Granular Matter

(2021} 23:86

https://doi.org/ 10.1007/ sl 0035-021 -01159-6

ORIGINAL PAPER
Check for
updates

Critica! numerical analysis of quasi-two-dimensional silo-hopper
discharging
Rodolfo Blanco-Rodríguez 1 ·Raúl Cruz Hidalgo2 · Gabriel Pérez-Ángel 1 ·Diego Maza 2 f>
Received: 7 March 2021 / Accepted:18 August 2021
© The Author(s} 202 1

Abstract
We present a critica] comparative analysis between numerical and experimental results of quasi-two-di mensional silo and
hopper fl ows. In our approach, the Discrete Element Method was employed to describe a single-layer mono-disperse sphere
confined by two parallel walls with an orifice at the bottom. As a first step, we examined the discharge process, varying
the size of the outlet and the hopper angle. Next, we set the simulation parameters fitting the experimental flow rate values
obtained experimentally. Remarkably, the numerical model captured the slight non-monotonic dependence of the flow rate
with the hopper angle, which was detected experimentally. Additionally, we analyzed the vertical velocity and solid fractions profiles at the outlet numerically and experimentally. Although numerical results also agreed with the experimental
observations, a slight deviation appeared systematically between both approaches. Finally, we explored the impact of the
system's confinement on this process, examining the consequences of particle-particle and particle-wall friction on the
system macroscopic response. We mainly found that the degree of confinement and particle-wall friction have a relevant
impact on the outflow dynamics. Our analysis demonstrated that the naive 2D approximation of this 3D flow process fails
to describe it accurately.
Keywords Granular simulations · DEM · Granular flow · Hoppers

1 lntroduction
Filling, storing, and discharging of granular media are conventional industrial procedures, which are highly automated.
These processes are designed empirically and ultimately
need man ual intervention: any failure in these devices could
eventually lead to devastating consequences [1- 3]. Unfortunately, there are no well-founded theoretical frameworks to
describe these macroscopic phenomena in terms of the particle's micromechanical properties. Moreover, particles and
grains are di verse; thus, their properties may differ depending on the specific context. Hence, the mechanical response
of granular materials is a topic in continuous development.
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When examining granular flows, there are severa] practica] restrictions, and sometimes, it is not possible to fully
describe the 3D behavior of the grains. Quasi-two-dimensional experimental setups are often developed [ 4- 12],
because they capture the particle dynamics precisely. These
setups are generally very flexible, and they typically consist
of two transparent pi ates between which opaque partic les
are poured. Afterward, the use of non-invasive optical methods allows measuring partic le motion via image processing. However, quantifying the particle-particle interaction
forces is a more challenging task, which is only achieved
in static conditions [13, 14]. There is a real need to perform
numerical simulations in that context because they provide
the local particle-particle interaction and the force-chain network structure. Discrete element modeling (DEM) is widely
accepted as an effecti ve method for addressing engineering problems concerning dense granular media [15- 17]. In
DEM, the particle-particle contact laws define the macroscopic collective results with high accuracy. Moreover, it
is relatively easy to implement, and it has the advantage of
being parallelizable.
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Particle discharging of a silo is a canonical example of
granular flow. Over the centuries, experimental investigations have been carried out to explore the silo flow. Very
early on, it was shown that the discharge flow rate Q of a
silo is practically independent of the filling height when the
orifice diameter size is large enough. Although it is well
accepted that the val ue of Q in a s ilo varies as D 512 (or
D 312 in 2D), a theoretical framework explaining this robust
finding is lack. It is worth mentioning, a few groups have
recently progressed in understandi ng the origin of this scaling by combining numerical and experimental approaches
[18- 24].
Very recently, the flow of mono-dispersed stainless-steel
spheres in a quasi-two-dimensional hopper was experimentally analyzed, varying the hopper angle and the size of the
outlet [25]. Here, we performed a critica] numerical analysis
of the particle discharge process, validating numerical algorithm guided by the experimental outcomes [18, 25]. As well
as this, we explored the significance of the system's confinement, examining the impact the particle-particle and particle-wall friction have on the system macroscopic response.
More importantly, we analyzed the relevance of considering
this "hypothetical 2D system" as a real 3D single !ayer of
particles. The work is organized as followed: in Sect. 1.1 , we
summarize a theoretical framework concerning the particle
flow rate in silos and hoppers, which are used further in the
discussion. In Sect. 2, the simulation method is described
briefly. Next, Sect. 3 summarizes the main outcomes, discussing the simulation method' s feasibility to reproduce the
experimentally obtained results.
Decades ago, Beverloo et al. [26) introduced a phenomenological formulation quantifying the mass fl ow rate Q in
silos and hoppers in terms of the outlet size D = 2R,
(! )

where p8 = pM</J 8 , and PM is the material density of the
grains, <jJ8 is the solid-fraction , while C and k are fitting
constants. The factor (D - kd) is the hypothetical effective
outlet size when considering grains of dimension d and
the existence of an empty annulus. Moreover, Beverloo's
approach is based on the assumption that the velocity of the
grains at the exit scales with the outlet size as
Note that
Eq. (1 ) corresponds to the 3D case, while for the 2D case
the exponent is 3/2.

VD.

1.1 Flow rate in hoppers
More recently, a new formulation of Q(R) was introduced
for fl at bottom silos, in terms of the o uti et radius [ 18, 19].
This formulation assumes that the vertical velocity vz(r) and
solid-fraction </J(r) are self-similar functions of the horizontal radial coordinate r/R. lmportantly, both magnitudes are
~ Springer

self-similar functions at the silo exit, that can be scaled by
their values at the orifice center. Such an idea was recently
generalized for 2D-hoppers by Darias et al. [25]. Accordingly, solid-fraction and vertical velocity profiles at the hopper exit can be expressed as:
(2)

( (i) 2)"

v/r/R) = v/R) 1 -

(3)

where ve and <Pe are the velocity and solid-fraction at the
center of the orifice, respectively. The exponents a and b
control the curvature of the dome shape profiles, whereas
the two R dependent coefficients read as,

(4)
(5)

Equation 4 accounts for the dependency of the material dilatancy on R, assumi ng an exponential saturation set by two
fitting parameters, a 1 and a 2 , that controls its magnitude in
the region where the system can clog. More importantly,
the expression captures that the discharged material passing
through the exit is loose for very large orifices. Accordingly,
</J00 is the solid-fraction in the limit of very large orifices
R-+ oo [18) which is typically lower than the bulk solidfraction. The effecti ve acceleration along the vertical axis,
accounted by y, determines the magnitude of ve, which is
obviously influenced by the hopper angle. Finally, as shown
in [25] the hopper also has a relevant impact on the shape
of the solid-fraction and velocity profiles accounted by the
parameters. Altogether, this set of parameters fi x the mass
flow rate Q in quasi-2D hoppers, resulting in :
Q(R)

=

2

¿

/J(0.5, (1 + [a+ b])) JY8 </J00 ER 312

(6)

where E accounts for the front-back wall separation. The
numerical factor is a consequence of considering a single
!ayer of spheres as a flowing material. /J-function results
from the shape of the velocity and density profil es, while
y acco unts for the influence of the interna! stresses. We
e mphasize that Eq. (6) was derived only assuming the selfsimilar properties of velocity and density profiles, and the
corresponding scaling functions. Consequently, any numerical approach must reproduce these distinctive features as we
discuss in the next sections.

Critica! numerical analysis of quasi-two-dimensional silo-hopper discharging

Page 3of10

86

2 Numerical model
In our simulatio ns, we used di sc rete element modeling
(DEM), describing the evolution of an ensemble of contacting particles. The model implementation is a 3D-version of
a previous work reported in [27]. For the particle-particle
interaction, it adopts a linear-viscoelastic force model, which
is based on the Cundall-Strack approximation [28, 29]. The
equations of motion are integrated vía a velocity-Verlet algor ithm with a predictor-corrector modification [27, 30]. A
complete description of this theoretical framework can be
found in [15, 27, 30].
Here, our numerical procedure resembles the experimental setup reported in Ref. [25]. Thus, the system consisted
of a single Iayer of spherical beads of diameter d = 0.1 cm,
confined by two walls ata distance E, which we will from
here on refer to as the confinement width. It had a width of
W = 40 cm and silo-hopper outlet size D = 2R was configured. Specifically, three different tilt hopper angles, P = Oº,
30º and 60º were implemented. In ali cases, the silo was high
enough to contain N = 1.2 x 1osparticles.
To mimic steel spheres we set density p = 7.52 g/cm 3,
particle stiffness K 11 = 1.94 · 106 g/s2 , restitution coefficient
e11 = 0.9, and fri ction coeffic ient µ = 0.25, which is a very
good estimation for a steel-steel surface [3 1]. The ratios
between normal and tangential visco-elastic constants were
2
taken as!::.!. = ~ and !'.!! = 3, with y11 =
mk.
= 4.15
.-.

7

y,

l +(Jr//n(e.)2)

gis. The walls were rigid and obeyed the same rules of interaction as the spheres. Frontal and rear planes had a density
P,, = 2.5 cm 3 (mimic glass walls) and a friction coeffi cient
µ w, to be adj usted.
The protocol initialization places the beads within the
silo in a hexagonal arrange with an inter-particle distance
slightly larger than the particle diameter. Then, a randomly
oriented initial velocity of JO cm/s is assigned to each bead.
Then the system evolves through its initial stationary confi guratio n. Finally, the silo exit o utlet is opened, and the
particles start to fall by gravity towards the outlet. After
crossing the outlet, they travel a distance of 20d and are
removed from the simulation. The results were visualized
using the open-source tool OVITO [32]. As example, Fig. 1
illustrates a silo-hopper in discharge after 2.5 s with approximately 1.2 x 1osspheres, {J = 30º and D = 2 cm.
In ali cases explored here, the systems quickly evolve to
a steady-state characterized by a stable macroscopic ft ow
rate. The particle ftow rate through the o utlet was computed
by taking the elapsed time !:l.t¡, in which !:l.N = 80 spheres
pass through the outlet, namely, Q; = 6.N . Then, the mean
/::,,./;

ftow rate Q was computed, averaging 64 Q; consecutive samples that imply less than one second simulation time. The
standard deviations fou nd in the complete range of parameters explored were always under 5% of its mean value .

Fig. 1 System sketch of a hopper in discharge, the case
D = 2 c m and E = 0.125 c m is illustrated. (a) A system view
notes that crystall ization domains coexist with grain boundaries
defects due to the particle monodispersity, as occurs in the experiment. (b) Zoom view around the outlet during the discharge. (e) A
lateral view; note the spheres can slightly move between the frontal
and rear planes, in y-direction due to the wall separation E

P = 30º

The consistency of the numerical findings was also examined, computing the spatial profiles of the vertical-velocity
v, (x) and particle solid-fraction c/J(x) at the orífice Jocation.
The v,(x) profiles were sampled by taking the particle vertical-velocity j ust after it crosses the exit line, ata given
horizontal position x. The solid-fraction profiles c/J(x) were
obtained as the time average of occupation histograms at
z =O. The exit line was divided into 2048 bins, where each
bin is 1 if there is mass and O if it is an empty space. It is
worth mentioni ng that the protocol implemented to determine these magnitudes is the same as the one used in the
corresponding experime ntal setup.

3 Results
As mentioned above, we examined the discharging of silos
and hoppers, resembling the experimental conditio ns of Ref.
[ 18, 25]. After a careful analysis of the numerical and ex peri mental ftow rate results [18, 25], the confi nement width
E = 1.1Od and friction coefficient µ w = 0.23 were chosen as
the best set of parameters to reproduce experimental conditions. In a later section, we demonstrate that these parameters have the most significant impact on numerical outcomes.
Fig ure 2a ill ustrates the correlation between time-averaged ft ow rate Q obtained numerically and the experimental observations (data taken from [25]). The graph includes
outftow data correspondi ng to the entire range of explored
outlet sizes R and two hopper angles ({J = Oº and {J = 30º).
As can be noticed, in Fig. 2, the agreement between both
~ Springer
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approaches is excellent, resulting in Pearson corre lation
coefficients larger than 0.99 in both cases .
The analysis of Fig. 2b supports, even more, the validity of the numerical approach. lt shows the numerical mass
fl ow rate data Q(R) vs. the outlet sizes R, for hoppers with
f3 =Oº, 30º, and 60º . The agreement with the mass-flow
expression, Eq. (6), introduced recently by Darias et al. [25]
is excellent. Note that, in each case, t he used parameters
a , b, and y are the ones reported in Ref. [25), which correspond to experimental data. Significantly, the numerical
outcomes also recovera slightly non-monotonic dependence
of Q when varying the tilt angle f3 [33, 34]. It is worth mentioning that this trend has been very recently found in 30
hoppers, both experimentally and numerically [35).
G iven the model's feasibility to reproduce the macrosco pic system re sponse, it is crucial to verify that the
ki nematic fi elds that determine the resulting fl ow are also
compatible with those reported in the experiments. Figure 3
shows the velocity (vertical and horizontal) and solid fraction values, obtained for the simulations and the experiments
(taken from [25)) for a fl at botto m silo and R = 2 cm. Insets
in Fig. 3a and b illustrate the data cloud of the velocity components and their correspondi ng coarse-grai ned profil es
vz(x), vx(x), which are comparable with the experimental
ones introduced in Ref. [25]. The main panels show a comparison between numerical and experi mental coarse-grained
profiles and the outcomes of Eqs.(2) and (3). In general, we
found a reasonable agreement between the numerical results
and the results introduced in [18). However, a systematic
deviation seems to exist between numerical results and the
solution given by the set of parameters introduced to fit the
experimental results.
To explore more carefully such a difference , we al so
analyzed the o utcomes co rresponding to the fu ]] range
of explored o utlet sizes in the cases of f3 = 30º (Fig. 4a
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Fig. 2 (a ) Numeric ally obtained granular ft ow against its corre spo nding experi mental counterpart for P = Oº and 30º Hopper angles (dotted line is the plane bisectors). Inset: T he P = 30º volumetric ftow
rate and its corre spo nding mag nitude predicted by Eq. (6) . (b) P = Uº,
30º and P = 60º linearized volumetric ft ow rate (symbols). Lines
show Eq. (6) results with the parameters (see legend) extracted fro m
[25]
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insets shows a sample of the numerical mag nitudes. Red circles
are obtained by the the same smoothing protocol introduced to present the experime ntal results (blue squares) in [ 18]. The agree ment
betwee n experime ntal and numerical mean field is re markable. (e)
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Fig. 4 Experimenta l and numeric al results obta ined for P = 30º,
and P = 60º. The half right panels show the experimental data (see
details at [25]) whi le the left half pane ls the ir numerical counterparts.
The graphs illustrate the data corresponding to a li the outlet sizes
explored. Pane ls (a ) and (e) show the vertical velocity profiles v,(r ),
(b) a nd (d ) displays the 20-solid frac tion profiles </J(r). Continuous
lines in panels are the best fit applying Eq. (5) to data R = 1.95 used
to analyze the velocity ftuctuations

and b) and {J = 60º (Fig. 4c and d) . The vertical velocity values are shown in Fig. 4a and c, and solid fraction
values Fig. 4b and d. For compari son, t he graphs at the
left illustrates the numerical results, whi le the right ones
their corresponding experimental values (taken from [25]).
It is noticeable that mino r discrepancies systematically
appeared. Whereas numerical veloc ity profiles slightly
overestimate the experimental data, the solid-fraction
displays an inverse trend. Moreover, the smaller the size
of the outlet, the more significant the differences between
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nume rical and experimental solid fractions. Gi ven the
excellent agreement when comparing the flow rate values
in ali cases, we decided to explore the orig in of the mean
value profil e discrepancies carefully.
With thi s aim , o ur analysis focuses o n the maximum
velocity vc(R), solid fraction c/Jc(R), and the characteristic
particle fl ux l / R) = c/Jc(R) · vc(R) detected at the center of
the orífice, see Fig. 5a-c respectively. For comparison, the
experimental findings reported in Ref. [25] are also included
in the figures. In each case, the data values were fitted using
Eqs. (4) and (5), respecti vely. In performing this analysis,
we used the {J = 30º case, where the differences are noticeable. For vc(R), we obtai ned that the functi onal depende nce Eq. (5) is in excellent agreement with the nu merical
data, resulting in y1111m = 1.1 8, whereas Yexp = 0.98 was the
reported experi mental value [25]. More importantly, the
numerical solid-fraction reproduced the significant dilatancy
ofthe granular flow, even at R--> oo (numerical c/J'::;,m = 0.77,
experimental c/J":,P = 0.84). The Iatter indicates conclusively
that the phenomenological formulations, Eqs. (4) and (5),
are good q uantitative descriptions of the micro-mechanical
interactions, which is behind the observed macroscopic
dynamic . However, we obtained that the numerical values
of ve ande/Je at the orífice center differed systematically from
the experimental result. In fact, the experi mental results of
ve were systematically overestimated by the numerical too]
(see Fig.5a), while the experimental e/Je values appeared to be
underestimated (see Fig.5b). The reasons behind the discrepancies between both approaches are not obvious. Firstly, we
could argue against the accuracy of the used contact model
as the major discrepancy source. Secondly, we could also
mention possible experimental bias due to the experimental
resolutions. Moreover, in the experiments, the gap between
walls at the silo exit was not accurately reported.
Importantly, when examining the characteristic current
density Jc(R) vs. R curves (see Fig.5c) we recovered the consistency between both approaches, in line with the macroscopic results regarding the flow rate. The two data sets Jc(R)
show a significant correlation (see inset of Fig.5c). These
outcomes are very consistent with the behavior obtained
for the macroscopic particle flow rate, which was presented
earlier (see Fig. 2).
Developing the previo us analysis, we have chosen the
{J = 30º case to emphasize the differences between experimental observations and nu merical results. The data analysis of vc(R) and c/Jc(R) correspondi ng to {J = 60º showed
very similar trends. Nevertheless, despite the similarities,
it is worth mentioning that the deviation of the numerical
results seems to be mo re pronounced for {J = 30º as occurs
in anothe r alternative approach [35]. This featu re could
be related to the interplay between collisional and sliding
regimes against the hopper wall, but this will be discussed
elsewhere.
~ Springer

86

Page 6of 10

R. Blanco-Rodríguez et al.

70
65

0,9,-.-,--..,.--..-,--..,.--.---,--..,.--.~-~~

0,65

(a)

0,8

55

0,75

50

0,7

rPc

Vc 45

•

40
35

•
•

30
25

0,4

0,6

0,8

1,4

1,6

50

. ..
/

------,------~-j

-

~

E

6'

35
30

•
•

0,45

-

Experimental results
Numerical results
0.84 ll - l/ 2e' H/0.3']
0.765fl - l /2e-1!/0 XI]

J Exp

25

0,4

0,6

0,8

R(cm)

1,2

1,4

1,6

(e)

20

o.4 ~--------------'

0,2

'

:

•

11

0,5

1,8

40

...,~

. ·
~o

....,z

....... 45

~

0 65
'
0,6
0,55

Experimental results
Numerical results
J2g · 0.98 · R
J 2g. 1.18 . /1
1,2

~ . __.

(b)

60

1 5+-.-,--..,.--.-,--..,.--.-,--..,.--.~-..,.--.~~

1,8

0,2

0,4

0,6

0,8

R(cm)

1,2

1,4

1,6

1,8

R(cm)
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3.1 Particle velocity fluctuations

for the experimental and numerical data corresponding to
R = 1.95 (see continuous lines in Fig. 4a). The figure illustrates the components of the fl uctuations of the vertical,
óvz, and horizontal, óvx, components. Firstly, it should be
highlighted that the magnitude of the fluctuations effecti vely
covered the same ranges. Besides this, ftuctuations in the
o rthogonal directio ns are uncorrelated, and mo re impo rtantly, numerical and experimental qualitative features are
indisting ui shable (see Fig. 6a ). Both experimental and
numerical results fluctuated against the fitted profiles. They
passed the Shapiro-Wilk normality test ata p=0.05 leve! of
significance; nevertheless, although both cases have nearly
equal standard deviations, like the data set shown in Fig. 6b,
a few of the samples studied do not pass equally of variances
tests. More importantly, the numerical protocol captures the
spatial distri bution of the fluctuatio n at the outlet region.
Figure 6c shows that t he velocity fl uctuations become
more prominently at borders of the outlet, and the numerical protocol also describes such tendencies with accuracy.

Recently, Rubio-Largo et al. [ 19] correlated the discharge
dynamics with the stresses ins ide a fl at bottom silo. These
autho rs showed that kinetic stress displayed comparable
qualitative features regarding the free fall arch idea (36].
They suggested that kinetic pressure plays a central role in
controlling the silo discharge rate. The magnitude of kinetic
pressure mainly depends on the particle velocity fluctuations
relati ve to the coarse-g rained velocity fie lds. Con equently,
not only mean-field outcomes should be calibrated to guarantee the predictive strength of the numerical a pproach.
When doing predictive analysis using DEM numerical tools,
we shou ld also ensure it reproduces the particle velocity
fluctuations with sufficient accuracy. Hence, the quantification of the velocity ftuctuations is needed to extrapolate the
numerical predictions to the actual experimental situation.
Fig ure 6 compares the magnitude of the particle velocity
flu ctuations with respect to the mean-field given by Eq. 3

• Numerical

o Numerical
o Experimental

1s,--...,.----,----,~-;;. r N;jl:uiñim;e;eniC·caOl1I

• Experimental

a Experi mental
1,6
10
1,4

1.2

"I~
~'1

Ó V.z: O

•

~

"

1

0,8

0.6

-5

0,4

-5

o
tlv,

·15~-.-----,.--~--+<b~>~
10

tlv,

tlv,

Fig. 6 (a) Vertical component of the velocity ftuctuations against its
horizontal counterpart fo r the numerical (red circles) and experimenta l results (blue squares). Only a hemisphere of each set of data has
been included for clarity.Continuous li nes are the leve! curves corresponding to the same set of data 30 -histogram. Both magnitudes are
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uncorrelated, and the numerical results agree with the experimental
ones. (b) Numerical and experimental ftu ctuations have normal distributions with comparable standard deviations. (e) Spatial distribution
of vertical velocity ftu ctuations at the outlet region. Ali the results
correspond to P = 30º and R = 1.95 cm

Critica! numerical analysis of quasi-two-dimensional silo-hopper discharging

Altogether, these results stress the importance of choosing
the adequate averaging protocol to construct kinematic fields
like the discussed in Ref. [ 19].

3.2 Significance of the degree of confinement
and wall friction
For completeness, we also thoroughly analyzed the significance of the system confinement and the particle-wall friction µ w. To this end, we performed a systematic numerical
analysis, varying both the separation between the walls E and
µ w. The data has been analyzed using the reported experimental data of Ref. [18] as a baseline reference.
For the sake of simplicity, we examine a flat silo case
(/J =Oº and R = 2.05cm ), systemati call y changi ng
E = r1 .05, 1.1 O, 1.15, 1.20 and 1.30] in terms of the particle
diameter d, and µ w from O.O to 0.8 in steps of 0.2. Figure 7
shows the particle flow rates Q obtained in ali cases. First,
it is evidenced that variations of the confinement E. are not
very relevant in comparison to changes induced by the wall
friction µ w, which affect the outflow significantly. However,
interesting features also arise when varying the E, keeping
µ w constant. A s expected, for fri ctio n-less particles, the
flow rate slightly increases when increasing E . This is simply because the effecti ve size of the orifice increases with
increasing E. However, the trend is inverted for systems with
moderate wall friction µw, i.e where µ w is comparable with
the particle-particle friction µ = 0.2. We remark that thi s
system is the one that better reproduces the experimental
results [25]. In that case, we obtain that Q slightly decreases
when increasing the confinement E . Interestingly, the trend
is inverted again when exploring s ig nificant wall friction
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µ w ~ 0.6. This fact indicates that the degree of confinement
width and the wall fri ction play a non-trivial role in defining
the particle outflow.
A well-founded explanation of this distinct behavior can
be extracted from a deeper analysis of the numerical data in
the region of the orifice. Figure 8 illustrates the sol id fractions <J;(x/ R) and vertical velocity vz(x/ R) profiles, obtained
changing E and µ w. Firstly, the outcomes show that when
using friction-less walls (see Fig. 8a and d), the confinement
width has no significant impact on the o utflow dynamics.
The solid fraction at the orifice practically does not change,
and the particles move slightly faster when rising E . As a
result, the particle flow rate has a slightly increasing trend
with E. lncluding the wall-friction force leads to a significant reductio n of the sol id fraction and particle velocity in
the orifice region. When µ w is comparable to the particle
fri ction, both <J;(x/R) and vz(x/ R) decreases with increasing E (see Fig. 8b and e) . As expected, it correlates with
the decreasing trend of the particle flow rate (see Fig.7).
However, when exploring the system response for large µ IV
values (see Fig. Se and f), we detected that the particle-wall
collisions effecti vely control the outflow dynamic, and the
profiles show very different features. Firstly, the particles are
notably slowed down, and a uniform velocity profile develops. Moreover, significantly lower solid fraction values are
obtained for the lowest confinement width, while the system
is better packed with increasing E. As a result, the particle
flow rate slightly increases with increasing E.

4 Discussion and outlook
Our critical comparative analysis of the numerical and
experimental data led to severa) well-founded findin gs.
Firstly, the used DEM implementation predicted the particle flow rate quantitatively in quasi-2D hoppers with three
different angles and severa) aperture sizes. We remark that
thi s was done by identifying realistic val ues for the model
parameters, namely, the stiffness, resti tutio n coeffic ient,
and friction coefficient of the steel beads. Such quantitative
agreement has not been reported previously, using pure 2D
approaches (simulation using disks). Our outcomes indicate
that it is necessary to implement the rear and front planes
as rigid and frictional walls to reproduce the experimental
findings accurately. The role of confinement and the friction coefficient between the grains and the walls were the
most significant parameters determining the particle outflow
dynamics. We remark again that when implementing a hypothetically exact 2D approach, namely, the µ IV = Oand E = d
the flow rate values were sig nificantly overestimated. l t is
worth mentioning that similar disagreement was reported
by other numerical studies of quasi-2D silos, where the system confi nement was not considered [7], and also that the
~ Springer
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In each case, outcomes corresponding to three different confinement
width are shown

packing properties of a confined particle mono-layer behave
neither as a 2D nor as a fully 3D limit [11 ]. Interestingly,
it has been found that the transit from the quasi-2D to a 3D
configuration (decreasing the confinement width ) induces
the presence of defects, which play a significant role due to
the rearrangement of the grains spatial configuration [11 ].
Focusing on the kinematic profiles at the orifice region,
we obtained that ali of the simulated regimes are in reasonable agreement with the phenomenological expressions introduced very recently, predicting the hopper angle's role on
the flow rate [25]. Thus, the velocities and volume fraction
profil es at the exit line agreed with the experimental data.
The agreement is also valid for the magnitude of the correlations and even for the spatial distribution of the fluctuations
against their corresponding coarse-grained profiles. Nevertheless, we also encountered sorne systematic discrepancies
between experimental and numerical results in Sec. 3. These
differences are particularly noticeable for P = 30º hoppers. It
that case, we found that the wall angle has a counter-intuitive
impact on particle dynamics, reduci ng the mass flow rate.
Remark that this has been reported experimentally in quasi2D [25] and 3D hoppers [35].
The numerical approach al lowed us to perform a systematic study exploring the consequences of the dynamics

of the particles combined with the particle-wall influence.
We found that the wall friction affects the outflow dynamic,
reducing the particle flow rate significantly. Moreover, the
impact of the degree of confinement on the outflow is also
dependent on the wall friction. Hence, the outflow dynamic
seems to be strongly influenced by the particle-wall collisions in the limit of considerable wall friction. This issue
requires a more careful investigation, exploring, among
other things, the evolution of the force chai ns, the contact
network, and the developments of stable clogs.
Summarizing, the exposed results provide clear pieces
of evidence about the complex interplay ex isting between
fri ction, confinement, and particle colli sions in quasi-2D
silos and hoppers. Ali these factors influence the local values of particle velocities and solid-fraction, even when t he
resulting flow rates fit the experimental results c losely.
Thus, our analysis demonstrates that the naive 2D approximation of thi s 3D flow process fail s to describe it accurately. Moreover, our o utcomes strongly suggest that speed
and sol id-fraction can not be controlled independently
by fine-tuning model parameters used to reproduce the
macroscopic observations. Thus, new variables or more
sophisticated particle-particle and particle-wal l interaction rules must be analyzed to reproduce the microscopic

~ Springer
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dynamics more precisely. Nevertheless, we fo und that the
disagreement between the numerical and experimental
velocity fluctuations was not relevant. It indicates that the
mean-field approximation introduced in [ 19] calculating
the material kinetic stress seems to be justified, being very
useful in analyzing the hopper angle's role on the discharging flow rate.
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