values of 𝑣𝑏 are the ones indicated
in each plot. The solid lines in panels (d) and (h) are Gaussian curves. Note the semilogarithmic scale
in all panels.

The second (II) scenario is reached for intermediate values of 𝑣𝑏 and both outlet sizes studied (panels
(b), (f ), and (g) in Fig. 5.15). Therein, the distributions show a clear dependence of their tails on the
lag time. In particular, the tails in the right side of the distributions become fatter as the values of
𝜏 are reduced. However, the left tails are barely altered by changes in 𝜏. As a consequence, the
asymmetry of the distributions grows for small values of the lag time. As it was explained before, this
scale-dependence of the statistical features is a sign of the multifractal behaviour already observed by
analyzing the structure functions.

The third (III) scenario occurs when the belt velocity is increased for 𝐷 ≈ 12𝑑𝑝 (Fig. 5.15 (c) and
(d)). In panel (d), a reasonable collapse to the Gaussian curves is appreciated for all values of 𝜏. This
fact supports the scale independence of the statistics, a feature that characterizes the monofractality
observed in this scenario. In panel (c), however, the distributions still present small asymmetries for
low values of 𝜏 in the positive values of the rescaled Δ𝒱, a feature analogous to the one observed for
the distributions of the scenario (II). This suggests that the transition between scenarios (II) and (III) is
not abrupt.

Finally, for the fourth (IV) scenario displayed in panel (h) all the distributions (even the ones
constructed with long lag times) display long tails slightly above the Gaussian curve. This feature,
subtle at first sight but important from a conceptual point of view, is discerned by the inclusion of
Gaussian curves in panels (d) and (h). In panel (d), the curves collapse with a small dispersion around
the Gaussian function; however, in panel (h), all the experimental curves are wider than the Gaussian,
evidencing a small but systematic deviation for all 𝜏.
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Figure 5.16: Skewness and kurtosis of the Δ𝒱(𝑡, 𝜏) distributions as function of the lag time 𝜏 for
𝐷 ≈ 12𝑑𝑝 (panels (a) and (b)) and for 𝐷 ≈ 4𝑑𝑝 (panels (c) and (d)). The horizontal dashed lines are
the values corresponding to Gaussian statistics; i.e. 𝑆𝑘𝐺 = 0 and 𝐾𝐺 = 3.

With the aim of quantifying the evolution of the distributions asymmetry and the tails fatness, the
skewness 𝑆𝑘 and the kurtosis 𝐾 have been computed and represented as function of 𝜏 in Fig. 5.16.
In general, at short 𝜏, the values of the skewness and the kurtosis exhibit different decreasing trends
depending on the extraction velocity and the outlet size. Yet, most of the curves tend to collapse to the
Gaussian scenario for long 𝜏; that is, 𝑆𝑘𝐺 = 0 for the skewness and 𝐾𝐺 = 3 for the kurtosis. The
only exception to this behaviour occurs for the smallest extraction rates (𝑣𝑏 = 0.1 cm/s and 0.4 cm/s),
a scenario in which the skewness curves are more irregular and, remarkably, the values of the kurtosis
are quite far from reaching Gaussian values for any lag time 𝜏. For the rest of the curves, the lag time
values at which the functions reach 𝐾 = 𝐾𝐺 and 𝑆𝑘 = 𝑆𝑘𝐺 appear to vary with the belt velocity, a
dependence that will be thoroughly analyzed later on.

I will first focus on the effect of 𝐷 in the deviations of the distributions from Gaussianity. To this
end, the kurtosis curves of Δ𝒱(𝑡, 𝜏) for similar extraction velocities and different 𝐷 are compared in
Fig. 5.17. In panel (a), both curves start from high 𝐾 values and decrease as the lag time becomes
longer, but they do not reach the Gaussian kurtosis 𝐾 = 𝐾𝐺 = 3. This behaviour agrees with the Δ𝒱
distributions obtained for the scenario (I), which do not follow a Gaussian behaviour for any value of
the lag time. In panel (b), however, the curves corresponding to both orifice sizes exhibit decreasing
power laws (linear trends in double-logarithmic scale) until reaching 𝐾 = 𝐾𝐺 = 3. In panel (c), a clear
difference is observed in the behaviour emerging for both outlet sizes. The kurtosis relative to the big
orifice is practically Gaussian for all values of 𝜏, although, to be precise, the values of 𝐾 remain slightly
over 𝐾𝐺 for small 𝜏. Conversely, the kurtosis curve for 𝐷 = 4𝑑𝑝 describes a decreasing power law for
low values of 𝜏 as in the scenario (II). However, unlike that case, for high values of 𝜏 the curve does not
reach 𝐾 = 𝐾𝐺 = 3, but it remains slightly above it. This result confirms that the distributions obtained
for large 𝜏 reported in Fig. 5.15 (h) were not really Gaussian; an issue that can be explained by the
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Figure 5.17: Kurtosis of the Δ𝒱(𝑡, 𝜏) distributions as function of the time lag. All the panels show
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formation of structures above the orifice that partially interrupt the flow for small orifices.
Let us now consider the behaviour of 𝐾 versus 𝜏 as displayed in Fig. 5.16 (b) and (d) for the

scenarios (II) and (III). It is possible to define a characteristic time 𝜏𝑐 at which the distributions become
normal. The experimental values of 𝜏𝑐 , obtained as the crossing values between the kurtosis curve and
𝐾𝐺 = 3, are represented as function of 𝑣𝑏 in Fig. 5.18 for 𝐷 ≈ 12𝑑𝑝 (note that these results are only
computed for 𝐷 ≈ 12𝑑𝑝 since the kurtosis curves do not reach 𝐾𝐺 for 𝐷 ≈ 4𝑑𝑝). In this graph, the
characteristic lag times show a decreasing trend, and appear to diverge at small values of the extraction
velocity. This suggests that there is not an abrupt transition between scenarios (II) and (III), identified
for 𝐷 ≈ 12𝑑𝑝 when increasing 𝑣𝑏 . Another issue that becomes evident from Fig. 5.18 is that 𝜏𝑐 tends
to a non-zero value in the limit of fast belt velocities, a time lapse which may be related to the collision
rate between the particles in this regime. This was already shown in Fig. 5.17 (c), where the kurtosis
curve for 𝐷 ≈ 12𝑑𝑝 and 𝑣𝑏 = 15.6 cm/s evidenced values slightly above 𝐾𝐺 = 3 for low 𝜏.
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Figure 5.18: Characteristic lag times 𝜏𝑐 and 𝜏𝑆 as function of the extraction velocity for an outlet size
of 𝐷 ≈ 12𝑑𝑝 .

Apart from the values of 𝜏𝑐 , Fig. 5.18 also contains the values of 𝜏𝑆 , the characteristic time at which
the structure functions of Fig. 5.11 become constant, which reflects the loss of temporal correlations
in the particles motion. Interestingly 𝜏𝑆 follows practically the same trend than 𝜏𝑐 , with a small
systematic difference between the values of both characteristic times. In other words, the time at which
the temporal correlations are lost is closely related to the time lag at which the distributions of the
velocity increments become Gaussian.

Finally, in Fig. 5.19 the normalized Δ𝒱 distributions that were already shown in Fig. 5.15 (b),
(c) and (d) are presented, but I display with the same colour the curves with similar values of 𝜏/𝜏𝑐 .
Note that only the scenarios in which 𝜏𝑐 is defined can be plotted, so only some of the distributions
for 𝐷 ≈ 12𝑑𝑝 have been represented. Interestingly, reasonably good collapses of the distributions are
observed for all the intervals of 𝜏/𝜏𝑐 considered. As expected, the distributions with a value of 𝜏/𝜏𝑐
substantially larger than one show precise Gaussian trends. As this value decreases below one, the
distributions become gradually non-Gaussian due to the appearance of asymmetries and fat tails. This
result suggests that for large orifice sizes the shape of the distributions can be determined by a single
representative parameter, 𝜏/𝜏𝑐 . Also, in the light of the results shown in Fig. 5.18, I anticipate that a
normalization over 𝜏𝑆 would play a similar function.
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Figure 5.19: Probability density functions (pdf) of the velocity increments for 𝐷 ≈ 12𝑑𝑝 and different
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5.4 Correlation length of the particles motion

A complementary investigation about intermittent motion is the analysis of the spatial correlation in the
particle velocities. In fact, in a pure intermittent motion the particles move synchronously all the time;
or at least they start and stop at the same time. However, if the movement is continuous with some
fluctuations, the relative correlation between the particles velocities will be lost at certain distance.
By means of this supplementary test, it is possible to add new information to the problem from a
different perspective. In addition, another purpose of these measurements is to deepen in the study of
the flow properties in scenario (I), for which the analysis using the structure functions was not strictly
appropriate.

From the same videos used before, the spatial correlation among the vertical velocities of the particles
in regard to their horizontal separation has been computed at the outlet. Considering the particles
inside the green box of Fig. 5.1 the correlation functions 𝐶(𝑙) have been calculated using the following
expression:

𝐶(𝑙) = ⟨
[𝑣𝑖(𝑥) − 𝜇𝑖(𝑥)][𝑣𝑗(𝑥 + 𝑙) − 𝜇𝑗(𝑥 + 𝑙)]

𝜎𝑖(𝑥)𝜎𝑗(𝑥 + 𝑙) ⟩ (5.11)

where 𝑣𝑖(𝑥) and 𝑣𝑗(𝑥 + 𝑙) are the vertical velocities of a pair of particles 𝑖 and 𝑗 placed at horizontal
positions 𝑥 and 𝑥 + 𝑙 respectively, and 𝑙 is the horizontal distance between them. Notably, this expres-
sion accounts for the relative degree of correlation between particle velocities, in the sense that each
correlation coefficient (the term inside the angle brackets) is calculated after subtracting the means (𝜇𝑖)
and normalizing by the standard deviations (𝜎𝑖) of the particles velocity at that position. It should be
noted also that in Eq. 5.11 only the spatial dependence in the 𝑥-direction of the velocity profiles is
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considered. In fact, the values of 𝜇𝑖(𝑥) and 𝜎𝑖(𝑥), and 𝜇𝑗(𝑥) and 𝜎𝑗(𝑥), stand for the mean and the
variance of the velocities distributions in the horizontal position where the particles 𝑖 and 𝑗 respectively
are. Importantly, the final magnitude is obtained by averaging the correlation coefficients relative to all
pairs of particles in all frames of the videos, which is indicated by the angle brackets. The experimental
results of the correlation curves are represented in Fig. 5.20 as function of 𝑙 for different values of 𝑣𝑏
and for the two outlet sizes studied: 𝐷 ≈ 12𝑑𝑝 in panel (a) and 𝐷 ≈ 4𝑑𝑝 in panel (b).
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Figure 5.20: Experimental correlation functions between the single values of the beads vertical velocity
versus the interparticle distance 𝑙 for different belt velocities as indicated in the legend. Panel (a)
shows the results for an outlet size of 𝐷 = 4.82 cm ≈ 12𝑑𝑝 while panel (b) refers to the data for
𝐷 = 1.61 cm ≈ 4𝑑𝑝 . Note the logarithmic scale in the y-axis.

The experimental curves obtained show decreasing trends in all cases, revealing that the correlation
is gradually lost as the interparticle distance grows. In both panels the curves describe lines in
semilogarithmic scale which stand for exponential trends. Clearly, for both outlet sizes the exponential
decays become steeper as the belt velocity increases. In order to quantify this, the experimental data
have been fitted with the following exponential form:

𝐶(𝑙) = 𝐵𝑒−𝑙/𝑙𝑐 (5.12)

where 𝐵 and 𝑙𝑐 are fitting parameters. Specifically, 𝑙𝑐 is the characteristic correlation length and it
represents the interparticle distance at which 𝐶(𝑙) is reduced to 1/𝑒. The resulting fitting parameters
have been represented as function of 𝑣𝑏 in Fig. 5.21 for both outlet sizes. In panel (a), the parameter
𝐵 does not seem to vary considerably, although it displays a little decreasing trend. Besides, the
physical meaning of this parameter (the magnitude of the correlation at zero distance) does not seem
to be very important. Conversely, the values of 𝑙𝑐 exhibit a clear decreasing trend, and appear to
diverge for extraction velocities near zero. Remarkably, the correlation lengths for low values of 𝑣𝑏
become larger than the horizontal extent of the viewing box (and also than the outlet size). For this
situation (coinciding with the scenario (I)), all the particles passing through the outlet move with a high
correlation, a feature which constitutes a sign of on-off intermittency. In the opposite case, large values of
𝑣𝑏 yield small correlation lengths, what is compatible with a continuous motion with slight fluctuations.
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Figure 5.21: Values of the fitting constants 𝐵 and 𝑙𝑐 as function of 𝑣𝑏 , obtained when fitting Eq. 5.11
to the experimental data of Fig. 5.20. Results obtained for the two outlet sizes are presented with
different symbols (see legend).

For intermediate values of 𝑣𝑏 which correspond to scenarios (II) and (III), no abrupt variations in the
correlation length are observed as 𝑣𝑏 increases. This result agrees with the findings exposed in previous
sections where the transition between these two scenarios was shown to be smooth.

5.5 Conclusions

In this chapter, the velocity fluctuations in the silo discharge have been evaluated by means of different
techniques. The problem has been addressed by analyzing temporal signals that characterize the
instantaneous velocity of the particles at the outlet. Once the self-similarity of the velocity signals has
been checked, the evolution of the structure functions and the pdfs of the velocity increments has been
evaluated as function of the lag time 𝜏 over which they are calculated. Afterwards, the study has been
complemented with the characterization of the particles correlation length in the x-direction.

All the outcomes obtained suggest the existence of four differentiated scenarios, depending on the
two control parameters studied: the outlet size and the belt extraction velocity. Hence, the importance
of the belt extraction rate in the nature of the fluctuating motion has been demonstrated. For small
values of 𝑣𝑏 the motion exhibits a pure on-off intermittency for both outlet sizes. In this first scenario
(I), the particles are highly correlated and the signals alternate between time intervals in which the
particles are stopped and others in which they move with considerable velocity. Actually, the origin of
the intermittent motion in the scenario (I) can be described in the following way. First, a pile of grains
is formed on top of the belt, obstructing the exit and arresting the flow. Meanwhile, the conveyor belt is
slowly advancing, but the material will continue stopped until the pile is displaced sufficiently so that
the exit is unblocked. When this happens, the material flows through the orifice and the pile is formed
again. Then, the orifice is blocked and the process is repeated.

As 𝑣𝑏 is increased, the arrest time intervals disappear for both outlet sizes and a second (II) scenario
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emerges, characterized by the existence of multifractal intermittency. In this situation, in which the
particles correlation length is of the order of the outlet size, the statistical properties of the system
strongly depend on the temporal scale at which they are analysed. Finally, for high values of 𝑣𝑏 in
which the correlation length of the particles is small, the behaviour is different for each one of the outlet
sizes studied. For the largest orifice size (𝐷 ≈ 12𝑑𝑝 , scenario (III)), a monofractal regime has been
found, in the sense that the statistics does not change with the scale, exhibiting Gaussian features in
all cases. Oppositely, for the small orifice size (𝐷 ≈ 4𝑑𝑝), the statistics becomes weakly non-Gaussian
for all scales studied. As mentioned before, this difference in the fluctuation properties is attributed to
the formation of partial clogging structures above the outlet for the smallest outlet size.

Moreover, the nature of the four scenarios is reflected in the distributions of the signal velocities
𝒱(𝑡) (see Figs. 5.3 and 5.4). Indeed, for low extraction rates these distributions exhibit asymmetries
whose relevance is gradually reduced as 𝑣𝑏 increases (scenarios (I) and (II)). Then, for mid and high
values of 𝑣𝑏 , if the orifice is sufficiently large the asymmetries are negligible and the distributions
can be described by a Gaussian function (scenario III). On the contrary, the distribution obtained for
𝐷 ≈ 4𝑑𝑝 and the highest belt velocity (𝑣𝑏 = 15.6 cm/s, scenario IV) exhibits an asymmetric trend
towards positive values of 𝒱(𝑡) compatible with the partial formation of clogs above the outlet.

Considering all the explored features for each scenario, let us now comment the nature of the
transitions between the distinct regimes observed. For example, the passage from phase (I) to (II)
occurs at certain extraction velocity above which the particles are never totally stopped. Although the
correlation length shows no abrupt changes at these values of 𝑣𝑏 , the transition between these two
scenarios could be determined by the 𝑣𝑏 value at which 𝑙𝑐 exceeds the size of the averaging window.
For higher belt velocities, the transition from scenario (II) to (III) seems to be smooth as reflected by the
progressive change of 𝜏𝑐 and 𝑙𝑐 when 𝑣𝑏 increases. Remarkably, the shape of the distributions of these
regimes can be determined by the ratio 𝜏/𝜏𝑐 between the lag time of the signal and the characteristic
lag time at which the distributions become Gaussian. Indeed, Δ𝒱 distributions for different values of 𝜏
and 𝑣𝑏 , but the same value of 𝜏/𝜏𝑐 , yield very similar curves. Finally, the transition between scenarios
(II) and (IV) for the small outlet size also seems to be smooth. Indeed, the asymptotic limit reached for
long lag times in the kurtosis curves of Fig. 5.16 (d) appears to exceed the Gaussian value as the belt
velocity is increased. Finally, let me note that the transition between scenarios (III) and (IV) -which
happens as the outlet size decreases for high extraction rates- cannot be analyzed with the results
reported in this work. Indeed, the characterization of this transition would require the performance of
experiments with more than the two orifice sizes implemented here. Interestingly, the study of this
transition was already reported in Ref. [72] for the case of silos discharged only by gravity. There,
the authors used an alternative statistical method and revealed a gradual emergence of non-Gaussian
features in the distributions as the aperture was shrunk. This result is perfectly compatible with the
outcomes reported in this chapter.
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Chapter 6

Clogging

The previous three chapters have been devoted to the study, from different perspectives, of diverse
kinematic and dynamic aspects of the silo discharge process, either in the purely gravitational regime
or by means of a conveyor belt. This chapter addresses the problem of clogging in the same scenarios.
It should be reminded that this phenomenon has been extensively studied for silos discharged under
the only action of gravity, and it has been interpreted mainly from a geometrical point of view. In
this chapter, a possible influence of the kinematics – scarcely explored up to now – is experimentally
investigated. The conveyor belt plays a crucial role in the accomplishment of this purpose, since as
it was shown before it allows controlling the particles outflow independently on the outlet size. The
use of this device will permit determining a direct connection among the phenomenon of clogging, the
geometry of the outlet and the kinematics of the particles.

In this chapter I will start characterizing the clogging features in the free discharge regime (Section
6.1). This allows establishing a starting point to compare with the results obtained when the silo is
discharged with the conveyor belt. In addition, the data analysis and the procedure used to obtain the
clogging probability from the avalanche statistics is presented in this section. Then, in Section 6.2, the
clogging phenomenon when the material is discharged with a conveyor belt will be investigated. In
particular, the clogging probability as a function of both the orifice size and the belt extraction velocity
will be determined. Further down, in order to relate clogging and kinematics, a new study of the
kinematic features of the system for the specific experimental conditions explored in this chapter (small
𝐷), will be performed in Section 6.3. This analysis is similar to the ones carried out in Chapters 3 and
4, but it is focused on the determination of the particle velocities and the flow rate. Then, with the aim
of separating the influence of the geometry from the influence of kinematics, in Section 6.4 the clogging
in the quasi-static regime (very low 𝑣𝑏) is studied as function of the orifice size. With this information, it
has been possible to decouple both effects by means of two expressions which are presented in Section
6.5. The first one involves the particle velocity as the kinematic reference variable and the second one
the flow rate. After this, the expressions proposed to describe the clogging probabilities in terms of
the aforementioned variables are tested in Section 6.6 for slightly different experimental conditions. In
particular, I have changed the distance ℎ between the silo bottom and the conveyor belt, and I have
extrapolated the model to the free discharge scenario. Finally, in Section 6.7, the summary of the results
and conclusions of this chapter are presented, part of which have been published in Ref. [116].
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6.1 Clogging in the free discharged silo. Influence of particle size

In this section, the clogging phenomenon has been studied through the analysis of the avalanche
statistics in a silo discharged purely by gravity. As in the analysis of the flow rate for the free discharge
in Chapter 3, this characterization will be a starting point to compare the subsequent results when the
material is discharged with the belt. Furthermore, this study will serve to investigate the influence of
the particle size or mass when comparing the results of this work (performed with 𝑑𝑝 = 0.4 cm beads)
to the ones published in [31] (obtained with 𝑑𝑝 = 0.1 cm beads of the same characteristics).

The experiments have been carried out by following the automated routine exposed in Section 2.4,
repeating the cycle until having typically 2000 avalanches per outlet size. The range of outlet sizes
studied here spans a range from 𝐷 = 0.97 cm (𝐷/𝑑𝑝 = 2.42) to 𝐷 = 1.54 (𝐷/𝑑𝑝 = 3.85) and is
limited by some technical problems that appear outside that orifice size interval. For smaller outlets,
the number of arches that cannot be broken by the clogging destruction method becomes too large. For
wider orifices, two issues make it difficult the measurement of a sufficient number of avalanches: on one
hand, the time of each avalanche is very long (which prolongs substantially the experiment duration);
and on the other hand, the probability that a whole silo is discharged before a clog arrests the flow
becomes important (this would cause the rejection of the datum).

According to the bibliography concerning clogging in the free discharge, the aspect ratio (defined as
the quotient between the orifice size and the particles diameter 𝐷/𝑑𝑝) is the variable that determines the
clogging probability (see Section 1.3). For this reason, 𝐷/𝑑𝑝 will be the geometrical control parameter
used in this work. For each case, the outcomes of mass avalanches acquired with the balance are
converted into number of particles. From them, the probability density functions of avalanche sizes
𝑠 have been constructed for each experimental condition. An example of the pdf for 𝐷/𝑑𝑝 = 3.10 is
represented in Fig. 6.1 in both linear (panel (a)) and semilogarithmic scale (panel (b)). Remarkably,
the exponential trend (linear in semilogarithmic scale) shown in panel (b) suggests that clogging can
be explained as a Poisson process [30]. This is confirmed by the convincing fitting of the experimental
data to Eq. 1.5, 𝑃(𝑠) = 𝑝𝑠

𝑝(1 − 𝑝𝑝), with a value of 𝑝𝑝 = 0.994.
An alternative way of representing the distributions of avalanches is using the complementary cu-

mulative density function (ccdf), also called survival function, which evaluates the probability of finding
an avalanche larger than 𝑠. If the avalanche size is treated as a continuous variable and 𝑃(𝑠′) is the
probability density function of finding an avalanche of size between 𝑠′ and 𝑠′ + 𝑑𝑠′ , the ccdf of finding
an avalanche larger than 𝑠 is defined as:

ccdf(𝑠) = 1 − ∫
𝑠

0
𝑃(𝑠′)𝑑𝑠′ (6.1)

By definition, the ccdf is a function that ranges from 0 to 1, and is monotonically decreasing starting from
a value of 1 at 𝑠 = 0. In practice, the survival function is calculated as follows: first, the avalanche sizes
are sorted from least to greatest. Then, an array of 𝑁𝑠 elements is built, being 𝑁𝑠 the total number of
avalanches. The values of the array elements are set as 𝑁𝑠/𝑁𝑠 = 1, (𝑁𝑠−1)/𝑁𝑠 , (𝑁𝑠−2)/𝑁𝑠 and so on
until reaching 1/𝑁𝑠 for the last one. The representation of this array as function of the sorted avalanches
leads to the ccdf of 𝑠. In Fig. 6.1, the survival function for the same case of 𝐷/𝑑𝑝 = 3.10 is displayed
in linear (panel (c)) and semilogarithmic scale (panel (d)). As expected, with this representation the
exponential trend of the data is retained. Importantly, the large values of 𝑠 are better defined in the
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Figure 6.1: Probability density functions (pdf) of the avalanches for a free discharge with 𝐷/𝑑𝑝 = 3.10
in (a) linear and (b) semilogarithmic scale. Survival functions for the same case in linear (c) and
semilogarithmic (d) scale. The solid lines in (a) and (b) are plots of Eq. 1.5 whereas the dashed lines
in (c) and (d) are representations of Eq. 6.4 (with 𝑝𝑝 = 0.994 in both cases).
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survival function of Fig. 6.1 (c) and (d) than in the standard pdf representation. It should be noted that
for the standard pdf (see panel (b) of Fig. 6.1) the results are distorted at large 𝑠 since there are some
bins with zero avalanches. Moreover, the ccdf allows a better visualization of different distributions in
a single graph as it will be shown further down.

Provided that the avalanche statistics behaves as a Poisson process, it is possible to compute an
analytical expression for the survival function. Using Eq. 1.5 for 𝑃(𝑠′), Eq. 6.1 reads:

ccdf(𝑠) = 𝑃(𝑠′ ≥ 𝑠) = 1 − ∫
𝑠

0
(1 − 𝑝𝑝)𝑝𝑠′

𝑝 𝑑𝑠′ (6.2)

where, as stated before, 𝑝𝑝 is the probability that a bead crosses the orifice without forming a clog; i.e.
the complementary of the clogging probability 𝑝𝑐 = 1 − 𝑝𝑝 . Solving the integral:

ccdf(𝑠) = 1 −
1 − 𝑝𝑝

ln 𝑝𝑝
[𝑝𝑠′

𝑝 ]
𝑠

0
= 1 −

1 − 𝑝𝑝

ln 𝑝𝑝
[𝑝𝑠

𝑝 − 1] (6.3)

Finally, making use of the approximation ln 𝑝𝑝 ≃ 𝑝𝑝 − 1, which is valid if 𝑝𝑝 is very close to one, the
survival function becomes:

ccdf(𝑠) = 𝑝𝑠
𝑝 (6.4)

Therefore, both Eqs. 1.5 and 6.4 exhibit exponential dependences on the avalanche size. The solid lines
included in the panels (c) and (d) are plots of Eq. 6.4 with the same value of 𝑝𝑝 = 0.994 used to fit
the pdf with Eq. 1.5. As a result, if the avalanche statistics shows an exponential trend in its pdf and
ccdf distributions, the fitting of either Eq. 1.5 or Eq. 6.4 to the respective experimental data will allow
extracting the values of 𝑝𝑝 and 𝑝𝑐 . Indeed, taking natural logarithms at both sides of Eq. 6.4:

ln ccdf(𝑠) = 𝑠 ln 𝑝𝑝 (6.5)

According to this expression, the slope in the semilogarithmic representation of the ccdf is ln 𝑝𝑝 , which,
making use of the approximation used before, is equal to 𝑝𝑝 − 1 = −𝑝𝑐 . In other words, the clogging
probabilities stand for the negative slopes of the ccdf distributions. Figure 6.2 displays the survival
functions of the avalanches sizes in the free discharge experiment for eleven different orifices. Apparently,
all of them describe exponential trends as they look like straight lines in semilogarithmic scale. Then,
for each outlet size, the 𝑝𝑝 and 𝑝𝑐 values have been extracted from the fits of Eq. 6.4.

Figure 6.3 (a) represents the mean avalanche size ⟨𝑠⟩ as function of the aspect ratio 𝐷/𝑑𝑝 . The
mean avalanche sizes represented come from two different sources: the empty triangles account for the
experimental values of ⟨𝑠⟩, whereas the full squares symbolize the values of ⟨𝑠⟩ calculated indirectly
from the values of 𝑝𝑝 via Eq. 1.7, ⟨𝑠⟩ = 𝑝𝑝/(1 − 𝑝𝑝). As it is appreciated in panel (a), both sets
of data points practically coincide, a fact that demonstrates that the system fulfils Poisson statistics.
Importantly, the values of the mean avalanche size show a strong increasing dependence, greater than
exponential, on the aspect ratio, a behaviour that was repeatedly reported in the literature [31, 34, 36].
Complementarily, in Fig. 6.3 (b) the clogging probabilities 𝑝𝑐 are displayed against 𝐷/𝑑𝑝 . As it is
observed, the 𝑝𝑐 values vary between around 10−1 and 10−4 and therefore, the dependence on 𝐷/𝑑𝑝
is easily identified when they are represented in a logarithmic scale. In particular, the data exhibit a
strong dependence on 𝐷/𝑑𝑝 but in this case 𝑝𝑐 decreases as 𝐷/𝑑𝑝 increases. It should be reminded
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Figure 6.2: Survival functions of the avalanche sizes in a silo discharged purely by gravity, for the
aspect ratios indicated in the legend.
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Figure 6.3: (a) Experimental mean avalanche size as function of the aspect ratio, for 𝑑𝑝 = 0.4 cm and
𝑑𝑝 = 0.1 cm according to the legend. The solid symbols are the experimental values of ⟨𝑠⟩, whereas
the empty triangles are the values of ⟨𝑠⟩ calculated from the values of 𝑝𝑝 via Eq. 6.4. (b) Clogging
probability 𝑝𝑐 as function of the aspect ratio, for the same sizes of particles than in (a). The data of ⟨𝑠⟩
for 𝑑𝑝 = 0.1 cm have been extracted from Ref. [31], and the corresponding values of 𝑝𝑐 = 1 − 𝑝𝑝 have
been calculated from these ⟨𝑠⟩ using Eq. 1.7.
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that, if the avalanche statistics effectively follows a pure Poisson process, ⟨𝑠⟩ and 𝑝𝑐 are related via
Eq. 1.8. For this reason, although the curves dependence is in one case increasing and in the other
decreasing, the representation of either ⟨𝑠⟩ or 𝑝𝑐 are equivalent. In fact, for big avalanche sizes the
clogging probability is approximately similar to the inverse of ⟨𝑠⟩ (see Eq. 1.8, ⟨𝑠⟩ = 1

𝑝𝑐
− 1).

In addition to the results obtained with the particles of 𝑑𝑝 = 0.4 cm, the values of ⟨𝑠⟩ and 𝑝𝑐 for
𝑑𝑝 = 0.1 cm beads (reported in [31]) are also included in Fig. 6.3. In both panels the strong influence of
the outlet size in ⟨𝑠⟩ and 𝑝𝑐 is evident. In panel (a), the avalanche size exhibits an increasing dependence
on the aspect ratio, greater than exponential for both particle sizes. Although the functional form is
similar, the curve corresponding to the discharge with spheres of 𝑑𝑝 = 0.4 cm is considerably steeper
and is always above the curve for 𝑑𝑝 = 0.1 cm beads. Accordingly, for the clogging probabilities the
decreasing trend is also stronger for particles of 𝐷/𝑑𝑝 = 0.4 cm.
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Figure 6.4: (a) Mean avalanche size as function of (𝐷/𝑑𝑝)2 , the square of the aspect ratio. Note the
semilogarithmic scale. The solid line is a fit of Eq. 1.11 with 𝐶 = 0.59 and 𝐵 = 0.58. (b) Mean
avalanche size against 𝑑𝑝/(𝐷𝑐 − 𝐷), with 𝐷𝑐 = 5.2𝑑𝑝 in double logarithmic scale. The solid line is a
fit of Eq. 1.9 with the same value of 𝐷𝑐 , 𝐵 = 3.11 ⋅ 104 and 𝛽 = 7.2.

In the introduction, the mean avalanche size dependence on 𝐷 was stated to be equally well fitted
by either Eq. 1.9, Eq. 1.10 or Eq. 1.11. Behind the use of one or other expression there is a debate
about the existence or not of a critical outlet size above which clogging would never happen. In order
to check the suitability of these expressions to fit the experimental data obtained in this work, in Fig.
6.4 I have represented ⟨𝑠⟩ with respect to two rescaled magnitudes. Panel (a) displays the mean
avalanche size data as function of (𝐷/𝑑𝑝)2 , the square of the aspect ratio. As it is observed there,
when the data are represented in semilogarithmic scale, they describe a line confirming a quadratic
exponential dependence of ⟨𝑠⟩ on 𝐷/𝑑𝑝 . Specifically, the curve has been successfully fitted with Eq.
1.11, ⟨𝑠⟩ = 𝐶𝑒𝐵𝐷2 , and the parameters 𝐶 = 0.59 and 𝐵 = 0.58. Similarly, in Fig. 6.4 (b) the values of ⟨𝑠⟩
describe also a straight line when they are represented in double logarithmic scale against 𝑑𝑝/(𝐷𝑐−𝐷),
with 𝐷𝑐 = 5.2𝑑𝑝 . In this case the other fitting parameters used in Eq. 1.9, ⟨𝑠⟩ = 𝐵/(𝐷𝑐 − 𝐷)𝛽 , are
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𝐵 = 3.11 ⋅ 104 and 𝛽 = 7.2. Concerning these values, it is worth to mention that the hypothetical
critical outlet size reported in Ref. [31] for the experiments with 𝑑𝑝 = 0.1 cm beads was considerably
higher, 𝐷𝑐 = (8.5 ± 0.1)𝑑𝑝 . In other words, the steeper dependence of the avalanche size on 𝐷/𝑑𝑝 for
𝑑𝑝 = 0.4 cm mentioned before entails a smaller value of the critical outlet size

In summary, the survival functions of the avalanche sizes for the free discharge experiment have
shown exponential trends compatible with Poisson statistics. Additionally, the mean avalanche sizes
have been equally well described by divergent (Eq. 1.9) and non-divergent (Eq. 1.11) expressions. In
any case, the results shown in Fig. 6.3 have revealed that the clogging probability dependence on the
aspect ratio changes substantially when the particle size is altered. In next section, this characterization
of the free discharge experiment will be used as a reference to compare with similar analyses applied
to discharges with the belt, in which the influence of the kinematics will be tested.

6.2 Clogging in a silo discharged with a conveyor belt

In this section the clogging features of the system are investigated when the material velocity is con-
trolled by the conveyor belt. The experiments have been carried out for three outlet sizes in the range
where clogging is frequent, 𝐷 = 1.33 cm (𝐷/𝑑𝑝 = 3.32), 𝐷 = 1.53 cm (𝐷/𝑑𝑝 = 3.82) and 𝐷 = 1.70 cm
(𝐷/𝑑𝑝 = 4.25), and for multiple values of 𝑣𝑏 covering the whole range available. If nothing else is spec-
ified, the experiments have been carried out with the belt positioned at a distance of ℎ = 0.32±0.03 cm
from the silo bottom. In general, for each experimental condition the tests consist in the measurement
of around 1000 avalanches. However, for the highest values of 𝐷 and 𝑣𝑏 , this number has been reduced
to around 100 since the avalanches registered resulted to be very large, which increased notably the
experimental time cost.

Similarly to the previous section, a statistical analysis of the avalanche size distributions has been
carried out. Figure 6.5 (a) represents the survival functions for several belt velocities using 𝐷 = 1.53 cm
(𝐷/𝑑𝑝 = 3.82). The evolution of the ccdfs for the other two orifices studied is qualitatively similar. At
first sight, all the survival functions seem to exhibit exponential distributions like the one for the free
discharge (also shown in Fig. 6.5 (a)), and then are perfectly compatible with a pure Poisson process.
Also, it is evident that as the extraction velocity increases, the curves become steeper, reflecting an
increasing dependence of the avalanche size on 𝑣𝑏 . Indeed, when the slope in semilogarithmic scale
becomes smaller, the clogging probability decreases and the mean avalanche size increases. Having
said that, it should be noted also that for some belt velocities the distributions deviate from pure Poisson
trends for the smallest values of 𝑠 (see Fig. 6.5 (b)). This contrasts with the free discharge curve, which
agrees very well with an exponential tail for all values of 𝑠 (including the smallest ones). The rest of
the survival functions (corresponding to discharges with the belt) start with a trend similar to the free
discharge curves up to a value of 𝑠 around 𝑠𝑐 ≃ 50 beads. At this value, there is a sudden drop of
the function values (to almost ccdf = 0.8), and for greater 𝑠 values the typical exponential behaviour is
recovered.

As the absolute value of the slope of the ccdf is essentially the probability of clogging, the results
displayed in Fig. 6.5 (b) indicate that, when the grains are discharged with the belt, 𝑝𝑐 is very low for
the smallest avalanche sizes. Importantly, 𝑝𝑐 is very similar for all 𝑣𝑏 , but also for the free discharge in
this region of small values of 𝑠. Then, there is a region around 𝑠𝑐 ≃ 50 beads where particles are quite
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Figure 6.5: (a) Survival functions of the avalanche sizes for an outlet size of 𝐷 = 1.53 cm (𝐷/𝑑𝑝 = 3.82),
for the free discharge case and the belt velocities indicated in the legend of panel (b). (b) Zoom of the
same graph for small avalanches (in the region indicated by the black rectangle in panel (a)).

likely to clog the silo. Finally, for greater values of 𝑠 the clogging probability stabilizes in a steady value
which depends on 𝑣𝑏 . This behaviour can be explained in the following way: when the shaker starts
vibrating and the arch is shattered, a small burst takes place until the material fills the space between
the silo bottom and the conveyor belt, forming a pile as already explained in Chapter 4. Although the
belt is installed, this small portion of grains are discharged purely by gravity and therefore, all the
curves are similar in that range of 𝑠. When the space between the silo and the belt is full, the material
completely stops, and at this moment, the clogging probability shoots up. Finally, the belt starts running
and the material rapidly reaches a steady motion where the clogging probability depends on the belt
velocity. Clearly, the flow of the first beads of each avalanche constitutes a transient behaviour in which
the clogging probability varies considerably and is difficult to determine with accuracy.

In this way, 𝑠𝑐 is defined as the number of particles that are deposited on the belt just after the
breaking of the arch, and before the motion becomes steady. This makes that this process is not strictly
Poissonian, and therefore the relationship between 𝑝𝑝 and the experimental value of ⟨𝑠⟩ is not exactly
governed by Eq. 1.7. Nevertheless, for values of ⟨𝑠⟩ that are sufficiently high, the effect of the first part
of the distribution (i.e. 𝑠 < 50) is small and Eq. 1.7 works as a good approximation.

Once I have explained the subtle alterations in the avalanche size distributions observed for the
discharges with the belt, the dependence of the mean avalanche size ⟨𝑠⟩ on the belt velocity is analyzed.
In Fig 6.6, the outcomes for the three orifices investigated are reported along the values of ⟨𝑠⟩ for the
corresponding free discharge experiments. Remarkably, the three curves show an important growth as
the extraction rate is increased, and tend to saturate at fast 𝑣𝑏 . In all cases, the change in the values
of ⟨𝑠⟩ between the lowest and the highest value of 𝑣𝑏 is important, becoming bigger as the outlet size
increases. Indeed, for the largest outlet size studied (𝐷/𝑑𝑝 = 4.25) the difference in the avalanche size
is of about two orders of magnitude. This feature underlines the importance of kinematics in the process
of clogging, an effect that, as stated before, has been barely studied in the bibliography.

Another interesting feature observed in Fig. 6.6 is that the avalanche size for very low belt velocities
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Figure 6.6: Mean avalanche size in number of particles as function of the belt velocity, for the three
outlet sizes indicated in the legend. The error bars correspond to the standard error of the averaged
magnitudes, and the dashed lines are the ⟨𝑠⟩ values of the free discharge in each case.
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is not null. In this work, the limit of ⟨𝑠⟩ when 𝑣𝑏 → 0 will be denoted as ⟨𝑠0⟩. Essentially, ⟨𝑠0⟩ > 0
means that there is a non-zero clogging probability when the particle kinematics does not play a
relevant role. This result reminds the one reported in Refs. [44, 45], in which non-zero values of ⟨𝑠⟩
were found in a free discharge silo when the driving force was vanishingly small. In these simulations,
the role of kinematics was minimized through the reduction of the gravity acceleration until around
0.01 m/s2 .
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Figure 6.7: Clogging probability 𝑝𝑐 as function of the belt velocity 𝑣𝑏 for the three aspect ratios indicated
in the legend.

As mentioned before, the analysis of the experimental mean avalanche size is not the most accurate
way to study the clogging process when the material is discharged with the belt, because this magnitude
gathers the influence of the non-Poissonian region shown in Fig. 6.5 (b). As this work focuses on the
study of the steady state, the analysis of the clogging features has been carried out by looking at
the ccdf slopes (in semilogarithmic scale). From them, the clogging probabilities 𝑝𝑐 as function of 𝑣𝑏
have been computed and represented in Fig. 6.7 for the three orifice sizes studied. As it is observed,
despite 𝑝𝑐 describes the clogging process in a more accurate way than ⟨𝑠⟩, there are no substantial
differences between the conclusions extracted from both representations. Indeed, the features exhibited
by the clogging probabilities are very similar to the ones shown by the values of ⟨𝑠⟩ in Fig. 6.6. All the
𝑝𝑐 curves start from finite values (that depend on 𝐷) and decrease as 𝑣𝑏 increases, reaching a plateau
at values that also depend on the orifice size. Again, the variations in 𝑝𝑐 with 𝑣𝑏 increase with the
outlet size, growing more than two orders of magnitude for the case of the largest orifice.
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6.3 Kinematic features of the discharges for small outlets

In the previous section, the clogging magnitudes ⟨𝑠⟩ and 𝑝𝑐 have been represented as function of 𝑣𝑏
to evaluate their dependence on the system kinematics. Remarkably, for high extraction rates these
magnitudes reach a plateau, which was already observed in the flow rate and particles velocity in the
same range of parameters (high 𝑣𝑏 and small 𝐷) in Figs. 4.4 and 4.8. Then, it could be thought that
the saturation of both ⟨𝑠⟩ and 𝑝𝑐 is just a consequence of the weak effect that a modification of 𝑣𝑏 has
in the kinematics of the particles when 𝑣𝑏 is high. In addition, the fact that 𝑣𝑏 does not make reference
to any intrinsic property of the grains suggests that there might be another control variable which is
more suitable to describe the kinematics of the system. In this research, I tried to describe the clogging
probability 𝑝𝑐 in terms of two kinematic variables: the average velocity of the particles at the outlet
and the mass flow rate.

In order to measure them, monochrome videos of the discharges have been taken with the Photron®
FASTCAM-1024PCI high-speed camera in time intervals during which the material is flowing. In this
way, the films where a clog was formed were discarded. The videos have been recorded with a frame
rate between 125 and 500 frames per second, and have a total duration per experimental condition that
goes from around 20 s for the fastest 𝑣𝑏 , to around 60 s for the slowest one. After the video recording,
particle centers and velocities have been determined with the usual procedure. Then, the variables that
are used as control parameters have been computed; in particular, the average velocity of the particles
and the mass flow rate. The first one is denoted as 𝑣 = −⟨𝑣𝑧⟩ and has been calculated as the average
of the vertical velocities of all particles crossing a horizontal 𝐷 × 0.5𝑑𝑝 window centered at 𝑥 = 0. In
addition, the mass flow rate 𝑊 is measured by registering the number of particles passing through the
outlet line per unit time.

Figure 6.8 shows the dependence of these magnitudes – the averaged velocity in panel (a) and the
mass flow rate in the panel (b) – as function of 𝑣𝑏 for the three orifice sizes studied. Like in other
figures, the horizontal lines account for the values of 𝑣 and 𝑊 in the free discharge experiment. Both
panels show features already described in Chapter 4; i.e. increasing linear dependences for low values
of 𝑣𝑏 and a saturation of the magnitudes for high extraction rates to values that are slightly below the
ones obtained in the free discharge. As the difference in 𝐷 is not big, the averaged velocities do not
vary to a large extent from one orifice to other, although the fastest growth of 𝑣 with 𝑣𝑏 for small outlets
reported in Chapter 4 is reproduced.

Figure 6.9 displays the 𝑝𝑐 values as function of 𝑣 (panel (a)) and 𝑊 (panel (b)) in semilogarithmic
scale for the three aspect ratios studied. Apart from the previously known dependence of 𝑝𝑐 on 𝐷,
these graphs show also a notable influence of the kinematics in the clogging probability. Indeed, from a
qualitative point of view, both graphs provide similar trends than Fig. 6.7 in which 𝑝𝑐 was represented
against 𝑣𝑏 . Certainly, the almost two orders of magnitude between the 𝑝𝑐 corresponding to the smallest
and the greatest values of either 𝑣 or 𝑊 are recovered for 𝐷/𝑑𝑝 = 4.25. Also, the clogging probabilities
when the kinematics role is minimum (𝑣 → 0 or 𝑊 → 0) are 𝐷-dependent quantities different from 1.
However, the representation of the outcomes in the form of Fig. 6.9 does suppose an improvement for
two main reasons. First, the use of the averaged velocity or the mass flow rate as a control parameter
reduces the saturation observed in either ⟨𝑠⟩ (in Fig. 6.6) or 𝑝𝑐 (in Fig. 6.7) for high values of 𝑣𝑏 .
Second, the values of 𝑝𝑐 obtained in the free discharge scenario – indicated with arrows in Fig. 6.9 –
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Figure 6.8: (a) Averaged vertical velocity and (b) mass flow rate as function of the belt velocity for
the three orifice sizes indicated in the legend. In both panels the dashed lines account for the values
obtained in the free discharge experiments.
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Figure 6.9: Clogging probability 𝑝𝑐 as function of (a) the beads velocity 𝑣 and (b) the flow rate 𝑊, for
the three aspect ratios shown in the legend. The arrows indicate the data points corresponding to free
discharge experiments, and the blue rectangles the values of 𝑝𝑐 represented against 𝐷/𝑑𝑝 in Fig. 6.12
(a).
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can be included in the graph by simply measuring the velocity of the grains in these experiments.
Both the 𝑝𝑐 vs 𝑣 and 𝑝𝑐 vs 𝑊 curves show similar trends: decreasing functions which are shifted

among them due to the strong dependence of 𝑝𝑐 on the outlet size. However, both representations
exhibit tiny differences between them. In panel (b), the dependence of the clogging probabilities on the
flow rate appears to be exponential since the curves follow straight lines in semilogarithmic scale. Yet,
when the outcomes are represented as function of the particles velocity (panel (a)) they slightly curve
upwards. It should be noted that the flow rate is related to the particles velocity via Eq. 3.3 and this
expression includes the contributions of the orifice size and volume fraction (the latter also depends on
𝑣𝑏 as it was shown in Fig. 4.7 (a)). This is the fundamental difference between 𝑣 and 𝑊, and the feature
that determines one functional form or the other in the representations of Fig. 6.9. In next sections,
these trends will be analyzed and described in different ways.

6.4 Clogging probability in the quasi-static regime

In the previous section it was shown that in the limit of either zero 𝑣 or 𝑊, the clogging probability
values were different from 1 exhibiting a strong dependence on 𝐷. In this scenario the contribution
of the dynamics and kinematics is negligible, and the clogging probability is essentially affected by
the geometry of the system. Therefore, in order to further investigate the role of 𝐷 in this quasi-static
limit, more experiments have been accomplished with the minimum belt velocity available in the system
(𝑣𝑏 = 0.1 cm/s) for a range of outlet sizes between 𝐷 = 1.33 cm and 𝐷 = 2.14 cm.
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Figure 6.10: Survival functions of the avalanche size for the lowest possible belt velocity (0.1 cm/s) and
the aspect ratios indicated in the legend. The inset shows a zoomed view of the low 𝑠 region of the
same distributions.
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As before, the experiments consisted in the acquisition of a sufficient number of avalanche sizes, in
general around 1000 for each experimental condition. From them, the survival functions corresponding
to all orifices studied have been built and represented in Fig. 6.10. There, the distributions exhibit
exponential trends, and their steepness increases as the outlet size is reduced. In addition, the same
phenomenon exposed in Section 6.2 for the small values of 𝑠 is observed (see the inset of Fig. 6.10).
Thus, excluding the first part of these survival functions, the distributions suggest that the clogging
process in the steady state is also Poissonian. Following the same procedure than previous sections,
the values of 𝑝𝑝 and 𝑝𝑐 have been extracted from fittings of Eq. 6.4.
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Figure 6.11: Clogging probability 𝑝𝑐0 as function of the aspect ratio in the quasi-static regime; i.e.
extracting the material with a belt velocity of 𝑣𝑏 = 0.1 cm/s. The solid line is Eq. 6.6 with 𝑘 = 1.33.

Figure 6.11 displays the values of 𝑝𝑐 – denoted in the quasi-static regime as 𝑝𝑐0 – as function
of the aspect ratio. The clogging probabilities show a strong decreasing trend with 𝐷/𝑑𝑝 , which is
qualitatively similar to the one found for the free discharge experiment (see Fig. 6.3). Now, the data
have been fitted with a quadratic exponential as the following:

𝑝𝑐 = 𝑒− ln 𝑘(𝐷/𝑑𝑝)2
= 𝑘−(𝐷/𝑑𝑝)2

(6.6)

This expression is inspired in Eq. 1.14, the one proposed by Thomas and Durian [36] for the fraction
of clogging configurations. In order to reach Eq. 6.6, first Eq. 1.14 has been written in terms of 𝑝𝑐
by making use of the approximation 𝑝𝑐 ≈ 𝑠−1 . Then, the resulting functionality has been simplified
by neglecting the effect of the factor 𝐴1 and grouping the rest of the parameters in only one, 𝑘, which
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in this case gathers all the influence of the system geometry. Remarkably, all 𝑝𝑐0 values have been
satisfactorily fitted with Eq. 6.6 using a fitting value of 𝑘 = 1.33. Then, the clogging probability has
been described with a quadratic exponential of the aspect ratio in the quasi-static regime, a scenario
in which the kinematic influence is minimum. In next section, this description will be extended to
discharges with different belt velocities in order to evaluate the effect of the kinematics in the clogging
process.

6.5 Decoupling of the geometric and kinematic roles in the clogging
probability

The dependence of the clogging probability on the aspect ratio has been determined in the previous
section for a quasi-static regime in which the kinematics does not play any role. Now, taking these
data as a reference point, the influence of the kinematic variables 𝑣 and 𝑊 in the clogging probability
results reported in Fig. 6.9 is going to be interpreted.

Clogging probability as function of the beads velocity

With the aim of decoupling the effect of the outlet size from the one of the particle velocities, the
clogging probabilities of experiments with the same 𝑣𝑏 are represented in Fig. 6.12 (a). In particular, I
select the data inside the blue rectangles depicted in Fig. 6.9 (a). For the subsequent analysis, each
group of data points will be associated to a velocity ̄𝑣, computed as the average of the three (almost
identical) individual values of 𝑣. Although in each curve of Fig. 6.12 (a) there are only three clogging
probabilities – one per orifice size studied – this approximation allows shedding light on a kinematic
description of the clogging probability. Indeed, the dependences of 𝑝𝑐 on (𝐷/𝑑𝑝)2 observed seem to be
compatible with an exponential decay in all cases. Remarkably, the decay rates of these experiments
grow as ̄𝑣 increases and can be well fitted with the expression used for the quasi-static case (Eq. 6.6)
but with a different exponent 𝑘 for each value of ̄𝑣. In fact, the quasi-static regime can be treated as
an additional group of discharges with 𝑣 → 0. The fitting values are represented in Fig. 6.12 (b) as
function of ̄𝑣, exhibiting a linear increase with a positive intercept in the y-axis. These data have been
adjusted by the following linear equation:

𝑘 = 𝑎 + 𝑏 ̄𝑣 (6.7)

where the values of the fitting parameters correspond to 𝑎 = 1.33 and 𝑏 = 0.0128 (cm/s)−1 . Importantly,
the independent term 𝑎 is the same than the one obtained for 𝑘 in the quasi-static state, a result that
looks evident since particle velocity is negligible in that regime. Moreover, the value of 𝑏 gathers the
influence that particle velocity has in the parameter 𝑘 and therefore in the clogging probability. Apart
from all the data obtained from the experiments with the belt, Fig. 6.12 (a) also includes results of the
free discharge. These data are similar to the case of highest ̄𝑣, but when the aspect ratio increases the
data points for the free discharge fall lower than the fits would indicate. The increasing dependence of
the particles velocity on the orifice size analyzed in Chapter 3 would imply an increasing value of 𝑘 in
the free discharge curve as 𝐷/𝑑𝑝 grows. Therefore, the weak concavity exhibited by the free discharge
curves agrees with the dependence of 𝑘 on the velocity.
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Figure 6.12: (a) Clogging probability 𝑝𝑐 as function of the aspect ratio for the cases of free discharge,
quasi-static regime, and for discharges with the belt in which the grains velocity ̄𝑣 is approximately
the same (the average is indicated in the legend). The solid lines are fittings of Eq. 6.6 with different
values of 𝑘. (b) Dependence of the fitting values 𝑘 on the average velocity ̄𝑣. The dashed line is a fitting
of Eq. 6.7 with 𝑎 = 1.33 and 𝑏 = 0.0128 (cm/s)−1 .
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Figure 6.13: Clogging probability 𝑝𝑐 versus the averaged velocity 𝑣 of the particles for the three
aspect ratios indicated in the legend. The solid lines are plots of Eq. 6.8 with 𝑎 = 1.33 and 𝑏 =
0.0128 (cm/s)−1 .
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Now, if I substitute the dependence of 𝑘 on ̄𝑣 (Eq. 6.7) into Eq. 6.6 and I generalize the expression
by replacing ̄𝑣 by 𝑣, the equation reads:

𝑝𝑐 = (𝑎 + 𝑏𝑣)−(𝐷/𝑑𝑝)2
(6.8)

Essentially, Eq. 6.8 is the result of including a linear kinematic contribution 𝑏𝑣 in the exponent of the
quadratic exponential expression proposed for the quasi-static regime. The parameter 𝑎 is called the
“geometric parameter” since it gathers the geometrical aspects of the system when the kinematics –
quantified by the particles velocity – is minimized (as it happens in the quasi-static regime). Moreover,
the parameter 𝑏 accounts for the influence of the particles velocity in the probability of clogging, and
for this reason it is called “kinematic parameter”.

In Fig. 6.13, the experimental clogging probabilities have been displayed together with the plots of
Eq. 6.8. Remarkably, this expression is able to describe the experimental results of 𝑝𝑐 for all values
of 𝐷 and 𝑣 with the parameters obtained in the fitting of 𝑘 (𝑎 = 1.33 and 𝑏 = 0.0128 cm/s−1). Only
the data for the highest values of 𝑣 (which in fact come from the free discharge experiments) are mildly
above the curves of Eq. 6.8. Importantly, the independence of the values of the parameters 𝑎 and 𝑏 on
𝐷 implies that the influences of geometry and kinematics have been effectively decoupled via Eq. 6.8.

Finally, let me comment that the parameter 𝑏 has units of the inverse of a velocity. In particular, its
value would correspond to a velocity of around 78 cm/s, a figure which is larger than the velocity values
measured for the three orifice sizes studied in this work. Indeed, for the biggest outlet size studied
(𝐷 = 1.70 cm), the largest value of 𝑣 – obtained for the free discharge experiment – is only around
40 cm/s. Therefore, the real physical meaning of this parameter remains undisclosed and is a question
in which further research is necessary.

Clogging probability as function of the flow rate

Now, a similar analysis is performed but using the flow rate 𝑊 as a representative parameter of the
particle kinematics. The dependence of the clogging probability on 𝑊 was represented in Fig. 6.9
(b) of Section 6.3 for the three outlet sizes studied. There, the values of 𝑝𝑐 showed linear trends in
semilogarithmic scale with roughly the same slope but with different values of 𝑝𝑐 at the origin. Now,
the 𝑝𝑐 values have been normalized by the outcomes of 𝑝𝑐0 corresponding to each 𝐷 and have been
represented in Fig. 6.14 (a) as function of the flow rate. Interestingly, the data fall in a single exponential
curve, which has been adjusted to the following expression:

𝑝𝑐 = 𝑝𝑐0𝑒−𝑊/𝑊𝑐 (6.9)

where 𝑊𝑐 is a characteristic flow rate which plays the role of an exponential decay constant. In
particular, the value obtained is 𝑊𝑐 = 14.2 ± 0.3 g/s. Now, in Eq. 6.9 𝑝𝑐0 can be replaced by the
expression given by Eq. 6.6 for the quasi-static scenario; i.e. 𝑘 = 𝑎 = 1.33. The resulting equation
reads:

𝑝𝑐 = 𝑒− ln 𝑎(𝐷/𝑑𝑝)2−𝑊/𝑊𝑐 = 𝑎−(𝐷/𝑑𝑝)2
𝑒−𝑊/𝑊𝑐 (6.10)

In order to confirm the goodness of this approach, the graphs of 𝑝𝑐 versus 𝑊 already displayed in Fig 6.9
(b) have been replotted in Fig. 6.14 (b) together with representations of Eq. 6.10. Clearly, the proposed
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Figure 6.14: (a) Clogging probability 𝑝𝑐 rescaled by 𝑝𝑐0 (the clogging probability in the quasi-static
regime) as function of the mass flow rate for the three aspect ratios indicated in the legend. The dashed
line is a fit of Eq. 6.9 with a single fitting parameter 𝑊𝑐 = 14.2 ± 0.3 g/s. (b) Clogging probability 𝑝𝑐
as function of 𝑊 for the same cases. The solid lines are plots of Eq. 6.10 with the same 𝑊𝑐 value and
𝑎 = 1.33.

expression is able to describe the clogging experimental data for the three orifices studied by using
two parameters which are independent on both 𝐷 and 𝑊. Again, this feature implies the decoupling
of the kinematic and geometric influences on the clogging process: the parameter 𝑎 accounts for the
geometrical effect, whereas the role of the flow rate is quantified by the characteristic decay constant
𝑊𝑐 .

It should be noted that this result is analogous to the one reported in Ref. [44], in which the authors
numerically investigated the effect of the driving force in the silo clogging process by tuning the gravity
acceleration 𝑔. Similarly to this work, they found finite values of the mean avalanche size in the limit
of low gravity ⟨𝑠0⟩ which depended on the outlet size. Furthermore, they computed the amount ⟨𝑠⟩/⟨𝑠0⟩
as function of 𝑔 and obtained an exponential dependence on the square root of the gravity acceleration,
and consequently on the flow rate (see Eq. 3.4). Taking into account that ⟨𝑠⟩/⟨𝑠0⟩ is approximately
the inverse of 𝑝𝑐/𝑝𝑐0 (see Eq. 1.8), the results in these two systems can be viewed as equivalent. On
balance, both in Ref. [44] and in this research the clogging probability in a silo when changing the
motion of the particles has been analyzed, but using two different methods: tuning the driving force, and
controlling the outflow with a conveyor belt. In both cases the dependence of the clogging magnitudes
on the flow rate of particles can be described with the same expressions.

Going forward with the interpretation of the collapse of the 𝑝𝑐/𝑝𝑐0 curves, a model proposed in Ref.
[117] to describe the clogging and unclogging phenomena in vibrated silos will be used. In that work
the authors also considered a probability 𝑝𝑝 that a bead crosses the orifice without forming a clog. In
addition, a new variable 𝑝𝑏 was introduced to account for the probability that this arch, once formed, is
broken due to the action of an external agent (in that case the vibration). As reported in Ref. [117], this
breaking probability depended on the vibration intensity Γ and can be written in terms of the avalanche



Section 6.6 139

size as:

𝑝𝑏(Γ ≠ 0) =
⟨𝑠⟩Γ≠0 − ⟨𝑠⟩Γ=0

⟨𝑠⟩Γ≠0 + 1 (6.11)

where ⟨𝑠⟩Γ=0 is the mean avalanche size obtained in an experiment with a vibration intensity Γ, and
⟨𝑠⟩Γ≠0 is the one obtained in the non-vibrated experiment. Analogously, this equation can be expressed
as function of the clogging probabilities 𝑝𝑐(Γ ≠ 0) and 𝑝𝑐(Γ = 0) corresponding to the same cases by
making use of Eq. 1.8, resulting in:

𝑝𝑏(Γ ≠ 0) = 1 − 𝑝𝑐(Γ ≠ 0)
𝑝𝑐(Γ = 0) (6.12)

In my experiment the flow rate is the kinematic feature that will play the role represented by Γ in Ref.
[117]. According to this model, the formation of a clogging arch can be divided in two processes. First,
a structure candidate to clog the system can form with a probability 𝑝𝑐 = 1 − 𝑝𝑝 . Then, this arch can
be destabilized due to the intrinsic noise generated by other particles in the silo until all energy is
dissipated. This probability is written as 𝑝𝑏 = 1 − 𝑝𝑐/𝑝𝑐0 , which is zero for the quasi-static regime and
increases exponentially with the flow rate. Note that the values of 𝑝𝑐/𝑝𝑐0 versus 𝑊 show an excellent
collapse in Fig. 6.14 (a) hence demonstrating that the breaking probability 𝑝𝑏 = 1 − 𝑝𝑐/𝑝𝑐0 does
not depend on the outlet size. As a consequence, the decoupling of the geometry and kinematics can
alternatively be expressed in terms of 𝑝𝑐 = 𝑝𝑐0(𝐷) and 𝑝𝑏 = 𝑝𝑏(𝑊): The clogging probability 𝑝𝑐 is
only affected by the outlet size (geometry) whereas the breaking probability 𝑝𝑏 is uniquely determined
by the flow rate.

6.6 Robustness of the expressions in other system configurations

In the previous section the geometric and kinematic contributions to the clogging probability have been
decoupled in a granular silo discharged with a conveyor belt. This has been performed by quantifying
the system kinematics with two different variables, 𝑣 and 𝑊, on which the clogging probability depends
via Eqs. 6.8 and 6.10. Importantly, the clogging probabilities in the discharges with different outlet
sizes and belt velocities have been equally well described using two expressions that include only two
parameters each. In both cases the contribution of the geometry has been quantified by the parameter
𝑎, whereas the kinematic influence is determined by either 𝑏 or 𝑊𝑐 depending on the description used.
In this section the equations proposed have been tested in other scenarios in order to generalize their
validity. In particular, I have investigated another distance ℎ between the silo bottom and the conveyor
belt, and extrapolated the analysis for the silo discharged solely by gravity.

Variation of the distance between the silo bottom and the belt.

First, the robustness of the equations previously proposed is tested under changes in the parameter ℎ.
As reported in Section 4.4, the modification of ℎ leads to important alterations of both the flow rate
and the particles velocities. Then, it is not expected that a variation of this gap between the silo and
the conveyor belt alter the value of the geometrical parameter 𝑎, provided that the quasi-static regime
has been correctly achieved. In this situation, the configuration of grains in the region of the outlet
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should be similar and there is no reason to expect a change in the clogging probability. Therefore, the
purpose of this analysis is to test whether the influence of the kinematics in the clogging probability is
invariant under changes of the distance between the silo bottom and the conveyor belt. In other words,
the aim is to evaluate if 𝑣 and 𝑊 are good variables to describe the system kinematics, no matter what
the value of ℎ is, and if Eqs. 6.8 and 6.10 are still adequate to predict the clogging probability. To do
this, new clogging experiments have been performed with a gap between the silo bottom and the belt
of ℎ = 0.46 ± 0.03 cm, with an outlet size of 𝐷 = 1.53 cm (𝐷/𝑑𝑝 = 3.82), and different values of 𝑣𝑏
covering the whole range available. Following the usual procedure in this research, the values of 𝑝𝑐
are obtained. Furthermore, I consider the kinematic features of the system in this configuration, which
were already presented in Section 4.4. As it was observed in Fig. 4.11, both the particles velocity
and the mass flow rate for ℎ = 0.46 ± 0.03 cm follow qualitatively similar trends than the ones for
ℎ = 0.32 ± 0.03 cm. Yet, in the case of ℎ = 0.46 ± 0.03 cm the data points present stronger rises (for
low 𝑣𝑏) and seem to saturate at higher values of either 𝑊 or 𝑣 at fast 𝑣𝑏 .
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Figure 6.15: Clogging probability as function of the averaged velocity 𝑣 (panel (a)) and the mass flow
rate (panel (b)), for the aspect ratios indicated in the legend. The full symbols correspond to experiments
with ℎ = 0.32 ± 0.03 cm and the empty ones to ℎ = 0.46 ± 0.03 cm. The solid lines correspond to Eq.
6.8 in panel (a) and Eq. 6.10 in panel (b), in both cases with the parameters explained in the text.

The clogging probabilities for this new configuration are represented with empty symbols in Fig.
6.15, as function of 𝑣 in panel (a) and as function of 𝑊 in panel (b). Along with them, all the 𝑝𝑐 outcomes
obtained previously for ℎ = 0.32 ± 0.03 cm are also included in those graphs. In essence, Fig. 6.15 (a)
and (b) are the same than Fig. 6.13 and Fig. 6.14 respectively, but including the experimental data for
the new value of ℎ. Remarkably, in both graphs, the clogging probabilities for the new value of ℎ fall on
top of the previous data. Therefore, it can be concluded that the values of 𝑝𝑐 are well described by both
Eqs. 6.8 and 6.10 with the same parameters regardless the value of ℎ. An alternative interpretation
of the results shown in Fig. 6.15 is that a modification of the gap between the silo bottom and the
conveyor belt leads to variations of both the probability of clogging and the grains velocity (or the flow
rate). Nevertheless, the relationship between these two magnitudes remains unaltered. This feature
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proves the suitability of both, the velocity of the grains and the flow rate, as parameters to quantify the
kinematics of the system.

Free discharge experiment

After testing the validity of Eq. 6.8 for a different value of ℎ (with the same fitting parameters), the next
step is to check whether this expression is able to reproduce the clogging probability obtained in the
free discharge. For this, the experimental clogging probabilities reported in Section 6.1 are displayed
in Fig. 6.16 with empty circles as function of the aspect ratio. Then, in order to adapt Eq. 6.8 to this
new scenario, the variable 𝑣 is going to be substituted by its analytical dependence on the outlet size,
i.e. 𝑣 = √𝑔𝐷, giving rise to the following expression:

𝑝𝑐 = (𝑎 + 𝑏√𝑔𝐷)−(𝐷/𝑑𝑝)2
(6.13)
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Figure 6.16: Experimental clogging probability as function of the aspect ratio for the free discharge
experiment (empty circles) and for the quasi-static regime (blue diamonds). The pink solid line is Eq.
6.6 with 𝑘 = 1.33, whereas the dashed line is Eq. 6.13 with 𝑎 = 1.33 and 𝑏 = 0.0128 cm/s. The solid
circles are the results of Eq. 6.8 with the same values of 𝑎 and 𝑏 but using experimental values of 𝑣.

Equation 6.13 has been plotted in Fig. 6.16 with a dashed line using the same parameters 𝑎 and
𝑏 obtained for the belt experiments, evidencing an excellent agreement. Strictly speaking, replacing
𝑣 by √𝑔𝐷 is only a first order approximation. Indeed, an accurate computation of 𝑣 would imply the
consideration of Eqs. 1.20 and 1.22, which would include the factors 𝜉(𝜇) and √𝛾. However, it should
be noted that for small outlet sizes the experimental velocity is not perfectly described by the analytical
expression (Eq. 1.22) as it can be appreciated in Fig. 3.5. Therefore, for the sake of simplicity I
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preferred to substitute 𝑣 by just the scaling 𝑣 = √𝑔𝐷. In any case, in order to check the validity of
this approximation, the values of 𝑝𝑐 have been computed using Eq. 6.8 and the experimental values of
𝑣 (instead of the scaling) for the three orifice sizes investigated in this chapter. These outcomes have
been included as well in Fig. 6.16 with solid circles, and agree adequately with the analytical curve;
hence confirming the usefulness of the 𝑣 = √𝑔𝐷 approach.

The values of 𝑝𝑐0 for the quasi-static regime shown in Section 6.4 are also included in the Fig. 6.16.
Interestingly, their representation illustrates the importance of the particles velocity in the phenomenon
of clogging. Removing the conveyor belt implies that the values of 𝑝𝑐 notably decrease, and this
difference appears to grow as the outlet size increases. It should be noted that the two curves represent
the two extreme cases reached in this experimental system. In other words, these curves represent the
two limits between which all the possible values of the clogging probability can be found in this setup.

6.7 Conclusions

The effect of particle kinematics in the discharge of silos has been tested in an experimental setup in
which the grains velocity can be tuned without modifying the orifice size. From a detailed study of the
avalanche statistics, the clogging features of the system have been investigated for three different outlet
sizes and a large number of belt velocities. In all cases, once the system reaches the steady state, a
Poissonian behaviour of the distributions of avalanches has been observed. From them, the clogging
probabilities have been determined and studied in relation to 𝐷 and the kinematic variables. The
analysis has evidenced an important role of the particles velocity on clogging; an effect that becomes
more important as 𝐷 increases. Then, based on previous works, the quantitative dependence of the
clogging probabilities on both the geometry and the kinematics has been determined. Indeed, the effect
of the latter has been characterized using either the particles velocity or the flow rate, giving rise to
two similar expressions. Interestingly, both of them include a geometrical parameter 𝑎, which collects
the influence of the geometry when the particles velocity (or the flow rate) are minimized. Furthermore,
each description includes another parameter accounting for the influence of the kinematic variables in
the clogging probabilities. Importantly, these two parameters have resulted to be independent on the
orifice size, the particles velocity and the flow rate. This implies that the purpose of decoupling the
kinematic and geometric influences in the silo clogging problem has been fulfilled.

Finally, the validity of the expressions proposed have been checked when altering the gap between
the silo bottom and the conveyor belt, and when the silo is discharged freely under the action of
gravity. For this latter case, it should be noted that the influence of the orifice size on the equations is
considerably greater than the one of the kinematic variables. Indeed, if a variation in the particles motion
is caused by a change in the orifice size (for example, in the free discharge regime), the contribution of
the kinematics is so low that can be practically neglected in comparison to the specific influence of the
geometry. For example, in Eq. 6.13 (the approximation computed to describe the probability of clogging
in the free discharge) the square root of 𝐷 in the base that accounts for the 𝑣 dependence, contributes
to a much smaller degree than the quadratic exponent of 𝐷 standing for the pure effect of the geometry.
Probably, this is the reason why in previous works the free discharge experiments have been described
reasonably well by geometrical models and the kinematic effects have been barely taken into account.
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In spite of this, the influence of the kinematics may become of special importance in some scenarios.
For example, the effect of kinematics can be crucial in granular discharges in which the exit must be
kept constant due to external constraints and the flow rate must be controlled by some mechanism (a
conveyor belt or a screw, for instance). Furthermore, the conclusions derived from this work can be
tested in other many-particle systems beyond granular media. Indeed, some of the examples where the
effect of kinematics in clogging may be decisive can range from flows in pipelines with constrictions to
blood clots.
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Conclusions and Outlook

Conclusions

In this project the flow and clogging features on a granular silo discharged with a conveyor belt have
been studied for the first time in a systematic way. In this section, the main results and conclusions
partially exposed in different chapters of this report are going to be presented in global perspective.
The intention is to highlight the most relevant results obtained trying to link them as a part of the
general problem of the silo discharge. In addition, the purpose of this section is to connect the previous
knowledge existing for the free discharged silo with the experimental findings evidenced in the conveyor
belt discharge and the particularities that this extraction method entails.

Description of the flow rate: framework of Janda et al. and mass conservation model

One of the problems addressed was the description of the flow rate in the new setup, for the free
discharge experiment and using the conveyor belt. In both versions of the experiment, the profiles of
vertical velocity, solid fraction and the flow rate were satisfactorily characterized by the equations pro-
posed by Janda et al. in Ref. [62]. Furthermore, for the free discharge experiment the expressions could
successfully describe the dependence of the magnitudes on the outlet size. Then, although some differ-
ences in the fitting parameters were encountered, the framework proposed for silos discharged solely
by gravity has been generalized using particles of different size. Nevertheless, for the experiments with
the belt the magnitudes behaved in a completely different way, and hence their orifice size dependence
could not be understood with the same approach. In particular, if the belt velocity is fixed the particles
velocity showed decreasing trends with the outlet size, an opposite behaviour to the one observed in
the free discharge experiment.

To describe these dependences, a model based on mass conservation arguments has been constructed.
In the expressions, the role of gravity has been substituted by the quotient of two areas: the exit and the
cross-section of the grains pile deposited on the belt. Notably, this model reproduces the experimental
data for low belt velocities and large outlet sizes, and has been generalized for several positions of
the belt below the silo orifice. If the system reaches the realm of small orifice sizes and fast extraction
rates, the model is not valid anymore and the magnitudes gradually behave as in the free discharge
regime.

145
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Michromechanics of the silo discharge: the free fall arch and the parameter 𝛾

With the aim of unveiling the small dissimilarities found in the profiles for free discharge experiments
with different particle sizes a micromechanical analysis of the discharge process was performed. The
experimental outcomes supported the validity of the ideas proposed in Ref. [6], consisting of a redefinition
of the free fall arch concept in the free discharge experiment. As in that work, self-similar profiles of
both the acceleration and stress profiles were obtained when they were normalized by the orifice size,
the only relevant geometrical variable in the problem.

The origin of the small differences observed in the profiles at the outlet for 𝑑𝑝 = 0.1 and 0.4 cm
particles was unveiled by making use of the 𝛾 parameter, which connects the vertical acceleration
profiles and the velocity profiles at the outlet. The source of these dissimilarities was attributed to
the existence of stable stagnant zones, which act as a solid hopper. This structure of grains modifies
the stress and acceleration fields above the outlet, which in turn affect the velocity profiles favouring a
faster motion of the particles.

Moreover, the inclusion of the conveyor belt introduces an upward transference of momentum in the
granular material inside the silo. This generates a new collisional region around the orifice that compacts
the material and reduces its velocity. Consequently, the dynamics is not determined solely by the
orifice, and a competition between two mechanisms emerges: i) the arch-shaped spatial configurations
of stresses and accelerations determined by the combination of the orifice size and the gravity, which
gradually accelerate and decompact the grains as they descend along the silo; ii) the presence of the
conveyor belt, which slows down and compacts the particles in the region of the orifice. With the
incorporation of the belt, the establishment of relationships between the acceleration and the kinetic
stress profiles has become much more difficult. In any case, the result of the aforementioned competition
is gathered by the parameter 𝛾, which determines the value of the velocity at the center of the profiles.
In this sense, 𝛾 approaches 0 for the quasi-static state and is of the order of 1 for the free discharge
regime. Therefore, this parameter can be viewed as an indication of the degree of inertia of the system,
or in other words, how close is the system to the quasi-static or the gravitational regime.

Although the results obtained in the experiments with and without the belt are different, both point
in the same direction: the spatial configuration of the stress fields, determined by the interaction among
the granular material and the boundaries (including the belt), establishes the shape and magnitude of
the solid fraction, the velocity profiles, and then determines the value of the flow rate.

Intermittency

As stated before, the belt extraction procedure allows reducing the grains velocity to extremely low
values. In this scenario, the discharge shows a clear intermittent dynamics which seems to progressively
disappear as the belt velocity increases. This feature has been thoroughly investigated by means of a
multifractal analysis, an approach barely used in the scope of granular matter. From the experimental
point of view, the application of this tool to the granular silo problem is per se a success. Indeed, it
allowed differentiating four scenarios of grains motion, three of which – scenarios (I), (II) and (IV) –
revealed the existence of intermittency in different forms. According to the results, the intermittency is
favoured for low values of the velocity and for small orifice sizes. The other scenario (III) was obtained for
large orifice sizes and fast extraction rates, and is characterized by a continuous motion with fluctuations
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described by Gaussian statistics.
In some works the highly fluctuating motion in the discharge of granular silos has been related to

clogging, arguing that both features have the same physical origin: the formation of clogging structures
– unstable in the case of the fluctuations – above the orifice. In this work, only the fourth (IV) scenario,
which emerges for small orifice sizes and fast extraction rates, displays intermittencies that can be
attributed to this cause. The intermittent scenarios (I) and (II), instead, have a different nature. In
particular, these intermittencies are attributed to the successive formation of avalanches in the pile
that forms on top of the belt (scenario (I)), and the transition from this regime to a continuous motion
(scenario (II)). This interpretation could be tested in future works by using models of sandpile dynamics
in the scope of the so-called Self-Organized Criticality [118].

Role of kinematics in clogging

Perhaps the most relevant result of this research has been the establishment of a direct connection
between kinematics and clogging in a granular silo. First, by means of a statistical study of the
avalanche sizes, it was determined that clogging is compatible with a Poisson process also for the
discharges with the belt. Interestingly, a substantial dependence of the clogging probability on the
particles velocity was observed, which becomes more important as the outlet size is increased. Indeed,
for the biggest outlet size studied, (𝐷/𝑑𝑝 = 4.25), the difference in the clogging probability between
the slowest and the fastest belt velocity is about two orders of magnitude.

Thanks to the possibility of controlling the grains velocity independently on the orifice size, both
effects (geometric and kinetic) could be decoupled. To do this, a description inspired in previous models
was used. First, the clogging probability in the quasi-static regime was described with a quadratic
exponential dependence on the orifice size. From this, a “geometrical” parameter determining the
clogging probability when the kinematics does not play a role was inferred. Afterwards, the kinematic
role was quantified in two different ways: by means of the grains velocity or with the flow rate. In both
cases, this influence was gathered by an additional ”kinematic” parameter which modifies the quadratic
exponential dependence obtained in the quasi-static regime.

Remarkably, this description has been validated for different placements of the belt and for the
traditional free discharge experiment. The latter is just considered as a particular case in which the
particles velocity changes with the outlet size as 𝑣 ≃ √𝑔𝐷. In addition, from this framework it is
deduced that in the free discharge experiment (in which 𝑣 and 𝐷 simultaneously change) the kinematic
influence on clogging can be neglected at first order, since the geometrical influence on clogging is
much more important.

Finally, let me point out that the reduction of the belt velocity has been shown both to favour the
appearance of intermittent motion and to increase the probability of clogging. However, these two
features do not seem to be related between them. Indeed, changes in the clogging probability have
been successfully described using the mean value of the particles velocity. In addition, the transition
between the intermittent and continuous motion as the belt velocity increases has not been perceived
in the clogging probability outcomes. As a conclusion, contrary to the fluctuations observed for small
𝐷 and high 𝑣𝑏 (which were suggested to be caused by the formation of arches), the intermittent motion
produced by the slow extraction velocity of the belt does not have a net effect on clogging.
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From the quasi-static motion to the free discharge regime.

The study of the different regimes resulting from the exploration of the effect of the orifice size and
the belt velocity evidenced the existence of two limit cases: the quasi-static and the free discharge
regimes. The first one is achieved when the material is extracted at very low extraction rates. In this
situation, the grains velocity is mainly determined by the (slow) belt velocity and the geometry of the
granular pile deposited on top of it. In this way, the particles descend compacted and with negligible
acceleration; it is analogous to the motion of a solid submitted to plastic deformations. In the free
discharge case, however, the granular dynamics within the silo is determined by the arch-shaped stress
configurations caused by the combination of the silo geometry (mainly determined by the orifice size)
and the gravitational force. This regime is achieved, evidently, when the conveyor belt is not installed.
However, flow features resembling the free discharge scenario have been encountered for small orifice
sizes and fast belt velocities.

The analysis of the flow and clogging using this novel setup has allowed me to characterize both
regimes and thoroughly study the transition between them. This transition, which can be nicely quan-
tified by the 𝛾 parameter, is determined by the competition between the gravitational dynamics and
the effect of the conveyor belt, which mainly consists in slowing down the grains. As said before, in
the flow rate description the outlet dependence of the solid fraction, grains velocity and flow rate are
well described by the expressions derived within the framework of Janda et al. Complementarily, in the
quasi-static state the new emerging behaviour is reproduced by the introduction of a model based on
mass arguments. For certain values of 𝐷 and 𝑣𝑏 there is a transition region in which the magnitudes
smoothly change from one description to another. In the clogging experiments, however, all the situa-
tions could be described with the same equations. Furthermore, in this case the quasi-static and the
free discharge regimes constitute two limit cases. Indeed, the clogging probability curves corresponding
to both regimes are the upper and lower boundaries of all possible clogging probabilities in the system.

Finally, in the analysis of the intermittency some of the observed scenarios can be identified to
either the quasi-static or the free discharge regime. In particular, the quasi-static regime coincides
with the scenario (I) characterized by an on-off intermittent motion. For high extraction rates, the free
discharge regime is reached, and the intermittent scenario observed depends on the outlet size. For
sufficiently big outlet sizes, there is a continuous motion that can be represented by scenario (III), while
for small outlet sizes, non-Gaussian fluctuations appear due to the formation of transient arches above
the orifice (scenario IV). In both cases, multifractal behaviour emerges for intermediate belt velocities, a
situation in which characteristics common to both regimes are observed (scenario (II)). On one hand the
flow dynamics exhibits intermittent features (as in the quasi-static regime), but on the other hand the
time intervals of arrest flows have disappeared (as in the free discharge). Considering this, the scenario
displaying multifractal statistics can be viewed as a transition state between the quasi-static and free
fall regimes from the point of view of their fluctuating nature.
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Outlook

Using a conveyor belt as a mechanism to extract granular materials from containers has opened a new
research line in the field of granular silos. Furthermore, some of the conclusions presented before may
shed light into the physics behind flows through bottlenecks in other related many-particle systems in
which the ideas of this work can be applied. In this last section, some thoughts about possible future
works will be exposed.

For example, in Chapter 4 the particles velocity and the flow rate were shown to be importantly
dependent on the geometry of the region below the outlet. An interesting work could be the imple-
mentation of different geometries of the silo bottom in order to test the validity of the expressions. In
addition, the framework may be generalized for other setups: particles of different shape, hoppers with
different angles and so on.

In addition, the conveyor belt could be used to study other problems involving the silo, such as
the dynamics of arch breaking in a vibrated silo [27–29], usually analyzed considering arches formed
in the free discharge regime. In systems like this, clogging and unclogging, two phenomena sensibly
different, alternate to produce an intermittent motion. The implementation of the conveyor belt may help
to investigate whether the kinematics of arch formation affects the process of unclogging. Remarkably,
the new intermittent dynamics observed with the belt could include the intermittent motion observed in
Chapter 5 for low extraction velocities and for small orifice sizes. Then, a possible combination of both
intermittent dynamics could also give rise to an interesting phenomenology.

In the scope of intermittency, an interesting problem would be to use the multifractal framework
to thoroughly study the transition between scenarios (III) and (IV), in a similar way than in [72]. In
this case, the idea would be to perform experiments with high belt velocities and gradually changing
the orifice size. Moreover, this multifractal analysis has been barely used in the scope of granular
media. Hence, the application of this tool in this and other granular systems like the aforementioned
vibrated silo could give rise to alternative descriptions of the intermittent behaviour in a good variety
of scenarios.

About clogging, in Chapter 6 the probability of clogging was shown to considerably depend on the
outflow rate for a given geometry. This result should lead to the investigation of the kinematics effect on
clogging in different systems. An interesting problem could be the study of the clogging phenomenon
in non-steady flows, which could be approached by means of granular discharges with time-dependent
belt velocities. Therefore, different functions (senoidal, sawtooth, ramp,...) could be used to investigate
real processes in which these dynamics are observed. Furthermore, problems already investigated for
the free fall discharge may be revisited using the belt as an extraction method. An example could be the
study of the influence of placing an obstacle above the silo exit on clogging when the grains velocity
at the exit is controlled. Indeed, the presence of an obstacle above the orifice was found to prevent
clogging in the discharge of silos [43]. Then, the purpose of this experiment, already started in my
laboratory, is to shed light into the mechanism through which clogging is prevented. In particular, if it
is due to a change in the kinematics or to other processes already proposed in the literature (such as
the removal of the pressure exerted by the particles above the outlet [43] or the grains decompaction in
the arch region [119]).

Finally, let me comment that this problem can be extended to many-particle systems beyond granular
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media which are prone to clog when they pass through a bottleneck. Indeed, this thesis can serve
as a motivation to investigate the relationship between kinematics and clogging in systems such as
suspensions, active matter or live beings. Although in these scenarios the inclusion of a conveyor belt
is not possible from an experimental point of view, a different method to tune the particles velocity
can be designed in order to test clogging behaviour under kinematic variations. In all these cases the
expressions proposed in Section 6.5, according to which the influences of the geometry and kinematics
are decoupled in two different parameters, could be tested.



Appendix A

Relation between volume fraction and
surface solid fraction

Throughout this thesis, the density of particles in space has been expressed in two different forms: as
the fraction of volume occupied by the beads (volume fraction, 𝜙𝑉) and as its projection on the XZ
plane (solid fraction, 𝜙𝑆). The relation of 𝜙𝑉 = 2

3𝜙𝑆 used to connect both magnitudes in this work is
explained in this appendix.

rp

Figure A.1: (a) Binary representation of Fig. 2.14 (c), which displays several circles as the projection
of spheres. The dashed rectangles are two possible areas where the solid fraction can be computed.
(b) Scheme of a spherical particle inscribed in a cylinder.

To do that, let us consider the image in Fig A.1 (a), which is a binary representation of Fig. 2.14
(c). There, the projections of monodisperse spherical particles arranged in a single layer are displayed.
From this image, the computation of the two-dimensional solid fraction of circles in the red dashed
square of Fig. A.1 is straightforward: the area occupied by the particles contributes with 1 and the
empty areas with 0. Then, the surface solid fraction is computed as:

𝜙𝑆 =
1 ⋅ 𝑁𝑝𝐴𝑝 + 0 ⋅ 𝐴𝑒

𝐴𝑟
=

𝑁𝑝𝐴𝑝

𝐴𝑟
(A.1)

where 𝑁𝑝 is the number of particles, 𝐴𝑝 is the area of the spherical particles, 𝐴𝑒 is the area without
particles and 𝐴𝑟 is the area of the averaging region.
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The computation of the volume fraction requires considering that the particles are spheres and are
enclosed between two glasses separated by 𝑇 = 0.4 cm. Now, a similar division of the three-dimensional
space is performed. On one hand, the empty volume 𝑉𝑒 = 𝐴𝑒𝑇 will contribute with a 0. On the other
hand, the spheres are assumed to be circumscribed in cylinders whose bases are on the silo glasses
and have a height equal to the silo thickness (see Fig. A.1 (b)). Then, if the volume of the cylinder
is 𝐴𝑝𝑇 and the volume fraction of a sphere circumscribed in the cylinder is denoted as 𝜅, the volume
fraction in the red shaded square of Fig. A.1 (a) can be expressed as:

𝜙𝑉 =
𝜅 ⋅ 𝑁𝑝𝐴𝑝𝑇 + 0 ⋅ 𝐴𝑒𝑇

𝐴𝑟𝑇
=

𝜅𝑁𝑝𝐴𝑝

𝐴𝑟
(A.2)

Remarkably, the value of the 𝜅 parameter was already reported by Archimedes in 225 BCE [120] and
corresponds to 2/3. Considering this, and combining Eqs. A.1 and A.2, the ratio between the volume
and the surface solid fraction reads:

𝜙𝑉 = 2
3𝜙𝑆 (A.3)

It should be remarked that this calculation becomes inexact if there are particles intersecting bound-
aries of the window in which 𝜙𝑉 is calculated, as it happens when considering an area like the one
represented with a dashed green rectangle in Fig. A.1 (a). However, Eq. A.3 is a good approximation
when the averaging region is sufficiently large or when the solid fraction is averaged over a sufficiently
long time interval.
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Summary
The flow of granular matter in the discharge of silos is a thoroughly studied problem due to its wide
applicability in both industry and agriculture. Recently, the phenomenon of clogging, which leads to
the flow arrest due to the formation of arches when the orifice is only few times greater than the typical
particle size, has also caught the attention of scientists. During the years, both problems have been
investigated in silos where the grains are driven uniquely by the gravity action, a regime that is called
“free discharge”. Certainly, in this case, the particles velocities increase with the orifice size. Aiming a
study of the individual effect that these two variables have on the silo discharge, I have implemented
a new experimental setup in which a conveyor belt extracts the material from the silo bottom. The
inclusion of this device allows controlling the grains velocity independently on the orifice size allowing,
at least a priori, the decoupling of these variables.

The characterization of the flow at the orifice has been carried out from the processing of videos
recorded with a high-speed camera capturing the outlet region. Different experimental conditions have
been investigated comparing both the free discharge regime and the discharges with the belt, sweeping
the available values of the orifice size and belt velocity. For the free discharge case, the dependences
of the solid fraction, the velocity profiles, and the flow rate on the orifice size have been successfully
explained with the expressions proposed by Janda et al [62]. When the conveyor belt is included, a
different behaviour is observed, characterized by i) a saturation of the flow rate and particles velocity
with the belt velocity; and ii) a decreasing dependence of these magnitudes on the orifice size if the
extraction velocity is kept constant. These relationships have been explained by introducing a model
based on mass conservation arguments, whose validity has been additionally checked for different
locations of the belt below the orifice. In all cases, a micromechanical analysis of the magnitudes in an
extended region surrounding the orifice has helped to unveil the origin of the behaviour exhibited by
the magnitudes at the outlet.

Furthermore, the introduction of the conveyor belt as a method to extract the material yields an
intermittent motion of the particles, which is especially visible for low extraction rates. The nature
of this behaviour has been investigated by performing a multifractal analysis of a temporal signal
characterizing the velocity of the particles at each moment, and also by looking at the spatial correlation
of the individual velocity of the particles. These procedures allowed distinguishing four different flow
regimes depending on the belt velocity and the outlet size.

Finally, the phenomenon of clogging has been studied by evaluating the statistics of avalanche sizes,
i.e. the amount of material discharged between two clog events. The measurement protocol is automated
and consists in the synchronization of the conveyor belt and other different devices able to detect the
arches, break them and register the mass of the avalanches. From the avalanche distributions, the
clogging probabilities have been computed for three outlet sizes and several extraction velocities. As a
result, an important influence of the kinematics in clogging has been found: in the best case, a change
of around two orders of magnitude in the clogging probability has been observed when varying the belt
extraction rate. The clogging probability behaviour has been explained using new expressions inspired
in others already used in the free discharge regime. These expressions include only two parameters:
a geometrical one that determines the clogging probability when the grains velocity is minimum, and
another one that gathers the influence of the kinematics. This successfully decouples the description of
the geometric and kinematic influences in the process of clogging.
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Resumen
El flujo de medios granulares en la descarga de silos es un problema ampliamente estudiado desde
hace años debido a sus aplicaciones en la industria o la agricultura. Recientemente, el estudio de los
atascos, que dan lugar a la detención del flujo como consecuencia de la formación de arcos encima
del orificio, ha recibido también la atención de la comunidad científica. A lo largo de los años, los
dos problemas se han investigado en silos en los que el material es descargado únicamente por medio
de la gravedad, régimen que llamamos «descarga libre». En ese caso, la velocidad de las partículas
está determinada por el tamaño del agujero de salida. Con el objetivo de investigar el efecto de ambas
variables por separado, se ha utilizado una cinta transportadora que descarga el material, permitiendo
controlar la velocidad de las partículas de forma independiente al tamaño de agujero. Con este sistema
experimental, se han estudiado tanto los patrones de flujo como el fenómeno de atasco.

La caracterización del flujo se ha determinado a partir del análisis de grabaciones en alta velocidad
de las descargas en la zona del orificio. Variando el tamaño de agujero y la velocidad de extracción de la
cinta, los patrones de flujo en el agujero se han comparado con el régimen de descarga libre. De hecho,
inicialmente, las dependencias del flujo y de los perfiles de densidad y velocidad con el tamaño de
agujero para el caso de la descarga libre, jan sido interpretados a la luz de las expresiones propuestas
recientemente por Janda et al. [62]. En los experimentos con la cinta se observa un comportamiento
diferente, caracterizado por i) un incremento y posterior saturación de la velocidad de las partículas
con la velocidad de la cinta; y ii) una reducción de la velocidad de las partículas con el tamaño de
agujero si la velocidad de la cinta se mantiene constante. Estas dependencias se explican por medio de
un modelo basado en la conservación de la masa, que se ha validado para diferentes posiciones de la
cinta. Además, tanto los valores del flujo como los de las velocidades de las partículas se han relacionado
con la dinámica que se observa en el interior del silo, gracias al análisis de la micromecánica.

Asimismo, la introducción de la cinta ocasiona un movimiento intermitente de las partículas que es
especialmente visible para velocidades de extracción bajas. Este comportamiento se ha estudiado por
medio del análisis multifractal de una señal temporal que caracteriza la velocidad de las partículas en
cada momento, y también a partir de la correlación espacial entre las velocidades de las partículas. De
esta manera se han encontrado cuatro tipos de flujo diferentes dependiendo de la velocidad de la cinta
y del tamaño de agujero.

Finalmente, el fenómeno de atasco se ha estudiado a partir del análisis de los tamaños de avalanchas
definidos como el número de granos que salen del silo desde que se rompe un atasco hasta que se
forma el siguiente. El protocolo de medida está automatizado y consiste en la sincronización de la cinta
y otros dispositivos encargados de detectar los arcos, romperlos y registrar la masa de las avalanchas. A
partir de las distribuciones de los tamaños de avalancha, se han calculado las probabilidades de atasco
para tres agujeros distintos y varias velocidades de la cinta. Como resultado, se ha observado una fuerte
influencia de la cinemática en el proceso de atasco: en el mejor de los casos, se ha obtenido un cambio
en la probabilidad de atasco de alrededor de dos órdenes de magnitud al cambiar la velocidad de la
cinta. Este comportamiento se ha explicado usando nuevas ecuaciones, que están inspiradas en otras
que ya se utilizan para describir los atascos en la descarga libre. Estas expresiones incluyen solamente
dos parámetros: uno geométrico, que determina la probabilidad de atasco cuando la velocidad de las
partículas es mínima, y otro que recoge la influencia de la velocidad de las partículas. Con esto se
logra describir separadamente los efectos geométrico y cinemático en el proceso de atasco.
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