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Herodotus of Halicarnassus here
presents the results of his study,
so that time may not abolish the
works of men...

Herodotus, Histories

Eta azken hitzak ere ahots
apalez esaten ahaleginduko naiz,
lehenagokoetan ere horixe izan
baita ene asmoa, apalki, ia
zurrumurrua bezala, ene hitzok
ere zarataren munduan gal ez
daitezen.

Joseba Sarrionandia,
Ni ez naiz hemengoa





Eskerrak

Bizitzea ez al da oso arriskutsua?

Esaldi honekin hasi eta bukatzen du Joseba Sarrionandiak 2018ko lehenengo
bost hilabetetan idatzitako gaukaria. Urte berdineko urtarrilean hasi nuen
lau urtez luzatu den abentura hau, Master Amaierako Lana berarekin
egin nahi nuela esan nionean Pedrori. Orduztik, galdera erretoriko hor-
rek aipatzen duen arriskua antzeman ahal izan det: dudak, gorabeherak,
oinazeak, pandemia mundial bat, angustia ... Hala ere, bizitzak jartzen
dizkigun erronka hauei aurre egitea beharrezkoa degu gizakiok. “Desatsegi-
nak diren bizipenak ukatuz plazera lortu daiteke, baina zoriontasuna ez”
idatzi zuen Konrad Lorenz etologoak. Hortaz, bizitzak botatako gorabeheren-
gandik ikasi behar degu momentu oro, hau ez baita behin ere gelditzen Berri
Txarrak-ek abesten duen bezela. Ez pentsa, ordea, dena iluna izan denik,
urte hauek momentu zoragarriak eman baitizkidate pertsona zoragarria-
goez inguraturik. Lorenzekin jarraituz, eta lehenagoko aipua zehaztuz, zo-
riontasuna onaren eta txarraren arteko orekan datza. Lerro hauen bidez
eskerrak eman nahi dizkiet urte hauetan modu batean edo bestean nire al-
boan egondako pertsonei.

Hasteko, etxekoei. Aitari eta amari, betidanik nire alboan izateagatik
eta bide hau hasi nuenetik nigan konfiantza izateagatik. Nire anai Imanoli,
nire ikerketei buruzko interesa izateagatik eta nire haserreak jasateagatik,
gehienbat pandemia garaiean. Etxezarreta eta Martinez familiei, zuen an-
imo eta hitz gozoengaitik. Zuen babesa ezinbestekoa det nire lana aurrera
eraman ahal izateko.

Muchas gracias a todo el grupo MATπCOM de Tecnun, principalmente
por el buen trato que he recibido y por hacerme sentir cómodo en la univer-
sidad. Me parece importante destacar el papel que tuvisteis Pedro, Xabi,
Jesús y Adam durante mis estudios ya que conseguisteis que sintiera un
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gran interés por las matemáticas y la teoŕıa de la información. Gracias
en especial a Pedro por darme la oportunidad de poder realizar esta tesis
doctoral con total libertad, apoyarme en todo momento y compartir tus
conocimientos conmigo. Sigues inspirándome todos los d́ıas por tu pasión
por la investigación y la docencia; y espero con ganas seguir estudiando
el mundo de la decoherencia y la corrección cuántica de errores contigo.
Ernesto Sabato escribió que “es el tema el que lo elige a uno” y creo que
gracias a tu intución el tema de la computación cuántica me eligió a mı́.
Gracias por todo.

Continuando con el grupo, quiero agradecer también a mis compañeros
de doctorado y despacho: Imanol, Patrick, Fernando, Iñigo, Fran y Ton.
Hemos conseguido que estos años hayan sido tremendamente divertidos
entre cafés, snatches en el despacho, compras de criptomonedas, gritos ex-
traños y danzas. Imanol, gracias por ayudarme al comienzo de esta aven-
tura y por los momentos vividos en ella. Espero que podamos volver a
cruzar nuestros caminos laborales en algún momento. Me llevo un buen
amigo. Patrick, muchas gracias por estos más de dos años y medio en
los cuales hemos crecido juntos tanto como investigadores como personas.
Creo que tu incorporación le dio un empuje definitivo a la parte de Quan-
tum del grupo y ha sido un placer investigar las “eldritch laws of quantum
mechanics” junto a ti, dicho en tu inglés Shakesperiano obviamente. Di-
cho esto, me llevo una gran amistad que ha crecido más en estos años de
tesis. Ton, moltes gràcies per aquests últims mesos de tesi. Espero seguir
desenvolupant la nostra relació tant acadèmica com personal d’aqúı enda-
vant. Enrecorda’t, no treballis els caps de setmana. Tengo muchas ganas
de seguir investigando los tres juntos, los Quantum Bois. Como solemos
decir en el despacho: se vienen cositas.

También quiero agradecer a Javier Garcia-Fŕıas por el apoyo que nos das
para a las investigaciones que realizamos en el grupo. Siempre tienes alguna
idea interesante para poder estudiar un tema más a fondo y tienes un ojo
cĺınico a la hora de corregir los art́ıculos. Gracias también a Román Orús y
a Gabriel Molina por confiar en nuestro grupo para pedir algunos proyectos
que tienen muy buena pinta y por aceptar estar en el tribunal de esta tesis
doctoral. Tengo muchas ganas de poder trabajar juntos en el futuro. Thank
you Jonas Bylander for useful discussions regarding decoherence that were
critical for our npj Quantum Information paper.
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Horretaz gain, milesker Miramoneko jendeari: Maŕıa, Xabi, Luisvi, Ane,
Francesco, Jon ... Momentu ederrak pasa ditugu kafe gehiegi edaten atseden
amaiezinetan. Zuen falta sentitu degu Ibaetara jeitsi gintuztenetik, gehien-
bat paperren argitaratzea tortilla janez ospatzeko. Aitor, Zaba, Nagore eta
Iratiri, lizeotik doktoretza tesiraino egindako bideagatik. Zuekin ere kafe
ugari hartu ditut, zorte on tesia bukatzeko gelditzen zaizuen denboran.
Unairi, ostiral arratsaldeetan kañengatik aldatzen ditugun asteazkenetako
kafeengatik.

Aurreko parrafoak irakurrita, kafe asko edaten detela antzeman daiteke.
Ondorioz, eskerrak eman behar dizkiet Nespressori, Pelican Rougeko makinei,
kafetegietako kamareroei eta kafea egin dezakeen edozein makina zein pert-
sonari ere. Asko zor diet, halaber, Spotify eta Youtuberi. Musikarik gabe
ezingo nintzake bizi.

Bera Berako taldekideei. Astebururoko borrokengatik.

Kourt eta Jaureri. Nürnberg, Sydney eta Donosti urrun daude, baina
gu gertu. Urtero gabonetan egiten degun gure QITCEAI konferentzia,
eta bazkaria, egiten jarrai dezagun. Ea COVIDa amaitzean jarduera pre-
sentzialera bueltatu gaitezkeen.

Kuadrilakoei eta lagun minei. Nire alboan egoteagatik, une onetan
eta txarretan. Nire ikerketei buruz galdetzeagatik, barreengatik, negarren-
gatik. Zertan ari nintzen erabat asmatu ezinda ere nire poz eta tristurak
ondo asko ulertu dituzuelako. Bizi ditugunengaitik eta biziko ditugunen-
gaitik. Aristotelesek bazioen lagunik gabe zoriontasuna lortzea ez dela
posible. Ez dakit posible den ala ez, baina lagunek zoriontasuna dakarki-
dazuela argi daukat.

Amaitzeko, master amaierako lana hasi nuenetik nire bizitzatik pasa
zareten eta noizbait nigan edo nire lanaren inguruan interesa izan dezuenoi.
Askorentzako ulergaitza den gai bati buruz galdetzeagatik eta egiazko ar-
reta jartzeagatik. Bestalde, nire bidaia aberasteagatik.

Bizitzea ez al da oso arriskutsua? Horrela hasi ditut eskerrak emateko
lerro hauek. Erantzuna? Bai, bizitzea oso ariskutsua da. Baina merezi du.
Albert Camus-en hitzetan: “Neguaren erdian neure barnean aurkitu nuen
uda garaitezina”.
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Laburpena

Teknologia kuantikoak, konputazionalki konplexuak diren eta egungo teknolo-
gien bidez ebatzi ezin daitezkeen arazoei aurre egiteko aukera eskaintzen du.
Adibidez, modu eraginkor batean zenbakiak beren osagai lehenetan fak-
torizatzeko, datu-base desegituratuetan bilaketak burutzeko edota makro-
molekula konplexuak simulatzeko aukera eskaintzen du. Ondorioz, kon-
putazio kuantikoa gizartearen eta zientziaren aurrerapenean ezinbesteko
tresna bilakatu daiteke. Besteak beste, botika diseinuan, finantza-krisien
aurreikustean, konputagailu sareen segurtasuna sendotzean edo genomen
sekuentziazioan aplikatu daiteke teknologia kuantikoa. Hala ere, egungo
teknologiaren bitartez oraindik ezinezkoa da konputazio kuantikoak eskaini
ditzaken aukera guztiak burutzeko gai den konputagailu kuantikoa eraik-
itzea. Informazio kuantikoak erroreak jasateko duen joerak sorturiko fida-
garritasun falta da ezgaitasun horren kausa. Errore horiek, sistema kuan-
tikoek euren ingurumenarekin dituzten interakzioen ondorio dira. Prozesu
fisiko horien multzoari dekoherentzia deritzaio eta teknologia kuantikoen
zeregin guztietan ageri da. Hortaz, informazio kuantikoa errore-zuzentze
kodeen bidez babestea beharrezkoa da era zuzenean funtzionatzeko ahal-
mena duten konputagailu kuantikoak eraiki ahal izateko. Kode horiek
modu eraginkor batean sortu ahal izateko, dekoherentzia prozesuak ulertzea
eta matematikoki modelatzea funtsezkoa da. Tesi honetan dekoherentziaren
modelatze matematikoa eta errore-zuzentze kode kuantikoen optimizazioa
ikertu ditugu.
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Abstract

Quantum technologies have shown immeasurable potential to effectively
solve several information processing tasks such as prime number factoriza-
tion, unstructured database search or complex macromolecule simulation.
As a result of such capability to solve certain problems that are not clas-
sically tractable, quantum machines have the potential revolutionize the
modern world via applications such as drug design, process optimization,
unbreakable communications or machine learning. However, quantum in-
formation is prone to suffer from errors caused by the so-called decoher-
ence, which describes the loss in coherence of quantum states associated
to their interactions with the surrounding environment. This decoherence
phenomenon is present in every quantum information task, be it transmis-
sion, processing or even storage of quantum information. Consequently,
the protection of quantum information via quantum error correction codes
(QECC) is of paramount importance to construct fully operational quan-
tum computers. Understanding environmental decoherence processes and
the way they are modeled is fundamental in order to construct effective er-
ror correction methods capable of protecting quantum information. In this
thesis, the nature of decoherence is studied and mathematically modelled;
and QECCs are designed and optimized so that they exhibit better error
correction capabilities.
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Glossary

A list of the most repeated acronyms is provided below.

AD Amplitude damping (channel)
APD Amplitude and phase damping (channel)
AWGN Additive white Gaussian noise
CHSH Clauser, Horne, Shimony and Holt
CPTP Completely-positive trace-preserving
CSI Channel state information
CSS Calderbank-Shor-Steane
CTA Clifford twirl approximation
D Depolarizing (channel)
DQLMD Degenerate Quantum Maximum Likelihood decoding
EA Entanglement-assisted
EPR Einstein-Podolsky-Rosen
EXIT EXtrinsic Information Transfer
IQR Interquartile range
LDGM Low-Density-Generator-Matrix (code)
LSD Lloyd-Shor-Devetak
MC Medcouple
MP Markovian Pauli (channel)
MWPM Minimum weight perfect matching
NISQ Noisy intermediate-scale quantum
NMR Nuclear Magnetic Resonance
P Pauli (channel)
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PCM Parity check matrix
PD Phase damping or dephasing (channel)
PSD Power Spectral Density
PTA Pauli twirl approximation
QBER QuBit error rate
QCC Quantum Convolutional Code
QEC Quantum Error Correction
QECC Quantum error correction code
QHB Quantum Hamming bound
QIRCC Quantum IrRegular Convolutional Code
QKD Quantum key distribution
QLDPC Quantum Low-Density-Parity-Check (code)
QMLD Quantum Maximum Likelihood decoding
QSC Quantum Stabilizer Code
QTC Quantum Turbo Code
QURC Quantum Unity Rate Code
SISO Soft-input soft-output
SLD Symmetric logarithmic derivative
SNR Signal-to-noise ratio
SQSC Single-qubit single-channel
TV Time-varying
TVQC Time-varying quantum channel
WER Word Error Rate
WSS Wide-sense stationary
iid independent and identically distributed



Notation

Although all symbols are defined at their first appearance, here we provide
a list of the notation for the symbols used throughout the text.

~ Reduced Planck’s constant.
H Complex Hilbert space.
(F2)n Space of binary strings of length n.
AT Matrix transpose.
A∗ Matrix complex conjugate.
A† Hermitian transpose.
Tr(·) Trace of a matrix.
Q(·) Q-function.
⊗ Tensor product.
� Symplectic product.
[A,B] Commutator operator [A,B] = AB −BA.
{A,B} Anticommutator operator {A,B} = AB +BA.
δij Kronecker delta.
| · | Cardinality of a set.
E[·] Expected value.
K(∆t) Covariance function.
|| · ||� Diamond norm.
|| · ||1 Trace norm.
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GN [a,b](µX , σ
2
X) Truncated normal random variable X.

CN (0, 1) Circularly symmetric complex normal random variable.
[·] Equivalence class.
I,X,Y,Z Pauli matrices.
Pn set of n-fold tensor products of Pauli matrices.
Gn n-fold Pauli group.
[Gn] n-fold effective Pauli group.
C⊗n1 n-fold Clifford group.
S⊗n1 n-fold Symplectic group.
Υ symplectic-to-Pauli map.

Ĥ Hamiltonian.
|·〉 State vector (ket).
|0〉 , |1〉 Standard basis.
|+〉 , |−〉 Hadamard basis.
|Φ+〉 , |Φ−〉 , |Ψ+〉 , |Ψ−〉 Bell states.

〈·| Vector dual to |·〉, i.e. 〈·| = |·〉† (bra).
ρ Density matrix.
H Hadamard gate.
Rφ Phase-shift gate.
P Phase gate P = Rπ/2.

CNOT controlled-NOT gate.
C(U) controlled-Unitary gate.
SWAP SWAP gate.
Mm Measurement operator.
Pm Projective measurement.
γ Damping probability.
λ Scattering probability.
Lk Lindblad or jump operator of decoherence source k.
Γk Interaction rate of decoherence source k.
T1 Relaxation time.
T2 Dephasing or Ramsey time.
Tφ Pure dephasing time.
f01 Qubit frequency.
∆ωq Qubit frequency shift.
N Quantum channel.
N1 ◦ N2 Serial channel composition.
Ek Kraus or error operators.
E Channel error.
N̄ U twirled channel by set of unitary operators U .
α Asymmetry coefficient.



xvii

R Classical coding rate.
H2(·) Binary entropy of a random variable.
I(X;Y ) Mutual information of random variables X and Y .
C Classical channel capacity.
RQ Quantum coding rate.
S(·) von Neumann entropy of quantum state.
Qcoh Quantum channel coherent information.
Qreg Regularized quantum channel coherent information.
CQ Quantum channel capacity.
CH Hashing bound.
S Stabilizer set.
C(S) Quantum stabilizer code.
d Quantum code distance.
R Recovery operation.
s̄ Error syndrome.
H Parity check matrix.
µTi Mean relaxation/dephasing/pure dephasing time.
σTi Standard deviation of relaxation/dephasing/pure dephasing time.
cv Coefficient of variation.
Lor(ω, t) Lorentzian noise process.
N(ω, t) White noise process.
BW Bandwidth.
Tc Stochastic process coherence time.
talgo Quantum algorithm processing time.
t1Q 1-qubit gate time.
t2Q 2-qubit gate time.
t∆ Gate-to-gate delay time.
tmeas Measurement time.
ρX,Y Pearson correlation coefficient for random variables X and Y .
α(ω, t) Fading gain random process.
pout(R,SNR) Classical outage probability.

pQ
out(RQ) Quantum outage probability.
pH

out(RQ) Quantum hashing outage probability.
γ∗(RQ) Noise limit.
T ∗1 (RQ, talgo) Critical relaxation time.

δout(@χ) Gap of a code to the (pQ
out(RQ) in dBs at WER = χ.



xviii

Π Quantum interleaver.
π Scrambling pattern.
S Interleaver spread parameter.
η Interleaver disperssion parameter.
p Channel error probability.
p̂ Estimated channel error probability.
σ Quantum probe.
F (p) Classical Fisher information.
J(p) Quantum Fisher information.

L̂(p) Symmetric logarithmic derivative.
Pa A priori information.
Po A posteriori information.
Pe Extrinsic information.
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CHAPTER 1

Introduction

Since Richard Feynman’s original and ground-breaking proposal in [12] of
constructing computers that follow the laws of quantum mechanics to sim-
ulate physical systems that obey said laws, the scientific community has
gone to extraordinary lengths in order to build an operational quantum
computer. Following the introduction of these novel ideas about construct-
ing quantum machines, research has shown that application of quantum
physics theory is not only useful for simulation of complex quantum me-
chanical systems such as macromolecules for drug discovery [13, 14, 15, 16],
but also to efficiently solve tasks which are computationally unmanageable
in a reasonable amount of time for classical computers. The most promi-
nent of these tasks are the factorization of prime numbers and the discrete
logarithm problem [17], Byzantine agreement [18], or searching an unstruc-
tured database or an unordered list [19, 20]. This way, quantum machines
are thought to have the potential to revolutionize the modern industry with
applications such as the design of medicines optimized to cure specific dis-
eases, the optimization of materials, more accurate weather forecasting or
advanced artificial intelligence among others.

Furthermore, quantum computing is a powerful asset for secure com-
munications. For instance, Quantum Key Distribution (QKD) protocols
enable two parties to create a shared random secret key only known to
them. The key remains secure given that these protocols allow the afore-
mentioned parties to detect if a malicious entity is trying to gain knowl-

1
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edge of it, which enables them to adapt their message exchange so that
the eavesdropper extracts no information. The best-known cryptographic
QKD protocols are the BB84 protocol proposed by Bennett and Brassard
in [21] and the E91 protocol by Ekert presented in [22]. Given the fact that
the power of quantum computers can break the state-of-the-art classical
cryptographic protocols such as RSA or Diffie-Hellman in the blink of an
eye, the development of such QKD protocols or the so-called post-quantum
(classical security algorithms that are not compromised by quantum tech-
nologies) cryptographic protocols are a necessity for modern security.

In light of the astonishing potential of quantum frameworks, the con-
struction of devices capable of exploiting the benefits offered by the paradigm
of quantum computing represents a step forward in the advance of tech-
nology, regardless of these machines being in the form of fully operational
quantum computers [23], quantum processors as accelerators of classical
computers [24], or specific devices that perform QKD [25]. Unfortunately,
quantum information is vulnerable to errors that arise and corrupt quantum
states while they are being processed, which oftentimes leads to incorrect
algorithm outcomes. The frailty of quantum information is caused by the
phenomenon known as quantum decoherence, which refers to the destruc-
tion of the superposition of quantum states from the interaction that they
have with the environment [26]. This quantum noise arises during every
task related to the quantum computing paradigm: information storage,
processing or communication. Hence, it is necessary to invoke Quantum
Error Correction Codes (QECC) in order to have qubits with sufficiently
long coherence times1 for practical applications. Quantum information is
so sensitive to decoherence that many think that quantum computation is
unfeasible without the aid of quantum error correction tools.

The earliest formulation of QECCs appeared in 1995 [26] when Shor
proposed a 9-qubit code, which was later aptly named after him. This
code is capable of correcting errors of weight one and it does not satu-
rate the Quantum Hamming Bound (QHB) [27], which implies that the
same task could be achieved with codes of shorter length. Nevertheless,
it stands as the first proposal of an error correcting code for the quantum
computing paradigm. Since then, research efforts have focused on deriv-
ing QECC schemes that approach the quantum capacity limits [28] at a
reasonable complexity cost. Encoding and decoding gate depths play an

1The coherence time of a qubit is defined as the time during which the superposition
that defines said state remains uncorrupted.
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important role in the paradigm of correcting quantum errors due to the fact
that quantum gates introduce additional errors. Additionally, the runtimes
of the decoding algorithms should not exceed the coherence times of the
qubits that are being processed, else these states would suffer from new
decoherence effects while being corrected. A major breakthrough in the
development of QECCs came in Gottesman’s Ph.D. thesis [30], where he
proposed the theory of Quantum Stabilizer Codes (QSC), which is a very
useful framework that facilitates the construction of QECC families from
classical binary and quaternary error correction codes. This formalism has
led to the development of several promising QECC families such as Quan-
tum Reed-Muller codes [31], Quantum Low Density Parity Check (QLDPC)
codes [32, 33], Quantum Low Density Generator Matrix (QLDGM) codes
[34], Quantum Convolutional Codes (QCC) [35], Quantum Turbo Codes
(QTC) [36, 37], and Quantum Topological Codes [38, 39].

The design of QSCs is closely related to the construction of good classi-
cal error correction codes [40, 41, 42]. The problem of finding good QECCs
was reduced to that of constructing classical dual-containing quaternary
codes [41]. As a result, the thoroughly studied classical coding theory that
was developed since Claude Shannon published his ground-breaking work
A Mathematical Theory of Communication [43] can be integrated in the
framework of quantum error correction. Unfortunately, the requirement
of needing a self-orthogonal classical parity check matrix (dual-containing
code) poses a challenge for importing some of the best classical codes to
the quantum realm. The aforementioned restriction is a consequence of the
so-called symplectic product criterion, which lays on the core of stabilizer
code theory and must be fulfilled for the stabilizer generators to commute.
Anyway, coding theorists have been able to import several classical code
families to the framework of quantum information in a successful manner
[31, 32, 34, 35, 36] and, thus, this isomorphism between the classical and
quantum error correction theories is a priceless asset for the development
of the latter.

QECC design requires the assumption of an error model in the form
of a quantum channel that accurately represents the decoherence processes
that affect quantum information. Based on these error models, appropri-
ate strategies to combat the effects of decoherence can be derived. In order
for the designed QECCs to be applicable in realistic quantum devices, the
quantum channels should capture the essential characteristics of the physi-
cal processes that make qubits lose their coherence. The decoherence effects
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experienced by the qubits of a quantum processor are generally character-
ized using the relaxation time (T1) and the dephasing time (T2) [44]. Those
measurable parameters of the qubits are then used in order to describe the
evolution of the open2 quantum system. By doing so, quantum noise mod-
els that accurately describe how those qubits decohere can be obtained.
However, simulations of those error models show exponential complexity
in classical computers [45] and, thus, they cannot be efficiently done with
classical resources when the number of qubits of the system grows. As a
consequence, approximated decoherence models are needed in order to sim-
ulate noisy quantum information in classical computers. The depolarizing
model is a widespread quantum error model used to evaluate the error cor-
recting abilities of QECC families [26, 27, 30, 31, 32, 33, 35, 36, 37, 38, 39].
This decoherence model is especially useful due to the fact that it makes
the system fulfill the Gottesman-Knill theorem3 and, therefore, it can be
efficiently simulated on a classical computer [46, 47].

At the time of writing, the availability of quantum computers for re-
searchers is limited and the accessible machines operate on a reduced num-
ber of qubits. Therefore, classical resources remain an invaluable tool
for the design of advanced QECCs that will be used beyond the Noisy
Intermediate-Scale Quantum (NISQ) era. The NISQ era [48] is a term
coined by Preskill that makes reference to the time when quantum com-
puters will be able to perform tasks that classical computers are incapable
of, but will still be too small (in qubit number) to provide fault-tolerant
implementations of quantum algorithms. One of the most important mile-
stones in the track of fully operational quantum computers, named quan-
tum advantage4, has been recently claimed both by Google in 2019 [49]
and China in 2020 [50]. In addition, some companies are already making
use of quantum machines with low qubit overheads for applications that
are nowadays a reality. For example, the Basque start-up company Mul-
tiverse Computing has recently released their Singularity spreadsheet that
uses D-Wave quantum computers in order to optimize investment portfo-
lios. Setting aside any controversies regarding the veracity of the claims

2In this context, open means that the quantum system interacts with its surrounding
environment. In practice, every quantum system is subjected to open evolution.

3The depolarizing channel can be implemented by applying random Pauli gates to
the encoded quantum states. The Gottesman-Knill theorem states that Pauli gates are
quantum computations that can be efficiently simulated on classical computers.

4Proving quantum advantage means running an algorithm in a quantum machine such
that said algorithm cannot be executed in a classical machine in a reasonable time.
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by Google and China; and taking into account the fact that some practical
applications of quantum computing are emerging, it can be said that the
begining of the 2020’s is accompanied by the begining of the NISQ-era.

1.1 MOTIVATION AND OBJECTIVES

The motivation and objectives of this thesis are two-fold: the study of
decoherence as the source of quantum noise and the optimization of the
family of QECCs named Quantum Turbo Codes. Both of those topics are
closely related as QECCs are the tools used in order to protect quantum
information from the deleterious effects caused by decoherence, therefore,
knowledge about how decoherence corrupts quantum information is neces-
sary for the task of designing good protection methods. To that end, we
split the thesis into two main parts:

• Part I: Quantum Information Theory: Decoherence modelling and
asymptotical limits

• Part II: Quantum Error Correction: Optimization of Quantum Turbo
Codes

In this way, the investigations regarding decoherence modelling and
QECC optimization are clearly separated. Next, the motivation and objec-
tives for these two parts of the thesis are described.

1.1.1 QUANTUM INFORMATION THEORY: DECOHERENCE
MODELLING AND ASYMPTOTICAL LIMITS

Quantum error models that describe the decoherence processes that cor-
rupt quantum information become a necessity when seeking to construct
any error correction method. The amplitude damping channel, NAD, and
the combined amplitude and phase damping channel, NAPD, are a pair
of widely used quantum channels that provide a mathematical abstraction
that describes the decoherence phenomenon. However, such channels can-
not be efficiently simulated in a classical computer when the number of
qubits exceeds a small amount. For this reason, a quantum information
theory technique known as twirling has been used in order to approximate
NAD and NAPD to the classically tractable family of Pauli channels, NP

[45]. The dynamics of the NAPD channel depend on the qubit relaxation
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time, T1, and the dephasing time, T2, while the NAD channel depends solely
on T1. These dependencies are also displayed by the Pauli channel families
obtained by twirling the original channels. All these models consider T1

and T2 to be fixed parameters (i.e., they do not fluctuate over time). This
implies that the noise dynamics experienced by the qubits in a quantum
device are identical for each quantum information processing task, inde-
pendently of when the task is performed. However, the assumption that T1

and T2 are time invariant has been disproven in recent experimental studies
on quantum processors [51, 52, 53, 54, 55, 56]. The data presented in these
studies showed that these parameters experience time variations of up to
50% of their mean value in the sample data, which strongly suggests that
the dynamics of the decoherence effects change drastically as a function of
time. These fluctuations indicate that qubit-based QECCs implemented
in superconducting circuits may not perform, in average, as predicted by
considering quantum channels to be static through all the error correction
rounds.

In this thesis, we aim to amalgamate the findings of the aforementioned
studies with the existing models for quantum noise. This way the objective
is to have a more realistic portrayal of quantum noise so that when designed
QECCs are implemented in hardware, their operation will be more reliable.
Furthermore, the quantum information limits in error correction for this
new class of time-varying quantum channels are also studied.

1.1.2 QUANTUM ERROR CORRECTION: OPTIMIZATION OF
QUANTUM TURBO CODES

Quantum turbo codes have shown excellent error correction capabil-
ities in the setting of quantum communication, achieving a performance
less than 1 dB away from their corresponding hashing bounds. The se-
rial concatenation of the inner and outer Quantum Convolutional Codes
(QCCs) used to construct QTCs is realized by means of an interleaver,
which permutes the symbols so that the error locations are randomized
and error correction can be improved. The reason for the use of an inter-
leaver in concatenated coding schemes is that the first stage in the decoding
process generates bursts of errors that are more efficiently corrected in the
second stage if they are scrambled. The QTCs proposed in the literature
[36, 37, 40, 57, 58, 59, 60] use the so-called random interleaver. However,
it is known from classical turbo codes that interleaving design plays a cen-
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tral role in optimizing performance, specially when the error floor region is
considered [61, 62, 63, 64, 65, 66, 67, 68].

The QTC decoder, consisting of two serially concatenated soft-input
soft-output (SISO) decoders, uses channel information as the input in or-
der to engage in degenerate decoding and to estimate the most probable
error coset to correct the corrupted quantum state. Previous works on
QTCs [36, 37, 57, 58, 59, 60, 69, 70, 71] were based on the assumption that
such a decoder has perfect channel knowledge, that is, the system is able
to estimate the depolarizing probability of the quantum channel perfectly.
However, this scenario is not realistic since the decoder should work with
estimates of the depolarizing probability rather than with the exact value.
The effect of channel mismatch on QECCs has been studied for quantum
low density parity check (QLDPC) codes in [72, 73], which showed that
such codes are pretty insensitive to the errors introduced by the imper-
fect estimation of the depolarizing probability and proposed methods to
improve the performance of such QECCs when the depolarizing probabil-
ity is estimated. For classical parallel turbo codes, several studies showed
their insensitivity to SNR mismatch [74, 75, 76, 77]. In such works, it was
found that the performance loss of parallel turbo codes is small if the esti-
mated SNR is above the actual value of the channel. However, QTCs can
only be constructed as serially concatenated convolutional codes, and clas-
sical studies about channel information mismatch for such codes [78, 79]
showed that such structures are more susceptible to channel identification
mismatch, suffering a significant performance loss if the SNR is either over-
estimated or underestimated. The authors in [78] justified the increase in
sensitivity by pointing out that in parallel turbo codes, the channel esti-
mates are fed to both decoders, which distributes the errors between the
two constituent codes. However, for serial turbo codes, the errors are not as
evenly spread as the channel information is just used in the inner decoding
stage. This strongly suggests that (serially concatenated) QTCs will be
more sensitive to depolarizing probability mismatch.

The main objective of the second part of the thesis is to improve the
error rate metric of existing QTCs. First, by making use of the existing
classical-quantum isomorphism, we aim to improve the error floor region of
QTCs in the error floor region by adapting classical interleaving schemes
that have shown to be effective in classical turbo coding theory. Second,
by analyzing the performance loss incurred by QTCs due to the channel’s
depolarizing probability mismatch, we propose “blind” estimation methods
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that aid the decoder to overcome channel information mismatch so that the
performance of the QTCs can approach to the one shown by QTCs with
perfect channel state information.

1.2 OUTLINE AND CONTRIBUTIONS OF THE THESIS

This thesis is organized as follows: Chapter 2 gives the background ma-
terial needed to better understand the Ph.D. dissertation, where concepts
regarding Quantum Mechanics, Decoherence of quantum systems and ba-
sics of QEC theory are explained in detail; Part I, Quantum Information
Theory: Decoherence modelling and asymptotical limits (Chapters 3, 4 and
5), includes the mathematial modelling of quantum channels under time-
varying behaviour, the reinterpretation of the QECC asymptotical limits
for those channels, and the impact of those quantum channels in the oper-
ation and benchmarking of QECCs; Part II (Chapters 6 and 7), Quantum
Error Correction: Optimization of Quantum Turbo Codes, covers the op-
timization of QTCs using interleavers and the operation of QTCs when
the decoders are blind to the channel state information; Chapter 8 covers
additional research done during the Ph.D. regarding QLDPC design and
the study of degeneracy. Finally, Chapter 9 provides the conclusion of the
thesis and future work.

Note that the outline of this thesis does not correspond to the actual
chronological ordering of the Ph.D. research done during the years. As a
matter of fact, the chronological order of the research corresponds to Part
II followed by Part I, as it can be seen in the dates of the published papers
[1, 2, 3, 4, 5, 6]. However, we consider that the outline presented for this
dissertation makes it easier to understand as a whole as we go from the
most general research done to the most specific one. This way, we intend
to make the thesis more readable and easy to understand.

Some passages have been quoted verbatim from the following sources
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11], which are the articles that have been
pusblished throughout the development of this dissertation.
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1.2.1 CHAPTER 2: PRELIMINARIES OF QUANTUM INFOR-
MATION

This chapter provides the required background of quantum computing
and quantum information theory to better understand the technical work
developed in the following chapters. The chapter begins by presenting basic
notions of quantum mechanics. We follow by giving a detailed description
of decoherence as the source of the quantum noise that corrupts quantum
information, and the way that decoherence is integrated into error models
known as quantum channels. Furthermore, the twirling method to obtain
approximate error models that can be simulated in classical computers is
explained. Finally, we provide basic notions of how quantum error correc-
tion works and the way it can be simulated in classical computers. The
aim of this chapter is to make the dissertation self-contained.

Some of the discussions and descriptions given in this chapter have been
published in review article [4].

1.2.2 PART I: QUANTUM INFORMATION THEORY: DECO-
HERENCE MODELLING AND ASYMPTOTICAL LIM-
ITS (CHAPTERS 3, 4 AND 5)

The first part of the dissertation focuses on understanding how deco-
herence acts on quantum systems and how such set of physical effects can
be mathematically modeled. Based on experimental results found in the
literature, we propose quantum channel models that vary through time.
Thus, the objective is to include the inherent fluctuations of the decoher-
ence parameters, which have been experimentally observed in qubits from
the state-of-the-art quantum hardware, into the mathematical error mod-
els used to describe the noise processes suffered by quantum information.
Next, we study how the asymptotical limits of QEC are changed due to the
incorporation of time-variation into the framework of quantum channels.
Finally, we study how the performance of QECCs is affected by the pro-
posed time-varying quantum channels and use the new asymptotical limits
to benchmark their error correction capabilities.
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1.2.2.1 Chapter 3: Time-varying quantum channels

This chapter begins by describing the recent experimental research on
the time-varying nature of the decoherence parameters, i.e., the relaxation
time T1 and dephasing time T2, of superconducting qubits. First, an exten-
sive analysis of the stochastic processes that describe the time fluctuations
is done in order to appropriately include the time-variations in the quan-
tum channel framework. Following that, time-varying quantum channels
(TVQCs) are proposed as the decoherence models that include the exper-
imentally observed dynamic nature of T1 and T2. Finally, we discuss the
divergence that exists between TVQCs and their static counterparts, which
have been considered in previous literature of QEC, by means of a metric
known as the diamond norm. In many circumstances this deviation can be
significant, which indicates that the time-dependent nature of decoherence
must be taken into account, if one wants to construct models that capture
the real nature of quantum devices.

The research described in this chapter has been published in the journal
article [2].

1.2.2.2 Chapter 4: Quantum outage probability

Quantum channel capacity establishes the quantum rate limit for which
reliable (i.e., with a vanishing error rate) quantum communication/correction
is asymptotically possible. However, the inclusion of the time-varying na-
ture of T1 and T2 in the quantum channel framework, resulting in the
TVQCs proposed in Chapter 3, implies that the notions of quantum ca-
pacity based on static channels must be reinterpreted. In this chapter, we
introduce the concepts of quantum outage probability and quantum hashing
outage probability as asymptotically achievable error rates by a QECC with
quantum rate RQ operating over a TVQC. We derive closed-form expres-
sions for the family of time-varying amplitude damping channels (TVAD)
and study their behaviour for different scenarios. We quantify the impact of
time-variation as a function of the relative variation of T1 around its mean.
Furthermore, the behaviour of these limits as a function of the quantum
rate RQ and the coefficient of variation of the qubit relaxation time cv(T1)
is also studied.

The research described here has been published in the journal article
[1].
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1.2.2.3 Chapter 5: Time-varying quantum channels and quan-
tum error correction codes

In this chapter, we study how the performance of quantum error cor-
rection codes is affected when they operate over the TVQCs proposed in
Chapter 3. At first glance, it may seem that due to the deviation found in
terms of the diamond norm between the TVQCs and their static counter-
parts, the performance of QECCs when operate over those channels may
differ significantly. However, the effect of this norm divergence on error
correction is not straightforward. We provide a qualitative analysis regard-
ing the implications of such decoherence model on QECCs by simulating
Kitaev toric codes and QTCs. In this way, we obtain conclusions about
the impact that the fluctuation of the decoherence parameters produce on
the performance of QECCs. It has been observed that in many instances
the performance of QECCs is indeed limited by the inherent fluctuations of
their decoherence parameters and conclude that parameter stability is cru-
cial to maintain the excellent performance observed under a static quantum
channel assumption. We also use the quantum outage probability proposed
in Chapter 4 for benchmarking the performance of the simulated QECCs.

The research described here has been published in the journal articles
[1] and [2].

1.2.3 PART II: QUANTUM ERROR CORRECTION: OPTIMIZA-
TION OF QUANTUM TURBO CODES (CHAPTERS 6
AND 7)

The goal of the second part of the dissertation is to optimize the per-
formance of QTCs for different scenarios. To that end, we first use the
classical-quantum isomorphism and use some existing interleaving meth-
ods for classical turbo codes in order to lower the error floor of QTCs.
Secondly, we study the problem of QTCs when channel state information
is not perfectly available at the decoder. We begin by studying the sensi-
tivity shown by the decoder of those QECCs when there exists a mismatch
between the true channel information and the actual CSI fed to the de-
coder. We then propose estimation schemes for the CSI and compare the
perfomance of the decoders that use such schemes with the decoders that
have perfect CSI available.
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1.2.3.1 Chapter 6: Optimization of the error floor performance
of QTCs via interleaver design

Entanglement-assisted quantum turbo codes have shown extremely good
error correcting ability. EXtrinsic Information Transfer (EXIT) chart tech-
niques have been used to narrow the gap to the Hashing bound, resulting
in codes with a performance as close as 0.3 dB to the hashing bounds.
However, such optimization of QTCs comes at the expense of increasing
their error floor region. Based on classical turbo coding theory, we aim to
lower such error floors by using interleavers with some construction rather
than the originally proposed random ones. Motivated by such studies, in
this chapter we investigate the application of different types of interleavers
in QTCs, aiming at reducing the error floors. Simulation results show that
the QTCs designed using the proposed interleavers present similar behav-
ior in the turbo-cliff region as the codes with random interleavers, while
the performance in the error floor region is improved by up to two orders
of magnitude. Simulations also show reduction in memory consumption,
while the performance is comparable to or better than that of QTCs with
random interleavers.

The research described here has been published in the journal article
[6].

1.2.3.2 Chapter 7: QTCs without channel state information

Chapter 7 first analyzes the performance loss incurred by QTCs due
to the channel’s depolarizing probability mismatch. Then, different off-line
estimation protocols are studied and their impact on the overall QTCs’ per-
formance is analyzed. Some heuristic guidelines are provided for selecting
the number of quantum probes required for the estimation of the depolariz-
ing channel probability so that the performance degradation of such codes
is kept low. Additionally, we propose an on-line estimation procedure by
utilizing a modified version of the turbo decoding algorithm that allows, at
each decoding iteration, estimating the channel information to be fed to the
inner SISO decoder. Finally, we propose an extension of the above online
estimation scheme to include the more general case of the Pauli channel
with asymmetries.

The research described here has been published in the journal article
[5] and the conference article [3].
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1.2.4 CHAPTER 8: QUANTUM LOW-DENSITY-GENERATOR-
MATRIX CODES AND DEGENERACY

This chapter summarizes the additional work done on quantum error
correction throughout the Ph.D. thesis. First, we briefly describe how we
used the properties of classical LDGM codes in order to design a class
of non-Calderbank-Shor-Steane (non-CSS) QLDPC codes which we have
named non-CSS QLDGM codes. We use extensive Monte Carlo simula-
tions in order to compare our design with other QLDPC constructions pro-
posed in the literature, concluding that our non-CSS outerperforms them.
Furthermore, we propose CSS QLDGM designs for the general asymmet-
ric Pauli channel and heuristically prove that their performance is better
than other state-of-the-art QLDPC families when operating over such er-
ror model. We also present the study of QLDGMs when they are blind to
the channel state information. As it was done for QTCs in Chapter 7, we
studied the sensitivity of QLDGM to channel mismatch and proposed an
online estimation methods in order to aid those codes to be succesful in
decoding when they ignore the depolarizing probability.

This chapter also describes the research done on the decoding degen-
eracy property which only appears in the quantum error correction realm.
Degeneracy refers to the effect that two distinct quantum errors that share
syndrome corrupt encoded quantum information in a similar manner, and
so they share the necessary recovery operation. We briefly describe the
group theoretical approach we used in order to describe the problem of
degeneracy from the point-of-view of sparse quantum codes. To finish
Chapter 8, we investigate the problem of obtaining the logical error rate of
sparse quantum codes. We observed that literature is obscure regarding the
benchmark metrics of QLDPC codes, and consequently, we study existing
methods in order to calculate the true error correction ability of such codes
and propose another method for doing so from the point-of-view of classical
coding theory. By using the proposed method, we heuristically study the
percentage of degenerate errors that occur whn decoding QLDGM codes.

The research described here correspond to journal articles [7, 8, 9, 11]
and coference article [10], for which I am the second author.
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1.2.5 CHAPTER 9: CONCLUSIONS AND FUTURE WORK

We conclude the Ph.D. dissertation in this chapter. We begin by sum-
marizing the main conclusions obtained regarding both parts of the the-
sis. Once describing the main outcomes of the dissertation, we procede
to describe future lines of research that can potentially comence from the
research developed here.
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Reading this Thesis 15

The reading of this dissertation does not need to be sequential, and each
of the parts can be read independently. However, the chapters in Part I
should be read in a sequential manner. Figure 1.1 shows the dependencies
between the different Chapters of the thesis in an schematic manner. In
this way, the reader may use such figure to know which of the parts are
needed in order to properly understand some specific part of the thesis.
Nevertheless, the dissertation has been written so that the sequential read
of the thesis provides the best experience for the reader. Therefore, we
encourage the reader to start from Chapter 2 and follow the rest in order
(the orange path in Figure 1.1 shows this path that we consider to be
optimal).
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CHAPTER 2

Preliminaries of Quantum
Information

This chapter provides the necessary background to understand the basics
of quantum information theory. The main objective is to give the reader
the elementary tools of quantum mechanics, decoherence and quantum er-
ror correction so that the investigations in this Ph.D. dissertation can be
understood in the correct manner. It is a self-explanatory introduction so
it maybe useful as an introduction to those researchers interested in the
field of quantum error correction and information theory.

We start the chapter by presenting the postulates of quantum mechanics
and their implications both from the state vector and density matrix per-
spectives. The no-cloning theorem and the quantum teleportation protocol
are also introduced given their importance in quantum error correction. We
follow the chapter by providing an entire subsection dedicated to the sub-
ject of decoherence and quantum noise. We extensively describe the way
quantum information degrades from decoherence and how decoherence can
be mathematically modelled via quantum channels. In addition, we cover
the techniques often used to obtain simplified quantum channel models so
that they can be efficiently simulated in classical computers and explain
why these approximated channels are useful when designing quantum error
correction codes. The basics on quantum channel capacity are also dis-
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18 CHAPTER 2. Preliminaries of Quantum Information

cussed. Finally, an introduction to stabilizer codes and their simulation via
classical resources is given.

2.1 QUANTUM MECHANICS

Quantum mechanics is a mathematical framework for the development
of physical theories. Quantum mechanics does not tell what laws a physi-
cal system must obey, but it does provide a mathematical and conceptual
framework for developing such physical laws. The connection between the
physical world and the mathematical formalism of quantum mechanics is
given by the postulates of quantum mechanics.

The postulates of quantum mechanics were derived by the physicists
Paul Dirac [80] and John von Neumann [81] after a long process of trial
and error, which involved a considerable amount of guessing and fumbling.
These postulates are the base from where quantum information theory will
arise.

This section will also present the formulation of quantum mechanics by
the usage of the so-called density matrix and some quantum effects such
as the no-cloning theorem and quantum teleportation will be described due
to their importance in the paradigm of quantum computing and communi-
cations. Finally, we briefly describe the most important technologies used
for physically implementing qubits. This section is partly based on chapter
2.2 of [46].

2.1.1 THE POSTULATES OF QUANTUM MECHANICS

We begin the description of Quantum Mechanics from the state vec-
tor perspective. The first postulate of quantum mechanics deals with the
mathematical vector space in which quantum mechanics takes place, the
so-called state space.

Postulate 1 (State space). Associated to any isolated physical system is a
complex inner product vector space (that is, a Hilbert space) known as the
state space of the system. The system is completely described by its state
vector, which is a unit vector in the system’s state space.

The simplest quantum mechanical system is the qubit. A qubit is as-
sociated to a two dimensional complex Hilbert space H2, and an arbitrary
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state vector in H2 is denoted by

|ψ〉 = α |0〉+ β |1〉 , (2.1)

where α, β ∈ C and |0〉 , |1〉 ∈ H2 form an orthonormal basis of such Hilbert
space. Later in this section, we will briefly describe the technologies that are
being used for the experimental implementation of qubits. The orthonormal
basis composed by those two elements is known as the standard basis and
in two dimensional vector notation are written as

|0〉 =

(
1
0

)
; |1〉 =

(
0
1

)
.

As stated in postulate 1, the vector |ψ〉 must be a unit vector, so the
condition 〈ψ|ψ〉 = 1 → |α|2 + |β|2 = 1 must hold. This last condition is
known as the normalization condition.

The qubit will be the elementary quantum mechanical system for the
rest of this document. Intuitively, the two states |0〉 , |1〉 are analogous to
the states 0 and 1 of a classical bit. However, qubits differ from a classical
bits from the fact that the state |ψ〉 described by Eq. 2.1 is in a superposition
of these two states. Therefore, it cannot be said that a qubit is definitely
in one of the two basis states. The coefficients α and β are known as
amplitudes of the qubit. In general, it is said that any linear combination∑

k αk |ψk〉 is a superposition of the states |ψk〉 with amplitudes αk.

The second postulate of quantum mechanics refers to how a quantum
mechanical system evolves with time.

Postulate 2 (Evolution). The evolution of a closed quantum system is
described by a unitary transformation. That is, the state |ψ〉 of the system
at time t1 is related to the state |ψ′〉 of the system at time t2 by a unitary
operator1 U which depends only on the times t1 and t2,

|ψ′〉 = U |ψ〉 . (2.2)

It can be seen that postulate 2 does not imply which are the unitary
operators U that describe real world quantum mechanics, it only assures

1Unitary operators fulfill UU† = U†U = I.
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that the evolution of any closed quantum system should be described in
such way. The obvious question that arises is which unitaries are natural
to consider when dealing with quantum system evolutions. In the case of
single qubits, it turns out that any unitary operator can be realized in real
systems.

Next, some examples of unitary qubit operators will be presented, the
so-called quantum gates. Quantum gates are the analogous of logic gates
in the classical digital world, and they are the basic elements to construct
the quantum circuits required to run quantum algorithms in quantum pro-
cessors. Note that the operation of a quantum gate over a qubit is just the
evolution of the qubit by the unitary describing such gate.

The first elementary quantum gates are the Pauli gates, denoted by X,
Z and Y. Their operation over qubits is described by the Pauli matrices
[46]. The X Pauli gate is known as the quantum bit flip gate as its operation
over an arbitrary qubit |ψ〉 = α |0〉+ β |1〉 is

X |ψ〉 = X(α |0〉+ β |1〉) = αX |0〉+ βX |1〉 = α |1〉+ β |0〉 ,

so it flips the amplitudes respect to the standard basis. The Z Pauli matrix
defines the so called phase flip quantum gate as its operation leaves |0〉
unchanged and transforms |1〉 to − |1〉. The operation of a Z Pauli gate on
an arbitrary qubit |ψ〉 = α |0〉+ β |1〉 is then

Z |ψ〉 = Z(α |0〉+ β |1〉) = αZ |0〉+ βZ |1〉 = α |0〉 − β |1〉 .

Finally, the operation of the Pauli matrix Y on an arbitrary qubit |ψ〉 is
a bit flip and a phase flip times a multiplication by ±i, as ZX = iY and
XZ = −iY. Consequently, the operation of such gate is

Y |ψ〉 = Y(α |0〉+β |1〉) = αY |0〉+βY |1〉 = iαXZ |0〉+iβXZ |1〉 = iα |1〉−iβ |0〉 .

X Y Z

Figure 2.1: Schematic representation of Pauli gates for quantum

circuits.

Other two one-qubit quantum gates of interest for the construction of
quantum error correction theory are the Hadamard and the phase shift
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quantum gates. The unitary that describes the operation of the Hadamard
gate is given by

H =
1√
2

(
1 1
1 −1

)
,

and it maps the basis states |0〉 and |1〉 into the superposition states |+〉 ≡
1√
2
(|0〉+ |1〉) and |−〉 ≡ 1√

2
(|0〉− |1〉) respectively. The basis formed by |+〉

and |−〉 is named Hadamard basis. The unitary for the general phase shift
gate is

Rφ =

(
1 0
0 eiφ

)
,

and maps |0〉 and |1〉 as |0〉 and eiφ|1〉 respectively. In other words, the
phase of the quantum state is changed.

Two special cases for the phase shift gate are the Rπ gate, as it is equal
to the Pauli Z gate, and the Rπ

2
gate, as it will take an important role for

error correction encoder and decoder design. That’s why this gate will have
the special notation P ≡ Rπ

2
and its unitary matrix is

P ≡ Rπ
2

=

(
1 0
0 i

)
.

H Rφ P

Figure 2.2: Schematic representation of Hadamard, phase shift and

P gates.

Posutlate 2 describes how the evolution of a quantum system at two
different times are related. A more refined version of the postulate is given
in postulate 2′ which describes the evolution of a closed quantum system
in continuous time.

Postulate 2′ (Continuous-time evolution). The time evolution of the state
of a closed quantum system is described by the Schödinger equation,

i~
d |ψ〉
dt

= Ĥ |ψ〉 ,



22 CHAPTER 2. Preliminaries of Quantum Information

where ~ is a physical constant known as the reduced Planck’s constant and
Ĥ is a fixed Hermitian operator known as the Hamiltonian of the closed
quantum system.

In [46], postulate 2 is derived from this continuous time postulate im-
plying a one-to-one correspondence between the discrete-time dynamics
using unitary operators and the continuous-time dynamics via the differen-
tial equation that describes the evolution of the Hamiltonians of quantum
systems.

The third postulate of quantum mechanics deals with the measurement
of quantum systems. This measurement occurs when some external party
observes the system to find out what is going on in the system, an interac-
tion that makes the system no longer closed and so not necessarily subject
to unitary evolution.

Postulate 3 (Quantum Measurement). Quantum measurements are de-
scribed by a collection {Mm} of measurement operators. These are opera-
tors acting on the state space of the system being measured. The index m
refers to the measurement outcomes that may occur in the experiment. If
the state of the quantum system is |ψ〉 immediately before the measurement
then the probability that result m occurs is given by

p(m) = 〈ψ|M †mMm |ψ〉 ,

and the state of the system after the measurement |ψ′m〉 is

|ψ′m〉 =
Mm |ψ〉√

〈ψ|M †mMm |ψ〉
.

The measurement operator set {Mm} should verify the so called com-
pleteness equation ∑

m

M †mMm = I,

so that the probabilities of measurement outcomes sum to one

∑

m

p(m) =
∑

m

〈ψ|M †mMm |ψ〉 = 〈ψ|
(∑

m

M †mMm

)
|ψ〉

= 〈ψ| I |ψ〉 = 〈ψ|ψ〉 = 1.
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A simple but important example of a measurement is the measurement
of a qubit in the standard basis. This measurement on a single qubit with
two outcomes is defined by the two measurement operators2 M0 = |0〉 〈0|
and M1 = |1〉 〈1|. Using this measurement, the probabilities of the out-
comes 0 and 1 for an arbitrary qubit |ψ〉 = α |0〉+ β |1〉 are

p(0) = 〈ψ|M †0M0 |ψ〉 = 〈ψ|M0 |ψ〉 = (α∗ 〈0|+ β∗ 〈1|) |0〉 〈0| (α |0〉+ β |1〉)
= (α∗ 〈0|0〉+ β∗ 〈1|0〉)(α 〈0|0〉+ β 〈0|1〉) = α∗α = |α|2,

and

p(1) = 〈ψ|M †1M1 |ψ〉 = 〈ψ|M1 |ψ〉 = (α∗ 〈0|+ β∗ 〈1|) |1〉 〈1| (α |0〉+ β |1〉)
= (α∗ 〈0|1〉+ β∗ 〈1|1〉)(α 〈1|0〉+ β 〈1|1〉) = β∗β = |β|2.

The states after measurement associated with each of the outcomes are

|ψ′0〉 =
M0 |ψ〉√
〈ψ|M †0M0 |ψ〉

=
|0〉 〈0| (α |0〉+ β |1〉)

|α| =
|0〉 (α 〈0|0〉+ β 〈0|1〉)

|α| =
α

|α| |0〉

and

|ψ′1〉 =
M1 |ψ〉√
〈ψ|M †1M1 |ψ〉

=
|1〉 〈1| (α |0〉+ β |1〉)

|β| =
|1〉 (α 〈1|0〉+ β 〈1|1〉)

|β| =
β

|β| |1〉 .

Ignoring the phase multipliers α
|α| and β

|β| , the two post-measurement

states are |0〉 and |1〉, so the superposition state held by |ψ〉 has been
destroyed due to its measurement. This last observation leds to one of the
most intriguing effects of quantum mechanics, being that the collapse of
the quantum states after measurement. What this means is that when a
quantum state is measured, the post-measurement state changes from the
superposition state to the specific state consistent with the measurement
results. This conclusion will be important when introducing the theory
of quantum error correction, as we will not be able to measure the states
received because they would be destroyed by such operation.

Before presenting the last postulate of quantum mechanics, an special
class of the general measurements presented in postulate 3 will be presented
due to its importance in developing error correcting codes in the quantum
paradigm.

2Note that M0 and M1 are idempotent (M2
0 = M0,M2

1 = M1) and Hermitian.
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Definition 2.1.1 (Projective measurements). A projective measurement is
described by an observable, M , an Hermitian operator on the state space of
the system being observed. The observable has a spectral decomposition

M =
∑

m

mPm,

where Pm is the projector3 onto the eigenspace of M with eigenvalue m. The
possible outcomes of the measurement correspond to the eigenvalues, m, of
the observable. Upon measuring the state |ψ〉, the probability of getting
result m is given by

p(m) = 〈ψ|P †mPm |ψ〉 = 〈ψ|Pm |ψ〉 ,
and given that the outcome m occurred, the state of the quantum system
immediately after measurement is

|ψ′m〉 =
Pm |ψ〉√
p(m)

. (2.3)

Postulate 4 deals with the description of composite quantum mechanical
systems, that is, systems composed of the state spaces of the component
quantum systems (see Appendix A for the definition and properties of the
tensor product).

Postulate 4 (Composite systems). The state space of a composite physical
system is the tensor product of the state spaces of the component physical
systems. Moreover, if we have systems numbered 1 through n, and the
system number k is prepared in the state |ψk〉, then the joint state of the
total system is |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉.

Postulate 4 then provides the tool to work with systems composed of
several state vectors. From this postulate, one of the most surprising ideas
associated with composite quantum systems can be defined, being that
entanglement.

Definition 2.1.2 (Entangled state). A composite quantum system is said
to be an entangled system if it cannot be written as a product of states of
its component systems, that is

@ |ψ〉 ∈ HA, |ϕ〉 ∈ HB : |ψ〉AB = |ψ〉 ⊗ |ϕ〉 , |ψ〉AB ∈ HA ⊗HB.

3A projector matrix P is hermitian, P † = P , and idempotent, P 2 = P .
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One typical example of entangled systems is given by the EPR pairs4 or
Bell states5. The state vectors that describe this set of entangled quantum
systems are

|Φ+〉 =
|00〉+ |11〉√

2
,

|Φ−〉 =
|00〉 − |11〉√

2
,

|Ψ+〉 =
|01〉+ |10〉√

2
,

|Ψ−〉 =
|01〉 − |10〉√

2
.

This states are two qubit composite systems that cannot be expressed
as tensor products of single qubits. Even though this is the property that
defines entanglement, the real interest of it lays on the fact that the mea-
surement outcome of either qubit determines the outcome of the other
qubit. To see why this happens consider EPR pair |Φ+〉 and measurement
operators M0 = |00〉 〈00| ,M1 = |01〉 〈01| ,M2 = |10〉 〈10| ,M3 = |11〉 〈11|.
This set of operators are consistent with postulate 3, so the probabilities
of each outcome are given by

p(0) = 〈Φ+|M †0M0 |Φ+〉 =
1

2
,

p(1) = 〈Φ+|M †1M1 |Φ+〉 = 0,

p(2) = 〈Φ+|M †2M2 |Φ+〉 = 0,

p(3) = 〈Φ+|M †3M3 |Φ+〉 =
1

2
.

And so it can be seen that the only possible outcomes for the measure-
ments are, up to a multiplicative factor, |00〉 and |11〉. What this means is
that if one of the qubits is measured, then the outcome will be completely
random between |0〉 and |1〉, but the outcome of the other qubit will be
exactly the one for the first measured qubit6. That is, measuring one of

4Named after Einstein, Podolsky and Rosen as they introduecd the so-called EPR
paradox related with the strange phenomena of entanglement.

5They receive this name as they are subject to the Bell inequality.
6For |Ψ±〉 the other qubits outcome will be exactly the contrary of the outcome of

the first one.
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the qubits determines the otucome of the other qubit. This is general for
measuring |Φ+〉 in any basis. This kind of entangled states are a central
part of the entanglement-assisted quantum error correction codes.

Entanglement may seem to be the same as distributed randomness be-
tween two parties in the classical setting, that is, the scenario where both
parties share a common random variable which has the same realizations
for both of them. However, and as it will be seen later, entanglement is
a much more powerful asset than classical shared randomness since it has
properties that cannot be replicated in the classical setting. A very insight-
ful experiment where such advantage can be observed is the so-called CHSH
game7, in which the probability of winning a thought game by the optimal
strategy in the classical setting is overcomed by means of entanglement [82].

To finish with section 2.1.1, some two-qubit quantum gates will be pre-
sented. This gates are very relevant for quantum computing and error
correction since they will be the ones used to make operations between the
different individual elements that constitute the quantum system. The first
two-qubit gate of interest is the controlled-NOT or CNOT gate, where a
NOT operation controlled by the first qubit is done in the second qubit.
The unitary matrix that describes such operation is

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 .

The CNOT gate then performs a NOT operation on the second qubit
only if the first of the qubits is in the state |1〉, otherwise leaving it un-
changed. The second two-qubit gate that will be presented is the general
controlled-Unitary or C(U) gate. The controlled-U gate performs a uni-
tary gate controlled by the first qubit on the second qubit. The matricial
expression for such an operation is

C(U) =




1 0 0 0
0 1 0 0
0 0 u00 u01

0 0 u10 u11


 ,

where uij refer to the elements that constitute the unitary matrix U . As
it happened with the CNOT gate, the controlled-U gate will perform the

7CHSH stands for Clauser, Horne, Shimony and Holt.
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unitary operation only if the first qubit is in state |1〉, otherwise leaving the
second qubit unchanged. It is straightforward to see that the CNOT gate
is just an specific case of the controlled-U gate when U = X. However, it
has been introduced specifically because it is a widely used gate and will
have an important role in the theory of quantum error correction.

The last two-qubit gate of interest that will be presented is the SWAP
gate, whose operation over the two qubits is described by the unitary matrix

SWAP =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 .

The SWAP gate over two qubits just swaps the two qubits of order in a
quantum circuit. Consequently, the operation of such gate is

SWAP(|ψ〉 ⊗ |ϕ〉) = |ϕ〉 ⊗ |ψ〉 .

• •
U

|ψ〉 × |ϕ〉
|ϕ〉 × |ψ〉

Figure 2.3: Diagram representation of the CNOT, controlled-U and

SWAP gates.

2.1.2 THE DENSITY MATRIX FORMULATION

In section 2.1.1 a formulation of quantum mechanics has been given by
means of state vectors. An equivalent formulation of the theory can be
given by using the so-called density matrices or density operators. This
reformulation of quantum mechanics in terms of density matrices provides
a more convinient tool in order to describe systems whose state is not
known completely in terms of state vectors. This description of quantum
mechanics is equivalent to the one previously presented, but it presents
an easier way to deal with some problems of the physical theory. In this
section, such reformulation of quantum mechanics will be presented shortly
so that its usage is clear when needed.
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Definition 2.1.3 (Density operator). Suppose a quantum system is in one
of a number states |ψk〉, where k is an index, with respective probabilities pk.
We shall call {pk, |ψk〉} an ensemble of pure states. The density operator
or density matrix for such system is defined by

ρ ≡
∑

k

pk |ψk〉 〈ψk| .

The density operator description has been introduced as a way of de-
scribing ensembles of quantum states. A description that does not rely on
the state vector will be given by the next theorem so that we can consis-
tently introduce the reformulation of quantum mechanics.

Theorem 2.1.1. An operator ρ is the density operator associated to some
ensemble {pk, |ψk〉} if and only if it satisfies the conditions

• Trace condition: Tr(ρ) = 1.

• Positivity condition: ρ is a positive operator, that is 〈ψ| ρ |ψ〉 ≥
0,∀ |ψ〉.

This way, any positive operator with trace equal to one is a density
matrix describing some quantum state. By means of the description of
the quantum system using the density operator, the postulates of quantum
mechanics presented in 2.1.1 can be reformulated like

Postulate 1 (State space). Associated to any isolated physical system is a
complex vector space with inner product (that is, a Hilbert space H) known
as the state space of the system. The system is completely described by its
density operator, which is a positive operator ρ with trace one, acting on
the state space of the system. If a quantum system is in the state ρk with
probability pk, then the overall density operator for the system is

∑
k pkρk.

Postulate 2 (Evolution). The evolution of a closed quantum system is
described by a unitary transformation. That is, the state ρ of the system
at time t1 is related to the state ρ′ of the system at time t2 by a unitary
operator U which depends only on the times t1 and t2,

ρ′ = UρU †.
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Postulate 2′ (Continuous-time evolution). The time evolution of a density
matrix ρ of a closed quantum system is described by the von Neumann
equation

i~
∂ρ

∂t
= [Ĥ, ρ],

where ~ is the reduced Planck’s constant, [a, b] = ab− ba is the commutator
operator and Ĥ is a fixed Hermitian operator known as the Hamiltonian of
the closed quantum system.

Postulate 3 (Quantum measurement). Quantum measurements are de-
scribed by a collection {Mm} of measurement operators. These are opera-
tors acting on the state space of the system being measured. The index m
refers to the measurement outcome that may occur in the experiment. If
the state of the quantum system is ρ immediately before the measurement
then the probability that result m occurs is given by

p(m) = Tr(M †mMmρ),

and the state of the system ρ′m after the measurement is

ρ′m =
MmρM

†
m

Tr(M †mMmρ)

Postulate 4 (Composite systems). The state space of a composite quantum
system is the tensor product of the state spaces of the component physical
systems. Moreover, if we have systems numbered 1 through n, and system
k is prepared in state ρk, then the joint state of the total system is ρ1⊗ρ2⊗
· · · ⊗ ρn.

Postulate 2 can be derived from postulate 2′ once again. The refor-
mulation of quantum mechanics using the language of density matrices is
mathematically equivalent to the description in terms of the state vector.
However, this way of thinking about quantum mechanics specially shines for
two applications: the description of quantum systems whose vector state is
not completely known, and the description of composite quantum systems.
Finally, the densisty operator allows distinguishing the so-called pure and
mixed states.

Definition 2.1.4 (Pure state). A quantum system whose state |ψ〉 is per-
fectly known is said to be in a pure state. In this case, the density operator
is just ρ = |ψ〉 〈ψ|. A criteria for determining if a state is pure is that its
density matrix fulfills Tr(ρ2) = 1
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Definition 2.1.5 (Mixed state). A quantum state is said to be in a mixed
state if the state vector of the system is not exactly known. In this case, the
state is said to be the mixture of the different pure states in the ensemble for
ρ. A criteria for determining if a state is mixed is that its density matrix
fulfills Tr(ρ2) < 1.

2.1.3 NO-CLONING THEOREM AND QUANTUM TELEPOR-
TATION

This last section finishes this introduction to quantum mechanics re-
quired for understanding the basic theory of quantum information and error
correction. Here, two shocking results of quantum mechanics will be pre-
sented, due to their importance when dealing with correction of information
in quantum channels.

The no-cloning theorem is a basic theorem of quantum mechanics that
refers to the prohibition of cloning quantum states. This means that an
arbitrary quantum state cannot be replicated in order to obtain redundancy
of information and, thus, have several copies of the same data to protect
the information from noise. This technique is very common in the classical
world, and due to such result it cannot be done in the quantum paradigm.

Theorem 2.1.2 (No-cloning theorem). It is not possible to create an iden-
tical copy of an arbitrary quantum state. This means that there is no unitary
operator U that realizes the action

|ψ〉 ⊗ |ϕ〉 → U(|ψ〉 ⊗ |ϕ〉) = |ψ〉 ⊗ |ψ〉 ,

for any arbitrary qubit tuple {|ψ〉 , |ϕ〉}.

The nonexistence of a universal qubit cloning machine is a result of
special importance for the design of quantum error correction codes as
this implies that a repetition code cannot be used in order to protect the
information from quantum noise. Theorem 2.1.2 then limits how quantum
codes have to be designed.

Quantum teleportation refers to the technique of moving quantum states
around, even in the absence of quantum communication channels linking
the sender and the recipient of the quantum state. This phenomena is
based on the usage of entanglement and some classical communication in
order to transmit an arbitrary qubit between the two parties.
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Imagine that Alice wants to send a qubit to Bob. Consider that the
qubit Alice posses is

|ψ〉A′ = α|0〉A′ + β|1〉A′
Suppose that she shares a EPR pair |Φ+〉AB with Bob. The joint state of
the systems of Alice (A′, A) and Bob B is |ψ〉A′ |Φ+〉AB. In addition, Alice
and Bob can send two classical bits across two uses of a classical channel.
Note that Alice does not know the state |ψ〉A′ to be sent, and it cannot
determine it since |ψ〉A′ would be destroyed when measuring it (also a single
measurement of the state cannot give enough information to determine its
amplitudes α and β). Moreover, even if the sender would knew the state
of the qubit, it would be impossible to send |ψ〉A′ by transmitting two
classical bits as |ψ〉A′ operates on a continuous space and, therefore, an
infinite amount of classical bits would be required to describe such |ψ〉A′ .

The key to obtain the desired teleportation is to use the pre-shared
entangled EPR pair, plus a little amount of classical information. The
circuit used for the teleportation is shown in Figure 2.4, and the procedure
works as follows.

|ψ〉A′ • H
M1

M2

|Φ+〉AB

|ψ0〉 |ψ1〉 |ψ2〉 |ψ3〉
XM2 ZM1 |ψ〉





Figure 2.4: Quantum teleportation scheme. M1 and M2 are the

measurement outcomes of the first two qubits.

The initial composite state of the qubit to teleport and the EPR pair
shared by the sender and the receiver |ψ0〉 is

|ψ0〉A′AB = |ψ〉A′ |Φ+〉AB =
1√
2

[α |0〉A′ (|00〉AB+|11〉AB)+β |1〉A′ (|00〉AB+|11〉AB)],

After the CNOT operation, the state will be

|ψ1〉A′AB =
1√
2

[α |0〉A′ (|00〉AB + |11〉AB) + β |1〉A′ (|10〉AB + |01〉AB)]
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The next step is to apply a Hadamard gate to the first qubit of the com-
posite state. This operation changes the state to

|ψ2〉A′AB =
1

2
[α(|0〉A′+|1〉A′)(|00〉AB+|11〉AB)+β(|0〉A′−|1〉A′)(|10〉AB+|01〉AB)],

which after regrouping terms

|ψ3〉A′AB =
1

2
[|00〉A′A (α |0〉B + β |1〉B) + |01〉A′A (α |1〉B + β |0〉B)

+ |10〉A′A (α |0〉B − β |1〉B) + |11〉A′A (α |1〉B − β |0〉B)].
(2.4)

Expression 2.4 gives the composite state of Alice and Bob and is sum of
four different terms. Then, if Alice measures her states, by the projective
measurements {|00〉 〈00|A′A , |01〉 〈01|A′A , |10〉 〈10|A′A , |11〉 〈11|A′A}, one of
the four possible outcomes 00, 01, 10, 11 will result. The post-measurement
states of the composite system associated with each of the outcomes will
be:

|00〉A′A ⊗
|ψ3〉B︷ ︸︸ ︷

(α |0〉B + β |1〉B) = |00〉A′A ⊗ |ψ〉B

|01〉A′A ⊗
|ψ3〉B︷ ︸︸ ︷

(α |1〉B + β |0〉B) = |01〉A′A ⊗X |ψ〉B

|10〉A′A ⊗
|ψ3〉B︷ ︸︸ ︷

(α |0〉B − β |1〉B) = |10〉A′A ⊗ Z |ψ〉B

|11〉A′A ⊗
|ψ3〉B︷ ︸︸ ︷

(α |1〉B − β |0〉B) = |01〉A′A ⊗XZ |ψ〉B
Note that these composite states are given by the product states of Alice
and Bob. The two left qubits correspond to the state of Alice whereas the
third qubit |ψ3〉B belongs to Bob. Therefore, in order for Bob to recover
the state |ψ〉B = α |0〉B + β |1〉B, Alice transmits two classical bits to Bob
indicating which of the four results have occurred. After Bob receives the
two bits, he knows what operation he has to perform in his qubit to recover
the state. From the above results, the recover protocol will be:

• If Bob receives 00, then no operation must be applied.

• If Bob receives 01, then he applies X gate.

• If Bob receives 10, then he applies Z gate.
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• If Bob receives 11, then he applies a X gate first followed by a Z gate.

The recovery operation can be compactly written as |ψ〉 = ZM1XM2 |ψ3〉B,
where M1 and M2 denote the measurement result of qubits A′ and A, re-
spectively. Note that quantum teleportation does not violate Einstein’s
special relativity [83] since the classical information that is needed in order
to complete the teleportation protocol is limited by the speed of light.

2.1.4 QUBIT IMPLEMENTATIONS

We close this section by briefly introducing the most popular technolo-
gies that are being used nowadays for state-of-the-art qubit implementa-
tions. We will not go through the specific details of these technologies as
such is out of the scope of this Ph.D. dissertation. The discussions about
the results obtained in this thesis are hardware agnostic in the sense that
we work with qubits as two-level coherent quantum systems without taking
into account how they are physically constructed. However, many of the
experimental results used to derive our research are based on some specific
qubit construction. Therefore, we consider important to at least briefly in-
troduce some of the most promising technologies for qubit implementation.

The most relevant qubit implementations at the time of writing are:

• Superconducting qubits: Currently, this is the most common
qubit implementation. The main idea behind superconducting qubits
is to use a microwave signal in order to place a resistance-free current
in a superposition state as it oscillates around a circuit loop. This is
usually realized by using Josephson junctions [84], which are electrical
elements consisted by two superconductors coupled by a weak link.
The need of superconducting materials implies that the qubits need
to be cooled down to temperatures near the absolute zero. There
exist several types of superconducting qubits such as the transmon
[85, 86] or the Xmon [87].

• Ion traps: Ion traps are electrically trapped charged atoms (ions).
The outermost electron orbiting the nucleus can be used as a qubit.
Elements named Paul traps [88] are used in order to place the charged
atoms as desired. This atoms must also be kept at very low temper-
atures so that the qubit can be formed.
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Figure 2.5: Schematic representation of a Josephson junction. It

can be seen that both of the superconductors (if both

the lead (Pb) and tin (Sn) are cooled down) are linked

with a thin insulator.

• Photonic qubits: Photonic qubits are based on the degrees of free-
dom that individual particles of light, named photons, present in
order to construct the superposition state. The photonic qubits do
not need extreme cooling and can be manufactured using silicon.

Technology Players

Superconducting IBM, Google, Rigetti, Intel, China

Ion traps IonQ, Honeywell

Photonics Xanadu, PsiQuantum, China

Neutral atoms Atom Computing, PASQAL

NV centers Yale, Harvard

Quantum dots Intel

Topological Microsoft

Table 2.1: Table summarizing state-of-the-art technologies used for

qubit implementations.

Those are the main approaches to experimental quantum computing at
the time. However, in table 2.1 we summarize several other technologies
that are also being developed nowadays. Each of the technologies present
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several pros and cons and some of those will be presented throughout the
dissertation, specially when decoherence is discussed.

2.2 DECOHERENCE AND QUANTUM CHANNELS

Environmental decoherence is described as the undesired interaction8 of
a qubit with the environment, resulting in the perturbation of the coherent
superposition, i.e., variations of the original amplitudes. Decoherence arises
from several physical processes that should be mathematically modeled. In
the previous section, postulates 2 and 2′ described the evolution of quantum
systems. However, the Schr̈odinger and von Neumann equations describe
the evolution of closed quantum mechanical systems. Consequently, due
to the fact that actual implementable systems will never be closed9, we
have to describe the evolution of quantum information when it is subjected
to interaction with the environment. Therefore, the theory of open quan-
tum systems must be considered in order to be able to understand how
decoherence corrupts quantum information.

The physical processes that generate this quantum noise depend on the
qubit technology being used to construct the quantum computer. As it
was presented in table 2.1, the most promising technologies currently in
use are transmon superconducting qubits [86], trapped ion qubits [89] and
quantum dot qubits [90] among others. Decoherence also takes place during
the transmission of quantum states through fiber optics or via laser beams.
Fortunately, despite the diversity of the quantum decoherence processes,
they can be modeled by the same mathematical tools.

Next, we will discuss decoherence and the way it can be mathematically
modelled by means of quantum channels. It is important to point out
that in this thesis we focus on quantum computation and error correction
based on two-level physical constructions, in which the physical elements
are realized by discrete two-level systems. However, other promising routes
towards universal quantum computation and error correction exist, such as
bosonic codes [91, 92].

8In quantum mechanical terms this interaction is more specifically called entangle-
ment.

9Any physical implementation of qubits will have some kind of interaction with its
surrounding environment and, thus, decoherence.
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That being said, we begin this section describing some of the phys-
ical processes that compose decoherence. We follow by introducing the
Lindblad master equation to describe the evolution of open quantum sys-
tems and how the set of interactions described before are encapsulated in
such mathematical equation. Afterwards, we discuss how the results of the
Lindblad master equation can be condensed into quantum channels, and
present a pretty fair description of decoherence via the combined amplitude
and phase damping channel. We continue by discussing how to approximate
such noise model into quantum channels that can be efficiently simulated
in classical computers by using the quantum information technique named
twirling. We explain why the use of the approximate quantum channels
is valid for designing and simulating QECCs that will work in real quan-
tum hardware. We go on by briefly discussing the presence of memory
in quantum channels. We finish the section by introducing the concept
of quantum channel capacity and discussing it for some of the quantum
channels of interest for this dissertation.

2.2.1 INTERACTION OF QUBITS WITH THE ENVIRONMENT

Quantum systems interact with their surrounding environment in a va-
riety of ways. Thus, in the reality, the concept of closed quantum systems is
just an idealisation. As a consequence of such leakage to the environment,
quantum information suffers the so-called decoherence, which is usually de-
fined as the loss of coherence of the two-level coherent system that leds to
the perturbation of the superposition state that comprises the qubit. The
general problem described by the theory of open quantum systems is shown
in Figure 2.6 in an schematic manner. There, it can be seen that both the
environment and the quantum system form a complete system which is
closed. However, we are interested in what happens with the quantum sys-
tem, and so having to deal with the whole Hilbert space, which is often of
infinite dimensions, does not make sense and is intractable. The theory of
open quantum systems then studies the dynamics of the smaller quantum
system of interest when subjected to interactions with the environment.

Quantum systems suffer from relaxation or energy dissipation, which is
the name given to the effects that quantum mechanical states suffer as a
result of spontaneous energy losses. This can happen when an atom in an
excited state emits a photon and returns to its ground state, when a spin
system at high temperature approaches equilibrium with its environment,
when a photon in an interferometer is subjected to scattering and atten-
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Figure 2.6: Schematic representation of the problem treated by the

theory of open quantum systems.

uation; or when a photon is absorbed during its transmission through an
optical fiber. An example of why this energy loss occurs can be appreciated
by observing the energy profile of a transmon qubit, which is shown in Fig-
ure 2.7. In the energy level chart presented for said qubits, it is easy to see
that the states defining the qubits (or qudits if more than two energy levels
of the transmon are taken) are given by the possible quantized energy states
of such a superconducting transmon. Therefore, the |0〉 state corresponds
to the ground state of the system, and the |1〉 state is related to an excited
state. Due to the fact that an isolated system tends to drop into its lowest
energy state, decoherence for this type of qubit takes place when energy is
lost to the environment as a consequence of the excited state approaching
the ground state.

Every energy dissipation process has its own unique features, but their
effect in the qubits can be described mathematically in a similar manner.
Consider the two-level transmon qubit described before, whose ground state
is denoted by |0〉T and its excited state by |1〉T . Additionally, consider the
mathematical abstraction that the environment is also a two-level system
with a vacuum state |0〉E and an excited state |1〉E , that is always initialized
in the vacuum state. Then energy dissipation processes can be described
as

|0〉T |0〉E → |0〉T |0〉E ,
|1〉T |0〉E →

√
1− γ|1〉T |0〉E +

√
γ|0〉T |1〉E ,

(2.5)
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Figure 2.7: Energy levels of typical transmon superconducting

qubits. The |0〉 state corresponds to the ground state

of the system while the |1〉 state is an excited state of

such a transmon. Source: [93].

where γ refers to the damping probability or the probability that the system
loses energy to the environment when it is in its excited state. The expres-
sions in Eq. 2.5 mathematically describe, in a general and unified way, what
was previously discussed regarding the processes of energy dissipation that
occur for the various methods used for the construction of qubits. The
effect that energy dissipation induces in a general qubit10 |ψ〉 = α|0〉+β|1〉
is described by the following transformation:

|ψ〉|0〉E →
(
α|0〉+ β

√
1− γ|1〉

)
|0〉E + β

√
γ|0〉|1〉E . (2.6)

10Note that the subscript T is no longer used. The rationale now refers to every qubit
technology, and not just transmon superconducting qubits. Its prior use was intended as
a particular instance for explanatory purposes.
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Following the rationale of Eq. 2.5, what Eq. 2.6 is describing is the fact that

state |ψ〉 decoheres to state

(
α√

1−γβ2
|0〉+ β

√
1−γ√

1−γβ2
|1〉
)

with probability

1 − γβ2 leaving the environment unchanged; or it decoheres to |0〉 with
probability γβ2 releasing a photon (or energy quanta) to the environment,
and so leaving it in state |1〉E .

It is important to remark that in the discussion above |ψ〉 has been
assumed to be an isolated qubit. However, this is not true in general, since
in a real system more than one qubit is present, and they will most as-
suredly interact with each other. This interaction is reflected in the form of
entanglement, which implies that the decoherence processes affect the set
of qubits in a combined fashion, and not in the isolated manner described
before. Regardless, the assumption that each of the qubits interacts with
the environment independently is still reasonable [57], simplifying the de-
scription to that of Eq. 2.6.

Another set of physical mechanisms that affect quantum information are
those encompassed by the term dephasing. These processes are uniquely
quantum mechanical and describe the loss of quantum information without
loss of energy. This kind of environmental decoherence can arise when a
photon scatters randomly as it travels through a waveguide or when elec-
tronic states are perturbated due to the action of stray electrical charges.
What happens during these events is that the system evolves for an amount
of time which is not known with precision, and so partial information about
its quantum phase is lost.

Figure 2.8: Representation of the evolution of the phase of the qubit

when it is involved in dephasing interactions with the

environment.
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A simple model to mathematically describe this particular set of pro-
cesses can be constructed using phase kicks on the qubits [46]. Phase kicks
are rotations applied to the qubit |ψ〉 with a random angle θ. Assuming
that the random variable θ follows a Gaussian distribution with mean 0 and
variance 2λ the phase of the qubit is perturbed with such random phase,
obtaining the effects caused by dephasing mechanisms. Figure 2.8 shows a
graphical representation of such phase change.

Quantum information might be corrupted in other ways provoked by
other physical interactions that have not been described before. An inter-
esting example is the erasure and deletion errors that may happen caused
by the loss of a photon when being processed in an optical quantum device
[94, 95, 96]. In those cases, the photons, that are used as qubits, are lost
completely to the media, implying not that the information is corrupted
but completely lost. In this thesis we will focus specifically on the decoher-
ence processes related to relaxation and dephasing, so in the following we
will discuss such as the mechanisms that corrupt quantum information.

2.2.2 THE LINDBLAD MASTER EQUATION

As explained in the previous section, we want to describe the time
evolution of a quantum system when this is subjected to interaction with
the environment. In order to do so, we could study the time evoultion of
the whole quantum system following the rationale of Figure 2.6 which is
subjected to closed evolution. This is generally done by means of the von
Neumann equation [44, 97]

i~
∂ρT

∂t
= [ĤT, ρT], (2.7)

where here ρT and ĤT refer to the density matrix and the Hamiltonian of
the complete system combining the quantum system of interest and the en-
vironment. Unfortunately, this approach is unfeasible and computationally
intractable due to the size (usually infinite) of Hilbert space associated to
the complete quantum system [44]. This issue can be overcomed by means
of the so-called Lindblad master equation, which describes the evolution of
a mixed state ρ coupled to its environment. Such master equation describes
the time evolution of the mixed state ρ as [44, 97]

i~
∂ρ

∂t
= [Ĥ, ρ] +

∑

k

Γk

(
LkρL†k −

1

2

{
L†kLk, ρ

})
, (2.8)
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where ρ is the density operator of the quantum system of interest, Ĥ
is its time-independent Hamiltonian11 including the so-called Lamb shift
Hamiltonian12, Lk are the Lindblad or jump operators13 that describe the
exchange of single quanta of the quantum system with the environment
and Γk is the interaction rate of the quanta for decoherence source k.
{a, b} = ab+ ba refers to the anticommutator operator.

This way, using the master equation, we can study the evolution of the
quantum state of interest, ρ, when it interacts with the environment by the
decoherence mechanisms described by the Lindblad operators Lk. As dis-
cussed in the previous section, we are interested in decoherence mechanisms
named relaxation and dephasing, which usually affect and limit most of the
qubits that are physically constructed. That said so, the main mechanisms
of decoherence are:

• Energy relaxation: this relates to the energy loss processes de-
scribed. The Lindblad operator associated to this set of decoherence
mechanisms is L1 = 1

2(X− iY). The rate at which the quantum sys-
tem interacts this way with the environment is defined by Γ1, named
relaxation rate.

• Pure dephasing: this relates to the processes involving just change
of phase of the quantum information. The jump operator associated
to this set of interactions is Lφ = 1√

2
Z. The pure dephasing rate is

given by Γφ.

• Thermal excitation: this refers to the undesired excitation of the
qubit caused by the finite temperature of the system. All real sys-
tems have finite temperature. However, the physical constructions are
cooled down to very low temperatures (T ≈ 20 mK), almost vanish-
ing the rate of interaction with the environment [44]. Consequently,
we can theoretically neglect this decoherence mechanism14.

11This Hamiltonian represents the coherent part of the dynamics [46].
12Its role is to renormalize the system energy levels due to the interaction with the

environment [97].
13The Lindblad operators are generally obtained by using the so-called Born-Markov

approximations [46].
14Note that photonic qubits are not usually cooled down to such extreme temperatures,

even operating at room temperature, but photons are insensitive to thermal excitation
[98].
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Once the decoherence mechanisms we are going to consider have been
defined, we can follow up to solve the dynamics of the density matrix, ρ,
by solving the Lindblad master equation. We know from postulate 1 of
quantum mechanics in the density matrix picture that a ρ is a unity trace
positive operator, thus, it can be written at time t = 0 as

ρ(0) =

(
1− ρ11 ρ01

ρ∗01 ρ11

)
, (2.9)

where ρij refer to the elements of the density matrix.

Now we can proceed to solve master equation Eq. 2.8 to obtain the time
evolution of the density matrix subjected to relaxation and dephasing. The
solution for ρ(t) is then [44, 46]

ρ(t) =

(
1− ρ11e

−tΓ1 ρ01e
−tΓ2

ρ∗01e
−tΓ2 ρ11e

−tΓ1

)
=

(
1− ρ11e

− t
T1 ρ01e

− t
T2

ρ∗01e
− t
T2 ρ11e

− t
T1

)
, (2.10)

where Γ2 = Γ1/2 + Γφ is the dephasing rate, T1 = 1/Γ1 is the relaxation
time, Tφ = 1/Γφ is the pure dephasing time and T2 = 1/Γ2 is the dephasing
or Ramsey time. The solution of the master equation implies that the
elements of the density matrix decay to the ground state with rate Γ1.
Note also that the off-diagonal elements, which encode the phase of the
qubit, also vanish with the contribution of both Γ1 and Γφ. Consequently,
the quantum information that is stored in density matrix ρ is corrupted
through the time, with rates Γ1 and Γ2, due to the relaxation and pure
dephasing interactions with the environment.

It is important to emphasize the relation

1

T2
=

1

2T1
+

1

Tφ
, (2.11)

since it can be seen that relaxation always implies dephasing. This comes
from the fact that the relaxation does change the off-diagonal elements of
the density matrix, and those are the ones related with the phase of the
quantum state. As said before, pure dephasing refers to effects that only
imply phase change. Note that when the pure dephasing rate Γφ = 0, the
actual dephasing rate is limited by the relaxation time as T2 = 2T1. The
T2 ≈ 2T1 is called Ramsey limit, and qubits that show such relation are
said to be T1-limited.
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Additionally, the parameters in Eq. 2.11 are important as they are ex-
perimentally measurable and, thus, they are used to benchmark how robust
are the qubits that are physically implemented when they face decoherence.
We will not explain the experiments that need to be done in order to mea-
sure such parameters, as they are out of the scope of this dissertation.

To sum up, we have solved the master equation when relaxation and
pure dephasing interactions are considered for open evolution, and we have
seen that the quantum state decays to a classical state without phase infor-
mation when the time is past. The rate at which such decay occurs is given
by the experimentally measurable relaxation, pure dephasing and Ramsey
times. It is interesting to comment that the interaction of quantum states
with the environment when the thermal contribution of decoherence is not
negligible can be also studied via a master equation [99]. However, as stated
before, we will consider that the system under study is cooled down to very
low temperatures.

2.2.3 QUANTUM CHANNELS

The Lindblad master equation was presented in last section as a tool
for describing the evolution of open quantum systems. We have solved
it when the interactions are the energy relaxation and pure dephasing in
order to see the decay of the density matrix. In general, solving a master
equation gives the time dependency of a density matrix when subjected to
interactions with its surrounding environment. Similarly to the fact that
the continuous evolution described by the Schödinger and the von Neumann
equations is equivalent to unitary evolution (postulates 2 and 2′) when
considering closed quantum systems; the open evolution described by the
Lindblad master equation can be also interpreted by completely-positive,
trace-preserving (CPTP) linear maps between the spaces of operators [46].

In general, the evolution of a quantum system is described by means of
a quantum channel, N . Quantum channels are defined as [100]

Definition 2.2.1 (Quantum channel). A quantum channel, N , is a lin-
ear, completely-positive, trace-preserving map between spaces of operators,
corresponding to a quantum physical evolution.

The three conditions that a map between the spaces of operators must
fulfill in order to be a quantum channel are obtained in an axiomatic way
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[100]. The map must be linear so that it respects conves mixtures of states,
it should be completely-positive so that the map is from quantum states to
quantum states, and it should be trace-preserving again so that the outcome
is a valid quantum state. This way, we know that quantum channels are
indeed valid possible evolutions in the context of quantum mechanics.

The above definition of a quantum channel leads to the Choi-Kraus
theorem, which states that any map satisfying the above criteria can only
take the expression named Choi-Kraus decomposition or operator-sum rep-
resentation [100].

Theorem 2.2.1 (Choi-Kraus). A map N : HA → HB is linear, completely-
positive, and trace-preserving if and only if it has a Choi-Kraus decompo-
sition as

N (ρ) =
∑

k

EkρE
†
k, (2.12)

where the Ek matrices are operators on the state space of the principal
system and receive the name of Kraus operators or error operators of the
channel. As quantum channels are trace-preserving operators, Kraus oper-
ators must fulfill

∑
k E
†
kEk = I. The minimum number of Kraus operators

is called the Kraus rank of the quantum channel N . Channels with Kraus
rank 1 are called pure.

Therefore, the evolution of any open quantum mechanical systems is
described by maps that can only be represented by the operator-sum rep-
resentation.

In the previous section we studied the evolution of open quantum me-
chanical systems by means of the Lindblad master equation. Both of the
approaches are equivalent as the solutions of the master equations can be
written as a Choi-Kraus decomposition [46]. This way, one can obtain
the error operators, Ek(t) for the quantum channels by solving the master
equation, and then work with the CPTP linear map acting on the den-
sity matrices. Both approaches are equally valid, and they have their own
places. However, none of them is the most general approach since some
problems can be worked out with one of the approaches but not with the
other [46]. In this thesis we will work with quantum channels, but as we will
see now, the error operators used are the ones obtained from the solution
that was obtained from the master equation.
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2.2.3.1 Amplitude damping channel

The amplitude damping channel, NAD is the quantum channel that
models the evolution of a quantum system that suffers from energy loss
[46, 57]. Therefore, this channel describes a quantum density matrix that
can decay to the ground state from its excited state with probability γ. Such
probability is usually named damping parameter. The amplitude damping
channel has Kraus rank 2 and its error operators are

E0 =

(
1 0
0
√

1− γ

)
and E1 =

(
0
√
γ

0 0

)
. (2.13)

If we apply each of the error operators to a pure state |ψ〉 = α |0〉+β |1〉,
we will see that each of the possible outcomes that were present in Eq. 2.6
are obtained. Applying E0,

E0|ψ〉 =

(
1 0
0
√

1− γ

)(
α
β

)

=

(
α√

1− γβ

)

= α

(
1
0

)
+
√

1− γβ
(

0
1

)

= α|0〉+
√

1− γβ|1〉,

(2.14)

which, up to normalization, is the state that occurs with probability |E0|ψ〉|2 =
(1− γβ2) in Eq. 2.6 if the environment is left unchanged. If E1 is applied,

E1|ψ〉 =

(
0
√
γ

0 0

)(
α
β

)

=

(√
γβ
0

)

=
√
γβ

(
1
0

)
=
√
γβ|0〉,

(2.15)

which, up to normalization, is the state that occurs with probability |E1|ψ〉|2 =
γβ2 in Eq. 2.6 if an energy quanta is lost to the environment. In conse-
quence, we can see the equivalence relationship between the Kraus opera-
tors of the CPTP map of the amplitude damping channel and the descrip-
tion of energy loss that was given for pure states.
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Now that the amplitude damping channel has been defined, a physical
interpretation of the damping probability must be obtained. Note that
NAD describes the open evolution of ρ when subjected to relaxation. We
know that the evolution of such density matrix is described by the solution
of the Lindblad master equation with Γ1 6= 0 and Γφ = 0. This implies
that T2 = 2T1. The evolution of the density matrix is then

ρ(t) =

(
1− ρ11e

− t
T1 ρ01e

− t
2T1

ρ∗01e
− t

2T1 ρ11e
− t
T1

)
. (2.16)

Otherwise, expanding the Choi-Kraus representation of the amplitude
damping channel, it can be seen that the evolution of the density matrix is

NAD(ρ) =

(
1− (1− γ)ρ11

√
1− γρ01√

1− γρ∗01 (1− γ)ρ11

)
. (2.17)

From both Eq. 2.16 and Eq. 2.17, it is easy to see that by taking γ(t) =
1 − e−t/T1 , both expressions will be the same. This way, we can see that
the damping probability depends on how much time the system is let to
evolve, implying that the longer it evolves, it is more probable that the
quantum information is corrupted. This way we used the result of the
master equation in order to obtain the relationship between the abstraction
and the physical quantity. It is important to state that the amplitude
damping channel is an accurate model in order to describe the decoherence
of T1-limited qubits, as it is considered that the pure dephasing rate is
negligible and so the Ramsey limit is saturated.

We finish the presentation of the amplitude damping channel by show-
ing some typical values of T1. Table 2.2 shows the relaxation time of the
quantum machines that some of the companies working with experimental
quantum computers possess at the time of writing. The values of T1 vary
from several microseconds to a few hours. Such a large variation is the
result of the different technologies that are used to construct the quantum
information units of the devices. Having a longer relaxation time is better
for decoherence purposes, as it will take longer for the damping probabil-
ity to reach relevant values. However, the technologies shown in table 2.2
that present such long T1 have some drawbacks (such as slow operation or
size), and thus qubit technology selection can not be solely based on this
parameter. Note that technology evolves quickly, so the values of table 2.2
will change accordingly.
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Name T1(µs)

IBM Q System One [101] 73.9

Rigetti 32Q Aspen-7 [102] 41

Google Sycamore [60],[103] ≈ 1

Ion Q 11 Qubit [104] > 1010

Intel Q (Spin Qubits) [60],[105] > 109

Table 2.2: Relaxation times T1 for some of the quantum devices

available nowadays. Each company uses a different tech-

nology to implement the qubits of the quantum ma-

chines.

2.2.3.2 Dephasing channel

The dephasing or phase damping channel, NPD, describes the evolution
of the qubits when it is subjected to pure dephasing [46, 57]. We have seen
in the solution of the Lindblad master equation that relaxation implies
dephasing, but this channel refers to interactions that exclusively lead to
dephasing. In this channel, the probability that the phase of the qubit
suffers from decay occurs with probability λ, which is generally named as
scattering probability15. The dephasing channel, NPD, has Kraus rank 2
and acts on the qubit with density matrix ρ followed by Kraus operators

E0 =

(
1 0

0
√

1− λ

)
and E1 =

(
0 0

0
√
λ

)
. (2.18)

In a similar fashion to what was done for the amplitude damping chan-
nel, we apply the error operators of the channel to an arbitrary pure state
|ψ〉 = α|0〉+ β|1〉. The application of E0 results in

15It is usually interpreted as the scattering probability of a photon without energy loss
[57].
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E0|ψ〉 =

(
1 0

0
√

1− λ

)(
α
β

)

=

(
α√

1− λβ

)

= α

(
1
0

)
+
√

1− λβ
(

0
1

)

= α|0〉+
√

1− λβ|1〉,

(2.19)

with probability |E0|ψ〉|2 = (1− λβ2). The effect of E1 produces

E1|ψ〉 =

(
0 0

0
√
λ

)(
α
β

)

=

(
0√
λβ

)

=
√
λβ

(
0
1

)
=
√
λβ|1〉,

(2.20)

which is the state |1〉, up to normalization, occurring with probability λβ2.

Following the rationale done for the amplitude damping channel, now we
will use the solution of the master equation in order to relate the scattering
probability with some of the physical parameters that can be measured.
Note that for the dephasing channel, the relaxation rate vanishes (Γ1 = 0)
while the pure dephasing rate (Γφ 6= 0) is finite. Consequently, the time
evolution of the qubit subjected to pure dephasing is

ρ(t) =


 1− ρ11 ρ01e

− t
Tφ

ρ∗01e
− t
Tφ ρ11


 , (2.21)

and so it can be seen that the decay only occurs for the off-diagonal ele-
ments, which are related to the phase of the qubit.

Expanding the operator-sum representation of the dephasing channel,
we obtain

NAD(ρ) =

(
1− ρ11

√
1− λρ01√

1− λρ∗01 ρ11

)
. (2.22)
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From both Eq. 2.16 and Eq. 2.17, it is easy to see that by taking λ(t) =
1−e−2t/Tφ , both expressions will be the same. Using the relation in Eq. 2.11,
the scattering probability can be rewritten as λ(t) = 1−e(t/T1−2t/T2), which
is the typical expression for λ(t) found in the literature [45, 57]. From this,
it can be seen that the phase decay caused by pure dephasing is also more
probable with time, as it happened with the damping parameter.

Table 2.3 shows the dephasing times T2, in microseconds, for the exper-
imental devices presented in table 2.2.

Name T2(µs)

IBM Q System One [101] 69.1

Rigetti 32Q Aspen-7 [102] 35

Google Sycamore [60],[103] ≈ 0.1

Ion Q 11 Qubit [104] > 106

Intel Q (Spin Qubits) [60],[105] > 103

Table 2.3: Dephasing times T2 for some of the quantum devices

available nowadays. Each company uses a different tech-

nology to implement the qubits of the quantum ma-

chines.

The table shows that the values of T2 display substantial variation
among devices, since each company uses different qubit technologies for
their machines. This is similar to what happened for the relaxation time.

2.2.3.3 Combined amplitude and phase damping channel

If the previously described amplitude and phase damping channels are
combined, a fairly complete mathematical model of qubit decoherence is
obtained, as several physical processes that corrupt quantum information
are encompassed by this abstraction. We will designate this amalgamation
of channels as the combined amplitude and phase damping channel, NAPD.

The combined amplitude and phase damping channel can be obtained
by the serial concatenation of the action of each of the individual channels.
The serial concatenation of two quantum channels, N1 and N2, with Kraus
operators E1

k and E2
l is another quantum channel, N3 = N1 ◦ N2, with

Kraus operators E3
m = E1

kE
2
l [100].
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The effect of the combined channel is then captured by the next operator-
sum representation16 with Kraus rank 3 [45]:

NAPD(ρ) = E0ρE
†
0 + E1ρE

†
1 + E2ρE

†
2, (2.23)

with the following error operators:

E0 =

(
1 0

0
√

1− γ − (1− γ)λ

)

=
1 +

√
1− γ − (1− γ)λ

2
I

+
1−

√
1− γ − (1− γ)λ

2
Z

E1 =

(
0
√
γ

0 0

)
=

√
γ

2
X + i

√
γ

2
Y

E2 =

(
0 0

0
√

(1− γ)λ

)
=

√
(1− γ)λ

2
I−

√
(1− γ)λ

2
Z,

(2.24)

where I,X,Y,Z are the Pauli matrices. We use Pn to refer to the set of
n-fold tensor products of the Pauli matrices Pn = {I,X,Y,Z}⊗n [40]. The
damping, γ, and the scattering, λ, probabilities, as well as their correspond-
ing time evolutions, are defined as in earlier sections of this work.

If we now consider the combination of Eq. 2.23 and Eq. 2.24, the time
evolution of an arbitrary quantum state with density matrix ρ can be ob-
tained as

ρ→ NAPD(ρ) =

(
1− (1− γ)ρ11 ρ01

√
1− γ − (1− γ)λ

ρ∗01

√
1− γ − (1− γ)λ (1− γ)ρ11

)

=

(
1− ρ11e

− t
T1 ρ01e

− t
T2

ρ∗01e
− t
T2 ρ11e

− t
T1

)
,

(2.25)

where ρij corresponds to the element of the matrix ρ in row i and column
j. This expression is the same as the solution to the Lindblad master equa-
tion in Eq. 2.10 and, thus, the combined amplitude and phase damping

16Note that in order to obtain this set of Kraus operators, the composition done here is
NAPD = NPD ◦NAD. The result for the composition with the inverse order is equivalent,
but the set of Kraus operators obtained by doing so is different. Note that the Kraus
representation of a quantum channel is not unique [106].
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channel is a fairly complete mathematical model to describe the decoher-
ence suffered by a qubit. This last expression shows that the qubits are
likely to decohere if the operation time (either information transmission,
processing or storage) t is of the same order of magnitude as either the
relaxation time (t ≈ T1) or the dephasing time (t ≈ T2). This means that
the reliability time of a qubit is defined by T1 and T2, and so the run times
of the algorithms that will be executed on such devices will be limited to
the aforementioned reliability time17.

2.2.4 TWIRL APPROXIMATIONS OF QUANTUM CHANNELS

The combined amplitude and phase damping channel introduced in the
previous section embodies an accurate mathematical depiction of several
decoherence processes that corrupt the quantum information that is pro-
cessed in a quantum device, transmitted between machines or stored in a
quantum memory. Thus, the application of this model to create QECCs
that will guarantee the stability of quantum information in the presence of
decoherence seems reasonable. Unfortunately, the fact that the dimensions
of the Hilbert spaces of n-qubit composite systems scale with a factor of
2n makes matters increasingly more complex, since this implies that the
classical simulation of quantum algorithms or error correction mechanisms
may ultimately turn into an intractable problem. For example, a simple
surface code of distance d = 5 needs 25 physical qubits, which is a system
that has a Hilbert space with 33 millions of dimensions [45]. As a result,
the error dynamics of QECC schemes cannot be efficiently modeled on clas-
sical computers18 by using Eq. 2.25, meaning that an approximation that
is manageable employing conventional methods must be found.

In this section we present how approximated channels that can be effi-
ciently simulated on classical computers are obtained by using a quantum
information theory technique called twirling [45, 107, 108, 109, 110, 111].
Additionally, we justify why QECCs designed for the twirled channels will
also be valid for the original channel, and why those approximated channels
are indeed tractable as classical problems. This means that the quantum
computing community has access to the necessary design tools working

17The motivation behind QECCs is to extend the reliability times of qubits so that
time demanding algorithms can be effectively executed in the quantum devices.

18We assume that these QECC systems will be designed on classical computers due to
the lack of practical quantum machines at the time of writing.
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with algorithms that rely only on the classical machines that are available
in this day and age.

2.2.4.1 The Gottesmann-Knill theorem and the Pauli channel

The decoherence model presented in section 2.2.3.3 in the form of the
combined amplitude and phase damping channel cannot be efficiently im-
plemented on a classical computer when multiqubit systems are considered.
The quandary then becomes which quantum systems can be efficiently sim-
ulated using classical methods, if any at all.

Such a question is answered by the Gottesman-Knill theorem for stabi-
lizer circuits19 [46, 47]. The theorem states the following [46]:

Theorem 2.2.2 (Gottesman-Knill Theorem). Suppose a quantum compu-
tation is performed using only the following elements: state preparations
in the computational basis, Hadamard gates, phase gates, controlled-NOT
gates, Pauli gates, and measurements of observables in the Pauli group
(which includes measurement in the computational basis as a special case),
together with the possibility of classical control conditioned on the outcomes
of such measurements. Such computation can be efficiently simulated on a
classical computer.

This theorem shows that certain quantum computations that involve
very complex and highly entangled states are actually tractable problems
for classical computers. The stabilizer formalism does not describe all pos-
sible quantum computations, but it does so for a sizeable quantity of these
operations.

As a consequence of Theorem 2.2.2, it is desirable to operate with a
quantum channel whose dynamics are described by the stabilizer formalism,
so that the error model of the system can be efficiently included in the
classical simulation. In quantum information theory, the Pauli channel,
NP, is the CPTP map that transforms the quantum state with density
matrix ρ as

NP(ρ) =(1− px − py − pz)IρI + pxXρX + pyYρY

+ pzZρZ,
(2.26)

19We will use the term “stabilizer formalism” to refer to the quantum circuits that
are constructed according to the restrictions that are described in the Gottesman-Knill
theorem.
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where the constants {px, py, pz} are interpreted as the probabilities of each
specific operator impinging on the state ρ. The Kraus operators of this
channel are

√
pAA, with A ∈ P1.

The operation of each of the error operators on a qubit |ψ〉 is given by
the operation of the Pauli matrices described before.

Following Eq. 2.26, we see that NP maps qubits |ψ〉 onto a linear
combination of the original state (I), the phase-flipped state (Z), the bit-
flipped state (X) and the phase-and-bit-flipped state (Y), where the sum is
weighted by the probabilities pA,A ∈ P1. The symmetric instance of this
channel20 is a widely used model for decoherence in quantum information
theory [31, 32, 33, 34, 11, 35, 36, 37, 6, 5, 38, 39] and it is known as the
depolarizing channel ND. The expression Eq. 2.26 then simplifies to

ND(ρ) = (1− p)ρ+
p

3
(XρX + YρY + ZρZ) , (2.27)

and p receives the name of depolarizing probability. This symmetric in-
stance of the Pauli channel represents the worst case scenario for the family
of channels, as all the possible errors are equally likely to happen [57].

The generalization of the Pauli channel from Eq. 2.26 to an n-qubit
system is mathematically described by

N (n)
P (ρ) =

∑

A∈Pn
pAAρA, (2.28)

where pA is the probability for each of the n-fold Pauli operators, A ∈ Pn,
to occur.

Observing Eq. 2.26, Eq. 2.27 and Eq. 2.28, it is clear that the dynam-
ics of these channels are described by only using Pauli operators. By the
Gottesman-Knill theorem (theorem 2.2.2), these quantum channel instances
can be efficiently simulated on classical computers, and consequently, it is
worthwhile to relate the decoherence processes described in the previous
sections, and mathematically modeled via the combined amplitude and
phase damping channel, to the transformations described by the Pauli
channel. It is clear that the Pauli channel is incapable of capturing the
exact manner in which the combined amplitude and damping channel cor-
rupts input states, as there is no combination of px, py and pz that makes

20The scenario where px = py = pz = p/3 and pI = 1− p.



54 CHAPTER 2. Preliminaries of Quantum Information

NP(ρ) = NAPD(ρ). However, we can use techniques of quantum informa-
tion theory to engender approximations of NAPD that are in the form of a
Pauli channel.

2.2.4.2 Approximating quantum channels with Twirling

In the prior section, we discussed the fact that quantum operations re-
quire an exponential number of parameters to completely describe them.
Naturally, this leads to the conclusion that the simulation of such quan-
tum constructs using classical resources cannot be efficiently performed.
However, tools aiming at overcoming the issue of exponential parameter
growth21, by successfully extracting useful partial information of the quan-
tum dynamics, have been developed in the literature. This information
extraction can be performed using a technique called twirling. Twirling is
an extensively used method in quantum information theory to study the
average effect of general quantum noise models via their mapping to more
symmetric versions of themselves [45, 107, 108, 109, 110, 111]. Generally,
twirling a quantum channel N comes down to averaging the composition
U† ◦ N ◦ U for unitary operators U(ρ) = UρU† that are randomly chosen
according to some probability measure µ(U) [107, 110]. The resulting chan-
nel

N̄ U (ρ) =

∫

U
dµ(U)U† ◦ N ◦ U(ρ)

=

∫

U
dµ(U)U†N (UρU†)U,

(2.29)

receives the name of twirled channel. A particularly important scenario, and
the one we will consider in this thesis, is the case where the distribution
over the unitaries µ(U) is discrete. For such a case, the dynamics of the
twirled channel are given by

N̄ U (ρ) =
∑

l

µ(Ul)U†l ◦ N ◦ Ul(ρ)

=
∑

l

µ(Ul)U
†
lN (UlρU†l )Ul,

(2.30)

where µ(Ul) is a probability distribution over Ul.
21This issue is not limited to the classical simulation of quantum dynamics. For ex-

ample, quantum metrology requires an exponential number of experiments (e.g. Nuclear
Magnetic Resonances (NMR)) to determine the physical parameters of a quantum sys-
tem.
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Twirling a channel over some unitary is useful to analyze the average
effects that said quantum channel produces. However, the serviceability
of the information that the twirled channel provides is not clear, nor is
the concept of how an approximated more symmetric channel constructed
via twirling can be employed to design QECC schemes capable of fighting
realistic decoherence. This conundrum is answered by the following lemma
[107], which introduces a fundamental way in which the approximations of
decoherence models can be realised to construct QECCs with the twirling
method presented in this thesis.

Lemma 2.2.1. Any correctable code for the twirled channel N̄ is a cor-
rectable code for the original channel N up to an additional unitary correc-
tion.

The proof of lemma 2.2.1 is given in [107]. The importance of the
lemma resides in the idea that designing QECCs that correct errors for
an approximated channel obtained by twirling will also correct errors of
the original channel up to unitary correction. This allows us to design
error correction codes for the twirled channel, which, due to the lemma,
will still be valid for the original channel. The analysis conducted for the
approximated channels will not be precise due to the fact that parts of
the evolutions of the density matrices will be lost when operating with
the twirled channels instead of the original ones. Nevertheless, work in
the literature has shown that the estimations obtained using the twirling
methods presented here are accurate [112].

Pauli Twirl Approximation (PTA)

An extensively used type of twirl is the Pauli twirl. This twirl consists in
averaging the original channel N with the elements of the n-fold set of Pauli
operators Pn weighted in an equiprobable manner. Since the cardinality of
Pn is 4n, the Pauli twirled channel deduced from Eq. 2.30 will be [107]

N̄Pn(ρ) =
1

4n

4n∑

l=1

PlN (PlρPl) Pl =
1

4n

4n∑

l=1

Pl

(∑

k

EkPlρPlE
†
k

)
Pl,

(2.31)
where the Ek are the Choi-Kraus error operators of the channel under study
and Pl ∈ Pn are the n-fold Pauli operators.
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Next we show that the above expression reduces to

N̄Pn(ρ) =
4n∑

l=1

χlPlρPl, (2.32)

where the coefficients of the expansion are given by [108]

χl =
∑

k

|α(k)
l |2
2n

, with α
(k)
l =

Tr[EkPl]

2n/2
. (2.33)

To that end, we expand the Choi-Kraus error operators Ek using the
Pauli basis, that is,

Ek =
4n∑

l=1

α
(k)
l

Pl
2n/2

. (2.34)

By the orthogonality of the of the {Pl} under the trace, i.e., Tr(PlPk) = 0,

if l 6= k and 2n, otherwise, the coefficients α
(k)
l can be calculated as

α
(k)
l =

Tr[EkPl]

2n/2
. (2.35)

Substituting, Eq. 2.34 into Eq. 2.31 yields,

N̄Pn(ρ) =
1

4n

4n∑

l=1

4n∑

j=1

4n∑

i=1

(∑

k

α
(k)
j α

(k)∗
i

2n

)
PlPjPlρPlPiPl, (2.36)

where the fact that elements of the n-fold Pauli operators are hermitian
has been used. Note that

PlPjPl =

{
Pj if l = j;
±Pj if l 6= j.

Furthermore, when i 6= j and l sweeps from 1 to 4n, half of the terms
PlPjPl are Pj and half −Pj . Therefore, by denoting Υ+

j,i and Υ−j,i the sets
of Pauli operators that make PlPjPlρPlPiPl = PjρPi and PlPjPlρPlPiPl =
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−PjρPi, respectively, expression Eq. 2.36 can be splited as

N̄Pn(ρ) =
2n

4n




∑

j,i:Υ+
j,i,i 6=j

(∑

k

α
(k)
j α

(k)∗
i

2n

)
PjρPi −

∑

j,i:Υ−j,i,i 6=j

(∑

k

α
(k)
j α

(k)∗
i

2n

)
PjρPi




+
4n

4n

4n∑

j=1

(∑
k |α

(k)
j |2

2n

)
PjρPj =

4n∑

j=1

χjPjρPj .

(2.37)

Note that as Tr(N̄Pn(ρ)) = 1 so that the outcome of the channel is a valid
density matrix, then the χl elements must sum to one, i.e.,

∑4n

l=1 χl = 1.
This can be easily checked by using the completion of the Choi-Kraus error
operators, i.e.,

∑
k E
†
kEk = I and the expansion in Eq. 2.34.

In other words, the off-diagonal elements22 of the original channel are
eliminated [107]. For this reason, applying the Pauli twirl to a general
quantum channel N will result in a twirled channel with the structure of
the Pauli channel. The probabilities for each of the elements of the n-qubit
Pauli operators can be calculated using Eq. 2.33 and Eq. 2.35. Addition-
ally, we know from the Gottesman-Knill theorem that quantum CPTP
maps with such a structure can be simulated efficiently on classical com-
puters. Lemma 2.2.1 implies that we can design QECCs using this twirled
approximation in order to construct QECCs for the original channel N ,
and that such error correction methods will maintain their error correcting
capabilities over the original channel. As a result, we will be able to design
QECC families for realistic quantum computers by designing and simulat-
ing them on classical computers based on approximating the channels by
Pauli twirling.

We now proceed with the application of the Pauli twirl to the model of
decoherence presented in section 2.2.3.3 in the form of the combined am-
plitude and phase damping channel NAPD. For this purpose, we first write
the transformation of the density matrix induced by the channel presented

22By off-diagonal elements we refer to the cross products of Pauli matrices PjρPi, with
j 6= i, that arise when writing the Choi-Kraus operators in the Pauli basis as in Eq. 2.34.
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in Eq. 2.25, as a function of the Pauli matrices

NAPD(ρ) =
2− γ + 2

√
1− γ − (1− γ)λ

4
IρI

+
γ

4
XρX +

γ

4
YρY

+
2− γ − 2

√
1− γ − (1− γ)λ

4
ZρZ

− γ

4
IρZ− γ

4
ZρI +

γ

4i
XρY − γ

4i
YρX,

(2.38)

where Eq. 2.24 is used to express the Kraus operators in the Pauli basis.
As stated in Eq. 2.31, twirling the combined amplitude and phase damping
channel by the Pauli operators P1 will remove the off-diagonal elements of
Eq. 2.38, resulting in the twirled channel

N̄P1
APD(ρ) =

2− γ + 2
√

1− γ − (1− γ)λ

4
IρI

+
γ

4
XρX +

γ

4
YρY

+
2− γ − 2

√
1− γ − (1− γ)λ

4
ZρZ.

(2.39)

It is obvious that the channel shown in Eq. 2.39 exhibits the form of
a Pauli channel Eq. 2.26. The probabilities for each of the possible Pauli
errors in Eq. 2.26 are

px = py =
γ

4
=

1

4

(
1− e

−t
T1

)

pz =
2− γ − 2

√
1− γ − (1− γ)λ

4

=
1

4

(
1 + e

−t
T1 − 2e

−t
T2

)
,

(2.40)

where we used the time dependencies of the damping and scattering prob-
abilities obtained from the solution to the master equation [45, 111]. This
asymmetric channel takes the form of the depolarizing channel Eq. 2.27
when the relaxation time and the dephasing time are the same T1 = T2.

Consequently, twirling a general quantum channel by the set of n-fold
Pauli operators Pn results in an approximated channel with the same form
as a Pauli channel that will be efficiently implementable on a classical
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machine thanks to the Gottesman-Knill theorem (theorem 2.2.2). We will
use the term Pauli Twirl Approximation (PTA) [45] to refer to the family of
channels that are obtained using this symmetrization process. The process
is simple, as it is based on rewriting the Kraus operators of the original
channel in the Pauli basis and then eliminating the off-diagonal terms of
the density matrix evolution equation.

When performing a Pauli twirling to the combined amplitude and phase
damping channel, the resulting probabilities px and py for the bit-flip (X)
and the phase-and-bit-flip (Y), respectively, turn out to be equal, reducing
the degrees of freedom of the PTA to two. By defining the asymmetry
coefficient [60, 111]

α =
pz

px
= 1 + 2

1− e
t
T1

(
1−T1

T2

)
e
t
T1 − 1

. (2.41)

one can rewrite the expression for the Pauli channel Eq. 2.26 as

NP(ρ) =(1− p)IρI +
p

α+ 2
XρX

+
p

α+ 2
YρY +

αp

α+ 2
ZρZ,

(2.42)

where p = px + py + pz. Note that α in Eq. 2.41 is a time-dependent
parameter. However, if the coherent time duration t of the task is assumed
to be negligible compared to the relaxation time T1, it can be approximated
as

α
t<<T1−−−−→ α ≈ 2

T1

T2
− 1. (2.43)

Based on this approximation, the data from tables 2.2 and 2.3 can be
used to determine the degree of asymmetry of existing quantum devices
under the PTA. This is shown in Table 2.4. Note that PTAs obtained
for the different quantum technologies give rise to large variations on the
asymmetry parameter, ranging from the depolarizing channel (α ≈ 1) to
channels presenting very strong asymmetry levels (α ≈ 106).

Clifford Twirl Approximation (CTA)

Another twirling operation used for the purpose of channel approxima-
tion is known as Clifford twirling. For this twirl, an arbitrary channel N is
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Name α

IBM Q System One [101] ≈ 1

Rigetti 32Q Aspen-7 [102] ≈ 1

Google Sycamore [60],[103] ≈ 10

Ion Q 11 Qubit [104] ≈ 104

Intel Q (Spin Qubits) [60],[105] ≈ 106

Table 2.4: Asymmetry coefficients, α, for some existing quantum

devices. Different companies use different technologies

to implement the qubits in their quantum machines.

averaged with the elements of the n-fold Clifford group C⊗n1 [113] weighted
equiprobably, as in the Pauli twirl. Using the discrete twirling case as in
Eq. 2.30, the Clifford twirled channel will be [108]

N̄ C⊗n1 (ρ) =
1

|C⊗n1 |
∑

Cl∈C⊗n1

C†lN
(

ClρC†l

)
Cl

=
1

|C⊗n1 |
∑

Cl∈C⊗n1

∑

k

C†lEkClρC†lE
†
kCl,

(2.44)

where as before, the Choi-Kraus operator-sum representation ofN has been
used, and | · | refers to the cardinality of a set.

Expression Eq. 2.44 can be further expanded by noting that the n-fold
Clifford group C⊗n1 is the semi-direct product of the n-fold Pauli operators,
Pn, and the symplectic group, S⊗n1 , of dimension n [114, 115]. Thus, the
elements Cl ∈ C⊗n1 can be written as Cl = PjSm with Pj ∈ Pn and Sm ∈
S⊗n1 [108, 114]. This way, the Clifford twirl can be written as

N̄ C⊗n1 (ρ)

=
1

|C⊗n1 |
∑

Sm

4n∑

j=1

∑

k

S†mPjEkPjSmρS†mPjE
†
kPjSm,

(2.45)

with Sm ∈ S⊗n1 and Pj ∈ Pn. The cardinality of the Clifford group is
|C⊗n1 | = |Pn||S⊗n1 |.

By observing expression Eq. 2.45, it can be concluded that Clifford
twirling a quantum channel N is equivalent to first Pauli twirling the chan-
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nel and then performing a symplectic twirl [108]. That is

N C⊗n1−−→ N̄ C⊗n1 ≡ N Pn−−→ N̄Pn S
⊗n
1−−−→ N̄ C⊗n1 . (2.46)

The action of each step can then be summarized as [108]:

1. Pn-twirl: the effect of the Pauli twirl has been extensively studied
in the last section. Twirling an arbitrary quantum channel N by Pn
will lead to a Pauli channel as in Eq. 2.31.

2. S⊗n1 -twirl: the effect of the symplectic twirl on the PTA obtained in
step 1 is the mapping of each of the non-identity Pauli operators to a
uniform sum over the 3 non-identity Pauli operators. The application
of the symplectic twirl to the PTA channel obtained in step one is:

N̄ C⊗n1 (ρ) =
1

|S⊗n1 |
∑

Sm

∑

j

χjS
†
mPjSmρS†mPjSm, (2.47)

where the coefficients χj are the PTA coefficients. In order to analyze
the effect of the symplectic twirl, we rewrite Eq. 2.47 as [108]

N̄ C⊗n1 (ρ) =
1

|S⊗n1 |
∑

Sm

n∑

ω=0

(nω)∑

νω

3ω∑

iω=1

χω,νω ,iωS†m

Pω,νω ,iωSmρS†mPω,νω ,iωSm,

(2.48)

where the Pauli operators have been split based on indexes ω which
gives the weight23 of a Pauli operator Pj , νω which counts the number
of distinct ways that ω non-identity Pauli operators can be placed
in the corresponding n-tensor product, and iω = {i1, · · · , iω} with
iβ = {1, 2, 3} denotes which of the three non-identity Pauli operators
occupies the position βth inside the n-tensor product. Now fixing ω

23Number of non-identity factors of the tensor product.
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and νω, the action of the symplectic twirl for each term is

1

|S⊗n1 |

3ω∑

iω

χω,νω ,iω
∑

Sm

S†mPω,νω ,iωSmρS†mPω,νω ,iωSm

=


 1

3ω

3ω∑

iω

χω,νω ,iω




3ω∑

iω

Pω,νω ,iωρPω,νω ,iω

= ξω,νω

3ω∑

iω

Pω,νω ,iωρPω,νω ,iω ,

(2.49)

so one can observe that the symplectic twirl maps each of the non-
identity Pauli operators to a uniform sum over the 3 non-identity
Pauli operators, as stated earlier. For this reason, the expression for
the Clifford twirled channel in Eq. 2.48 is

N̄ C⊗n1 (ρ) =

n∑

ω=1

(nω)∑

νω=1

ξω,νω

3ω∑

iω

Pω,νω ,iωρPω,νω ,iω , (2.50)

with coefficients ξω,νω = 1
3ω
∑3ω

iω
χω,νω ,iω .

From equation, Eq. 2.50 it is easy to deduce that by applying the Clif-
ford twirl to an arbitrary quantum channel N , a Pauli channel will be
obtained. However, this case differs from the PTA case that an additional
degree of symmetrization is performed, since the probabilities of Pauli oper-
ators that share the same weight and spatial position regarding non-identity
operators will be uniformly summed over the 3 non-identity Pauli opera-
tors. This symmetrization process results on a quantum channel with fewer
parameters, as the probabilities of the error operators that share the weight
and spatial distribution of non-identity factors will now have the same prob-
abilities of occurring. In general, this was not true for the PTA channels.
Note that as in the PTA case, the Clifford twirled channels will fulfill the
Gottesman-Knill theorem, and so it will be possible to efficiently implement
them on classical computers.

We now apply the Clifford twirl to the combined amplitude and phase
damping channel, NAPD. As done for the PTA channels, we use the expan-
sion of the channel in the Pauli basis (refer to Eq. 2.38), and then apply
the two previous steps to this expansion:
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1. Pn-twirl: the application of the Pauli twirl has been addressed in
section 2.2.4.2. The obtained NAPD is the Pauli channel given in
Eq. 2.39.

2. S⊗n1 -twirl: from the previous discussion, the symplectic twirl maps
each of the non-identity Pauli operators to the uniform sum over the
three non-identity Pauli operators. In consequence, and following
Eq. 2.50, the Pauli channel of Eq. 2.39 results in

N̄ C
⊗n
1

APD(ρ) =
2− γ + 2

√
1− γ − (1− γ)λ

4
IρI+

2 + γ − 2
√

1− γ − (1− γ)λ

12
(XρX

+ YρY + ZρZ),

(2.51)

where p =
2+γ−2

√
1−γ−(1−γ)λ

4 is the depolarizing probability given by
p = px + py + pz, where px, py, pz are given in Eq. 2.40.

The channel Eq. 2.51 has the form of a symmetric Pauli channel. In
other words, it has the structure of the so-called depolarizing channel in
Eq. 2.27. Moreover, by using the temporal expressions of the probabilities
of the PTA in Eq. 2.40, the depolarizing probability of the Clifford twirled
channel is related to the physical parameters of a quantum device as

p =
2 + γ − 2

√
1− γ − (1− γ)λ

4

=
3

4
− 1

4
e
−t
T1 − 1

2
e
−t
T2 ,

(2.52)

where T1 and T2 are the relaxation and dephasing times, respectively.

Consequently, twirling an arbitrary quantum noise channel N by the
n-fold Clifford group C⊗1 will result in an approximated channel having
the form of a Pauli channel whose principal characteristic is that the error
operators that have the same weight and non-identity operator distribution
in the tensor product will have the same probability of occurring. For the
one qubit case, this implies that the resulting channel is a depolarizing
channel. We will use the term Clifford Twirl Approximation (CTA) to
refer to the family of channels obtained by this symmetrization method.

As already mentioned, the most important aspect of the PTA and CTA
channels is the fact that they are efficiently implementable on classical
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computers, since they fulfill the Gottesman-Knill theorem (theorem 2.2.2).
This is especially interesting in the field of QECC design, given that from
lemma 2.2.1 we will be able to design these codes without the need for
actual quantum computers.

2.2.5 QUANTUM MEMORYLESS CHANNELS AND CHAN-
NELS WITH MEMORY

In the previous section, we presented a symmetrization method called
twirling that can be used to approximate general quantum channels to PTA
and CTA Pauli channels that can be efficiently implemented on classical
computers. Generally speaking, PTA and CTA channels act collectively
on n qubits, see Eq. 2.39 and Eq. 2.51, and they are both reduced to
n-qubit Pauli channels with different degrees of symmetrization. More
degrees of symmetrization can be obtained for the n-qubit twirled channels
with extra twirling operations such as permutation twirls [107, 108]. These
twirled channels are also efficiently implementable, but in order to obtain
the probability distributions that define the specific Pauli channel that
comes out as a PTA or CTA, the original channel N must be modeled.
The interaction processes between the elements of an n-qubit system can be
quite subtle, and, as stated in section 2.2.1, it is reasonable to assume that,
if certain conditions apply, each of the qubits of the system will interact
with the environment in an independent and similar way. Additionally,
simplified memory effects can be employed to express the interactions that
each of the qubits has with its counterparts. Consequently, we will be able
to use the expressions obtained for the PTA and CTA of the combined
amplitude and phase damping channel for 1 qubit in order to simulate
decoherence over complex n-qubit quantum states.

Most of the research related to quantum channels considers a scenario
in which the corruption of the input quantum states occur independently
and identically [31, 32, 33, 34, 35, 36, 37, 38, 39, 60, 111]. If two different
quantum states are corrupted by the same channel, the noise applied to the
first transmitted state is assumed to be independent of the noise applied
to the second state. This can be seen as the channel having no “memory”
of previous events, which is why such a configuration is known as a mem-
oryless quantum channel. The memoryless assumption simplifies the noise
induced input-output mapping of quantum states, and provides an accu-
rate portrayal of particular physical events. For instance, communication
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schemes whose signalling rate is low to allow the environment to reset, or
scenarios in which a magnetic field is applied to reset the memory of the
channel, can be accurately modeled using the memoryless configuration
[116].

However, memoryless quantum channels cannot be used to model all
quantum communication systems. In optical fibers (a typical medium to
transmit quantum information), sufficiently high signalling rates cause the
environment to respond to each successive transmission in a way that is
correlated to previous ones [117], [118]. In quantum information proces-
sors, quantum bits can be so closely spaced that cross-talk may occur and
the channel noise might be correlated [119], [120]. These two scenarios
exemplify situations in which applying the popular memoryless noise con-
figuration would not provide a realistic description of the corresponding
physical events. Instead, these systems require a quantum channel model
that integrates memory effects. We introduce such a model in the sequel,
where we begin by discussing memoryless quantum channels and proceed by
extending them to the more general model of quantum channels exhibiting
memory.

2.2.5.1 Memoryless quantum channels

In [121], the authors describe a specific scenario in which applying a
memoryless quantum channel is appropriate. They assume that the se-
quence of signals is transmitted over the physical medium in an ordered
fashion and at a constant speed and that the environment undergoes a
dissipative process which resets it to a stable configuration on a timescale
τ , known as the channel relaxation time24 of the medium. Then, if the
rate at which each successive signal is transmitted is much lower than the
inverse of the channel relaxation time, i.e R < 1

τ , the physical event can be
represented by a memoryless quantum channel.

Generally speaking, a memoryless channel affecting a system of n qubits
is comprised by the tensor product of the channels affecting each of the
individual qubits of the system. Mathematically, this is expressed as

N (n) =
n⊗

j=1

N j , (2.53)

24This refers to the time the channel requires to come back to an idle state.



66 CHAPTER 2. Preliminaries of Quantum Information

where N j refers to the noise channels that individually affect each of the
qubits. Furthermore, it is a common assumption when dealing with this
type of channels that the interaction that each qubit has with the envi-
ronment is identical. Thus, the memoryless expression Eq. 2.53 is reduced
to

N (n)(ρ) = N⊗n(ρ), (2.54)

where now N is the one-qubit decoherence model that will equally affect
each of the elements of the quantum system. Therefore, for the decoherence
model based on the combined amplitude and phase damping channel, the
memoryless channel for an n-qubit system will be expressed as

N (n)(ρ) = N⊗nAPD(ρ), (2.55)

where NAPD is described by the error operators in Eq. 2.24.

However, as explained in section 2.2.4, we will not be able to efficiently
implement this channel on a classical computer. The solution is to work
with the corresponding PTA and CTA channels, which are known to fulfill
the Gottesman-Knill theorem and to have the structure of n-qubit Pauli
channels.

As seen in sections 2.2.4.2 and 2.2.4.2, the one-qubit channels obtained
by twirling the combined amplitude and phase damping channel are the
Pauli channel for the PTA case and its symmetric instance or depolarizing
channel for the CTA. Accordingly, the n-qubit channels that arise in an
identical and memoryless manner from these channels will have the struc-
ture of the n-qubit Pauli channels in Eq. 2.28

N (n)(ρ) = N⊗nP (ρ) = N (n)
P (ρ) =

∑

A∈Pn
pAAρA, A ∈ Pn (2.56)

where A = A1⊗· · ·⊗An−1⊗An with Aj ∈ P1 denotes each of the possible
n-fold Pauli error operators, with probability distribution pA

pA =

n∏

j=1

pAj . (2.57)

The last probability expression comes from the fact that the channel acts
independently on each of the qubits and the fact that A =

⊗n
j=1 Aj , Aj ∈

P1. Therefore, the probability of the total error event A will be given by the
product of the probabilities of each of the individual qubits error events.
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2.2.5.2 Quantum Channels with Memory

Quantum information can sometimes be exposed to physical events
that exhibit spatial or temporal correlations. The outcome of the general
twirling approximations of n-qubit channels also shows features related to
these phenomena. To obtain simplified channels capable of representing
such interactions, twirled channels with the ability to integrate memory
effects are necessary. For this purpose, we must find how to model cor-
relations in PTA and CTA channels. To that end, we need to model the
conditioned probability distribution P(An|An−1⊗An−2⊗· · ·⊗A1),Aj ∈ P1,
that is, the probability of the current 1-qubit PTA or CTA error event con-
ditioned by all the previous error events. This way, the expression for the
general n-fold Pauli channel described in Eq. 2.28 can be written as

N (n)
P (ρ) =

∑

A∈Pn
pAAρA

=
∑

A∈Pn




n∏

j=1

P(Aj |Aj−1 ⊗ · · · ⊗A1)


AρA.

(2.58)

The most studied class of quantum channels with memory is the family
of channels with Markovian correlated noise [122, 123, 124], which con-
siders noise models in which quantum objects are transformed via the
application of maps whose elements are randomly generated by a clas-
sical Markov process. Markov processes describe sequences of events in
which the probability of each event depends only on the previous event, i.e.
P(Aj |Aj−1 ⊗Aj−2 ⊗ · · · ⊗A1) = P(Aj |Aj−1). For this type of channel, the
correlation between the single qubit Pauli operators of the set P1 can be
described by means of a 4-state Markov chain [125, 126, 127, 128]. This can
be seen in Figure 2.9, where each state corresponds to one of the single qubit
Pauli operators. The transition probability from a previous error state Aj−1

to the current error state Aj is denoted by qAj |Aj−1
= P(Aj |Aj−1), where

Aj ,Aj−1 ∈ P1.

A possible way to capture the temporal correlation of Pauli operators
over a channel with memory is to introduce the so called correlation param-
eter µ ∈ [0, 1], where µ = 0 indicates zero correlation and µ = 1 indicates
perfect correlation. This correlation parameter was originally presented
in [129], where the authors derive the first comprehensive quantum infor-
mation characterization of memory effects in a continuous variable setup.



68 CHAPTER 2. Preliminaries of Quantum Information

I X

Z Y

P (I|Y )

P (Y |I)

P (Z|X)

P (X|Z)

P (I|I)
P (X|I)

P (Z|I) P (X|Y )

P (X|X)

P (I|X)

P (Y |Z)
P (Z|Z)

P (I|Z)

P (Y |Y )

P (Y |X)

P (Z|Y )

Figure 2.9: State diagram of the Markov chain that describes the

correlation between two consecutive qubit Pauli opera-

tors in a channel with Markovian memory.
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Specifically, a continuous variable model of quantum memory channels that
accurately portrays the transmission of quantum objects (photons encoded
with information) through optical fibers characterized by finite relaxation
times is proposed. The model describes each channel use as an indepen-
dent bosonic mode, and along with two parameters, enables the description
of multiple communication scenarios. In terms of the time delay between
each successive transmission of a photon ∆t and the relaxation time τ of
the optical fiber, the model enables the representation of a memoryless con-
figuration (∆t� τ), intersymbol interference memory (∆t ∼ τ) [130], or a
perfect memory configuration (∆t� τ) [131]. As shown in [129] and [132],
the transmissivity of the optical fiber ε (in the beam-splitter configuration
considered for the model) plays the role of a memory parameter and it can

be approximated by ε ≈ e−
∆t
τ . For more abstract memory modeling, we

can define the correlation parameter µ and assume, as in previous works
[121, 128, 132], that it can be quantified in terms of the time delay be-
tween successive channel uses and the relaxation time of the environment:
µ ≈ e−∆t

τ .

A model introduced in [124] considers that two successive channel uses
are related by the transition probability qAj |Aj−1

defined as

qAj |Aj−1
= (1− µ)pAj + µδAj−1Aj , (2.59)

where δAj−1Aj is the Kronecker delta function and pAj is the probability
that Pauli operator Aj ∈ P1 is imposed on the transmitted quantum state.
As a consequence, considering a quantum channel with memory defined by
Markovian correlated noise, the joint probability pA is given by

pA = pA1qA2|A1
· · · qAn|An−1

, (2.60)

for each n-fold Pauli operator A ∈ Pn. The resulting Markovian Pauli
channel, NMP, will thus have the following structure

N (n)
MP(ρ) =

∑

A∈Pn
pA1qA2|A1

· · · qAn|An−1
AρA, (2.61)

where A = An ⊗An−1 ⊗ · · · ⊗A1 with Aj ∈ P1.

In this manner, Markovian Pauli memory channels, NMP, can be cre-
ated from the PTA and CTA approximations, which allow for efficient
implementation on a classical computer.
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Arbitrary Markovian quantum channels with memory can be derived
by applying the memory effects to the error-sum operator representation of
general quantum channels [121, 133]. These models will accurately capture
the general effects that decoherence processes with memory generate over
quantum information. We expect that in the near future the research com-
munity will show increasing interest in this topic, including the development
of memory models that go beyond the Markovian paradigm. Nonetheless,
at the time of writing, the discussion provided in this section completely
describes the current state of affairs with regard to channels that are effi-
ciently implementable on classical computers and that have been used for
QECC construction. In the following of this dissertation, the noise models
considered will be memoryless.

2.2.6 QUANTUM CHANNEL CAPACITY

One of the main results of the work of Claude Shannon [43] is the
noisy-channel coding theorem, where the concept of channel capacity was
introduced. In the context of classical information theory, a rate25, R,
is said to be achievable for a noisy channel if there exists a sequence of
codes of such rate such that the probability of error of the code goes to
zero as n → ∞. The channel capacity is the supremum of all achievable
rates for a noisy channel. That is, it is the maximum rate R, in bits per
channel use, at which information can be reliably26 transmitted over the
channel. Therefore, codes with R < C will exist such that the decoding
error probability can asymptotically vanish as the length of the codewords
increases. On the contrary, no such codes exist when R > C. Note the
importance of channel capacity for the coding theorist in order to construct
channel codes.

The capacity is mathematically defined as

C = sup
px

I(X;Y ), (2.62)

where X and Y refer to the random variables associated to the channel
input and the channel output, respectively, px refers to the distribution
of the channel input random variable and I(X;Y ) refers to the mutual
information of the two random variables. The mutual information gives

25The rate of a code is the ratio between the number of information bits, k, and the
number of codeword bits, n, i.e. R = k/n.

26Reliably here means with asymptotically vanishing error probability
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a measure of the mutual dependence between the two random variables.
From Eq. 2.62, the channel capacity is then given as the supremum of
mutual information with respect to all possible input distributions px.

Quantum channel capacity is a fundamental result of quantum informa-
tion theory and it can be interpreted as the quantum analogue of the classi-
cal result obtained by Shannon [43]. The quantum capacity, CQ, is the max-
imum rate at which quantum information can be communicated/corrected
over many independent uses of a noisy quantum channel. In other words,
the concept of the quantum capacity establishes the quantum rate27, RQ,
limit for which reliable (i.e., with a vanishing error rate) quantum com-
munication/correction is asymptotically possible. Note that, traditionally,
the concept of quantum channel capacity is understood in the context of
quantum communications. In the realm of communication, it is convenient
to think of a sender (Alice) who wants to relay qubits to a receiver (Bob).
For memory or processing devices, Alice and Bob simply label the input
and output. In this way, the noise suffered by qubits due to decoherence
can be thought as the transmission of the information through a “virtual”
noisy channel [134]. Hence, we can also apply the concept of quantum chan-
nel capacity to this framework by defining it as the maximum achievable
rate by QEC that can make the stored or processed quantum information
errorless.

The definition of quantum channel capacity, CQ(N ), is similar to its
classical analogue, that is, the supremum of all achievable quantum rates
for a noise channel N [100]. The following theorem, often referred to as
the Lloyd-Shor-Devetak (LSD) theorem, relates quantum channel capacity
with the regularized coherent information of the channel [28, 100].

Theorem 2.2.3 (LSD capacity). The quantum capacity CQ(N ) of a quan-
tum channel N is equal to the regularized coherent information of the chan-
nel

CQ(N ) = Qreg(N ), (2.63)

where

Qreg(N ) = lim
n→∞

1

n
Qcoh(N⊗n). (2.64)

27The quantum coding rate, RQ, of an [[n, k]] quantum code is measured in terms of
the number of qubits transmitted per channel use, i.e. we have RQ = k/n, where this
means that k logical qubits are encoded per n physical qubits. A rate RQ is said to be
achievable for a quantum channel, N , if there exists a sequence of [[n, k]] quantum codes
such that the probability of error of the codes goes to zero as n→∞ [100].
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The channel coherent information Qcoh(N ) is defined as

Qcoh(N ) = max
ρ

(S(N (ρ))− S(ρE)), (2.65)

where S(ρ) = −Tr(ρ ln ρ) is the von Neumann entropy and S(ρE) measures
how much information the environment has.

We will not discuss the subtleties of the LSD theorem as it is out of
the scope of the dissertation. For arbitrary channels, there is no closed-
form analytical expression of the quantum capacity given in theorem 2.2.3.
However, the amplitude damping channel and its twirl approximations have
either closed-form expressions or bounds for their LSD capacities. The pure
dephasing channel does also have an analytical solution.

Amplitude damping channel

The quantum capacity of an AD channel with damping parameter γ ∈
[0, 1] is equal to [28, 100]

CQ(γ) = max
ξ∈[0,1]

H2((1− γ)ξ)−H2(γξ), (2.66)

whenever γ ∈ [0, 1/2], and zero for γ ∈ [1/2, 1]. H2(p) is the binary entropy
in bits, i.e., H2(p) = −p log2(p)− (1− p) log2(1− p).

Pure dephasing channel

The quantum capacity of a PD channel with scattering parameter λ ∈
[0, 1] is equal to [100]

CQ(λ) = 1−H2

(
1−
√

1− λ
2

)
, (2.67)

whenever λ ∈ [0, 1], and again H2(p) is the binary entropy.

Combined amplitude and phase damping channel

There is no single-letter formula for the combined amplitude and phase
damping channel at the time of writing. However, an upper bound can be
obtained by using the bottleneck inequality [135]

CQ(N1 ◦ N2) ≤ min{CQ(N1), CQ(N2)}. (2.68)
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Figure 2.10: Quantum capacity of the amplitude damping channel

as a function of the damping parameter.

Pauli channels

An expression for the quantum capacity of the widely used Pauli chan-
nels remains unknown [100]. However, a lower bound that can be achieved
by stabilizer codes, the hashing bound, CH, [100] is known. The reason why
the quantum capacity of a Pauli channel can be higher than the hashing
bound, i.e. CQ ≥ CH, is the degenerate nature of quantum codes [136],
which arises from the fact that several distinct channel errors affect quan-
tum states in an indistinguishable manner.

The hashing bound for a Pauli channel defined by the probability mass
function p = (pI, px, py, pz) is given by [100]

CH(p) = 1−H2(p). (2.69)

H2(p) = −∑j pj log2(pj) is the entropy in bits of a discrete random variable
with probability mass function given by p.
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Figure 2.11: Quantum capacity of the pure dephasing channel as a

function of the scattering parameter.

To sum up, quantum channel capacity gives the maximum achievable
quantum rate that the quantum coding theorist can aim in order to con-
struct codes with asymptotically vanishing error rates. Closed-form ex-
pressions for such quantity exist for the amplitude damping channel and
the pure dephasing channels. Both for the combined amplitude and phase
damping channel and the family of Pauli channels, the best we can do at
the time of writing are bounds for their capacity.

2.3 QUANTUM ERROR CORRECTION

Previously we have described how to model decoherence processes, and
how to obtain twirled approximated channels from these general models
so that they can be appropriately simulated on classical computers. In
consequence, the twirled channels we construct will be implementable in
run-of-the-mill classical machines available at this moment in time. This
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is a significant step forward in the endeavour of the quantum information
community to construct QECC families for the NISQ and post-NISQ-era,
before quantum machines that can take advantage of these error correction
methods can be constructed.

Design and simulation of error correction methods for the Pauli channel
have been exhaustively studied by the quantum information community and
are well documented [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 60, 111, 128, 137].
All those codes are constructed within the Quantum Stabilizer Code frame-
work [30] and, thus, will fulfill the conditions of the Gottesman-Knill theo-
rem (including the entanglement-assisted versions), and so we will be able
to implement them in regular computers. The key to implement Pauli
channels on classical machines is the Pauli-to-binary isomorphism, which
maps elements of the Pauli operator set onto binary strings [57, 137]. Es-
tablishing this isomorphism between these sets enables researchers to assess
the performance of designed QECC families via Monte Carlo simulations
in a fashion reminiscent of classical coding theory.

In this section we describe the Pauli-to-binary isomorphism and the way
in which this mapping can be used to simulate the performance of QECCs
on classical computers. With this goal in mind, we also discuss basic stabi-
lizer coding, syndrome measurements, and error discretization. Addition-
ally, we provide a simple example to see how the Word Error Rate (WER)
and the QuBit Error Rate (QBER) of a quantum error correction method
can be obtained via Monte Carlo simulation. Both WER and QBER are
used as figures of merit when gauging the error correcting capability of the
QECC schemes.

Note that in the remainder of this dissertation when we write QEC
we refer to the family of stabilizer codes. Other approaches to quantum
computation and error correction exist, such as bosonic codes [91, 92], but
here we focus our research and discussions on stabilizer coding.

2.3.1 KNILL-LAFFLAME THEOREM AND ERROR DISCRETIZA-
TION

Before presenting the theory of stabilizer codes, some important results
about the general theory of quantum error correction must be discussed, so
that the construction of the stabilizer family can be introduced in a logical
and coherent manner.
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We begin with the following theorem, which defines the conditions that
a quantum error correcting code must fulfill to protect quantum information
from a particular noise process N . We refer to this theorem as the quantum
error correction conditions or the Knill-Lafflame theorem [46, 138].

Theorem 2.3.1 (Knill-Lafflame theorem). Let C ⊂ H⊗n2 be a quantum
code defined as a subspace of the 2n-dimensional Hilbert space, that is, the
state space of the n-qubit system to be protected, and let P be the projector
onto C. Let N be a noise operation defined by Kraus operators {Ej}. A
necessary and sufficient condition for the existence of an error-correction
operation R correcting N on C is that

PE†jEkP = αjkP, (2.70)

for some Hermitian matrix of complex numbers α.

We call the Kraus operators {Ej} errors. If the recovery operation R
exists, we say that {Ej} constitutes a correctable set of errors.

Theorem 2.3.1 states the conditions that any quantum error correcting
code must verify in order to correct a specific error operator N . At first
glance, it seems that the ability that any code has to correct errors will be
limited to a finite set {Ej} errors operators, something that appears to be
an important limitation. However, QECCs are actually significantly more
powerful due to the following theorem known as discretization of errors
[46, 138].

Theorem 2.3.2 (Discretization of errors). Suppose C is a quantum code
and R is the error-correction operation to perform recovery from a noise
process N with Kraus operators {Ej}. Suppose that F is another noise
process with Kraus operators {Fk} which are linear combinations of the
Ej operators, i.e. Fk =

∑
j ξkjEj for some matrix ξ of complex numbers.

Then, the error correction operation R also corrects for the effects of the
noise process F on the code C.

This result is momentous, since quantum codes designed to correct a
finite number of Kraus operators, they will also be able to correct an in-
finite set of noise processes, i.e., any linear combinations these of Kraus
operators. In particular, when considering the previous twirled channels,
the discretization of errors means that any code that is able to correct a
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subset of n-fold Pauli operators in Pn will also be able to correct any linear
combinations of these Pauli operators.

This result is invaluable when designing and simulating QECCs effi-
ciently on a classical computer, since it allows us to do so by just considering
discrete sets of errors represented by n-fold Pauli operators. Considering
that the set of errors that have to be tested is discrete, it will be possible
to represent the errors using binary notation, i.e. in a way that classical
computers can manage.

2.3.2 STABILIZER CODES

The set of n-fold Pauli operators Pn together with the overall factors
{±1,±i} forms a group under multiplication. This group is known as the n-
fold Pauli group Gn [40]. A stabilizer code is defined by an abelian subgroup
S ⊂ Gn. For a [[n, k, d]] unassisted28 stabilizer code encoding k logical
qubits into n physical qubits with distance29 d, the stabilizer set has 2n−k

distinct elements up to an overall phase, and it is generated by n − k
independent generators30. The stabilizer code C(S) associated with the
stabilizer set S is then defined as

C(S) = {|ψ̄〉 ∈ H⊗n2 : M |ψ̄〉 = |ψ̄〉, ∀M ∈ S}, (2.71)

where H⊗n2 denotes the complex Hilbert space of dimension 2n, which is
the state space of systems formed by n qubits. Note that C(S) is given by
the simultaneous +1-eigenspace defined by the elements31 of S.

Figure 2.12 presents the general scheme for stabilizer codes that cor-
rect a noise operation N . The unitary U maps the input information word
|ψ〉 ∈ H⊗k2 to the codespace |ψ̄〉 ∈ C(S) ⊂ H⊗n2 with the aid of the ancilla
qubits |0〉⊗n−k. The existence of such a unitary that takes the arbitrary

28In this section we discuss stabilizer coding without entanglement-assistance for
the sake of brevity. However, the methods presented here are equally valid for the
entanglement-assisted formulation.

29The distance of a stabilizer code is defined as the minimum weight of the Pauli
operators that belong to the normalizer of the stabilizer. The normalizer of the stabilizer
consists of the elements of the n-fold Pauli group that commute with all the generators
of the stabilizer but do not belong to the stabilizer.

30Stabilizer codes are represented by n − k generators, given that the rest are combi-
nations of them. This provides a compact representation of the code.

31The simultaneous eigenspace is generated by the n− k independent generators, and
so the code is defined by them.
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U
|ψ〉

|0〉⊗n−k
|ψ〉

N
|ψ〉N Syndrome

extractor

|ψ〉N
U†

s

Syndrome
Decoder

R

R

|ψ〉N |ψ̃〉

Figure 2.12: General schematic of a stabilizer QECC.

input states |ψ〉|0〉⊗n−k to the codespace is guaranteed32 [40]. The encoded
state then experiences the action of a quantum channel N , which is de-
scribed as one of the approximated twirl channels with the structure of a
Pauli channel that have been introduced earlier in this work. The noisy
quantum state, |ψ̄〉N , must then be corrected by a recovery operation. The
fundamentals of quantum mechanics establish that measuring a quantum
state forces its superposition state to collapse, which causes the loss of the
quantum information contained in the original state. Therefore, the the-
ory of quantum error correction codes must circumvent this issue. This
is achieved by measuring in an indirect way the so-called syndrome of the
error s̄. Such a measure avoids the destruction of the quantum state and
allows us to garner information regarding the error that will be used to
estimate the best recovery operation R.

The error syndrome s̄ is defined as a binary vector of length n− k, i.e.,
s̄ ∈ (F2)n−k, that captures the commutation relationship between the gen-
erators of the stabilizer set S and the Kraus error operators of the channel.
By the twirled approximation the error operators {Ek} are elements of the
Pauli group, i.e., Ek ∈ Gn. Furthermore, as already stated, the designed
codes will also correct any linear combinations of the error operators33

{Ek}. It is common knowledge that any two elements of the n-fold Pauli
group either commute or anticommute. For this reason, any error oper-
ator E will either commute or anticommute with each of the generators
Sj , j ∈ {1, · · · , n − k}, of the stabilizer set, and the components sj of the

32Such unitary can be formed up to a global phase by using O(n2) generators of the
Clifford group H, P and CNOT [40, 113].

33For stabilizer codes, the effect of error discretization comes from the syndrome mea-
surement [46, 57].
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error syndrome capture their relationship as

ESj = (−1)sjSjE . (2.72)

That is, sj will be zero or one depending if E and Sj commute or anticom-
mute, respectively.

To construct a circuit that can extract the syndrome for each of the
generators Sj , consider the received noisy quantum state |ψ̄〉N = E|ψ̄〉.
Then the vector |ψ̄〉N is an eigenstate of each of the generators of the
stabilizer set S associated to the ±1 eigenvalues, i.e.

Sj |ψ̄〉N = SjE|ψ̄〉 = (−1)sjESj |ψ̄〉 = (−1)sjE|ψ̄〉
= (−1)sj |ψ̄〉N ,

(2.73)

where the particular value out of the two possible eigenvalues depends on
the commutation relationship between the channel error and the stabilizer
generator. As a result, in order to determine the syndrome of the error
that takes place in a specific channel instance, the eigenvalue of Sj must
be measured [40]. Figure 2.13 presents a circuit built to perform such
measurements.

Sj

|0〉

|ψ〉N |ψ〉N

H H sj

Figure 2.13: Quantum circuit that measures the syndrome associ-

ated to each of the stabilizer generators Sj . The H

blocks stand for Hadamard gates and the Sj is a con-

trolled unitary gate with the stabilizer generator as its

unitary.

Once the error syndrome is obtained, it is used to decode or estimate
the recovery operation that will correct the corrupted quantum information
state. Syndrome decoders of quantum stabilizer codes depend on the spe-
cific QECC family construction [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 60, 111,
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128, 137]. In general, optimal decoding of quantum stabilizer codes must
consider the phenomenon known as degeneracy [136, 139], a feature which
has no equivalence in classical coding. In degenerate quantum codes, there
are sets of different error operators that have the same effect in the trans-
mitted codeword. Although it should be possible to exploit this property
in the decoding process (and also for the design of better codes), the design
of decoders that can efficiently perform the so-called Degenerate Quantum
Maximum Likelihood Decoding (DQMLD) remains unsolved for stabilizer
codes in general34. Current decoding of these codes is approached in terms
of Quantum Maximum Likelihood Decoding (QMLD), which ignores error
degeneracy and undertakes the decoding task as in the field of classical
linear block codes. Building effective degeneracy-exploiting decoders is out
of the scope of this dissertation, so it will not be discussed further.

The last steps in the error correction operation are the application of
the inverse of the encoding operation (unitary U†), followed by the use of
the recovery operation R, which depends on the results of the syndrome
decoder.

2.3.3 PAULI-TO-BINARY ISOMORPHISM

In this section we present the Pauli-to-binary isomorphism as a way to
express the operation of QECCs as binary vectors, which are generally re-
ferred to as symplectic strings. We begin by defining a one-to-one mapping
between the set of Pauli matrices P1 of one qubit and the set of binary
strings of length two, and then extrapolating this mapping to the case of
more dimensions (i.e., more qubits). To that end, we first review some
facts regarding the set of Pauli matrices P1, Pauli group G1 and the effec-
tive Pauli group [G1]. Pauli matrices are Hermitian unitary matrices with
eigenvalues equal to ±1 and Table 2.5 shows their product operation.

Note that the elements of the table are elements of the Pauli group
G1. Given that neglecting the overall phase has no observable consequences
[137], it makes perfect physical sense to ignore it and construct an equiv-
alence class of matrices [G1] = {[I], [X], [Y], [Z]}, where [A] refers to the
equivalence class of matrices equal to A up to an overall phase. This equiv-
alence class forms an Abelian group under the multiplication operation
defined as [A][B] = [AB]. The product relationships of this equivalence

34Quantum turbo codes are decoded exploiting degeneracy [36, 37].



Quantum error correction 81

× I X Y Z

I I X Y Z
X X I iZ −iY
Y Y −iZ I iX
Z Z iY −iX I

Table 2.5: Multiplication table for the Pauli matrices. Pauli matri-

ces either commute or anticommute.

class are shown in table 2.6. In the literature, this equivalence class [G1]
receives the name of effective Pauli group.

× I X Y Z

I I X Y Z
X X I Z Y
Y Y Z I X
Z Z Y X I

Table 2.6: Multiplication table for the effective Pauli group. With a

slight abuse of notation we refer to the equivalence class

[A] as A.

We now consider the Abelian group of binary strings of length two
(F2)2 = {00, 01, 10, 11}, with the usual modulo-2 addition (refer to Table
2.7). Note that if the modulo-2 product is also considered, (F2)2 becomes
a vector space over the field F2.

+ 00 01 11 10

00 00 01 11 10
01 01 00 10 11
11 11 10 00 01
10 10 11 01 00

Table 2.7: Addition table for the binary vectors of length two under

modulo-2 addition of their elements.
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Note that any element u ∈ (F2)2 can be partitioned35 as u = (z|x),
where z, x ∈ F. Having said that, we now define the bilinear form [137]
called symplectic form or symplectic product �, in the vector space (F2)2.
The symplectic product, � : (F2)2 × (F2)2 → F2, is defined as:

u� v = (zx′ + z′x) mod 2, (2.74)

where u = (z|x) and v = (z′|x′). Table 2.8 shows the values of this sym-
plectic product for the elements of (F2)2.

� 00 01 11 10

00 0 0 0 0
01 0 0 1 1
11 0 1 0 1
10 0 1 1 0

Table 2.8: Computation of the symplectic product for the binary

vectors of length two.

We are now ready to consider the one-to-one map Υ : (F2)2 → P1

defined in Table 2.9. Note that any element u = (z|x) in (F2)2 is mapped
into ZzXx up to a phase factor, i.e. is mapped to the equivalence class
Υ(z|x) = [ZzXx], previously defined.

(F2)2 P1

00 I
01 X
11 Y
10 Z

Table 2.9: Mapping Υ of the Pauli matrices to the elements of the

set of length two binary vectors.

The following two important properties of Υ also hold [137]:

35Note that the isomorphism presented here can be also done taking u = (x|z), which
is also common in the quantum information theory literature. Both are equivalent.
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• From tables 2.6 and 2.7, the map [Υ] : (F2)2 → [G1] is an isomorphism.
That is,

[Υu][Υv] = [Υu+v]. (2.75)

• From tables 2.5 and 2.8, the commutation relationships between the
Pauli matrices are captured by the symplectic product for binary
vectors of length two. That is,

ΥuΥv = (−1)u�vΥvΥu. (2.76)

Note that by using Υ, we may represent Pauli operators as binary strings
of length two, and still be able to capture the commutation relationships
via the symplectic product.

The next step is to extend the isomorphism to the n-fold set of Pauli
operators in order to cope with systems that have n qubits. The elements
of the n-fold set of Pauli operators Pn are tensor products of individual
Pauli matrices, and so the equivalence class [·] for these elements of the
Pauli group will be defined in the same way, i.e. the set [Gn] = {[A] : A ∈
Pn}. The operation of this equivalence class will be the product defined as
[A][B] = [A1B1] ⊗ [A2B2] ⊗ · · · ⊗ [AnBn] = [AB], and this set will also be
an Abelian group under multiplication, as it was the case for the 1 qubit
scenario.

Having defined the n-fold effective Pauli group, we now proceed, as in
the previous case, by considering the vector space (F2)2n under the usual
sum and product mod-2 operations. Any element ū ∈ (F2)2n will be written
as ū = (z̄|x̄), where z̄ = z1 · · · zn ∈ (F2)n and x̄ = x1 · · ·xn ∈ (F2)n. Now,
the symplectic product for ū, v̄ ∈ (F2)2n is the application � : (F2)2n ×
(F2)2n → F2 defined as

ū� v̄ =
(
z̄x̄′T + z̄′x̄T

)
mod 2 =


∑

j

uj � vj


mod 2, (2.77)

where ū = (z̄|x̄), v̄ = (z̄′|x̄′), uj = (zj |xj) ∈ (F2)2, vj = (z′j |x′j) ∈ (F2)2 and
T denotes the transpose. Notice that we are representing the strings as
row vectors. Consequently, the symplectic inner product of the 2n length
binary string will be the Boolean sum of the symplectic product of the n
(F2)2 elements that form such a string.
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The map Υ is now performed individually for each of the elements of
the n-fold tensor product that form each of the elements of Pn, namely,
the map Υ : (F2)2n → Pn is taken as Υū = Υu1 ⊗ Υu2 ⊗ · · · ⊗ Υun . It
is trivial to see that this map has been selected so that Υ(z̄|x̄) is equal to
Zz̄Xx̄ = Zz1Xx1 ⊗ Zz2Xx2 ⊗ · · · ⊗ ZznXxn up to an overall phase.

The n-fold map, Υ, verifies de following two properties [137]:

• The map [Υ] : (F2)2n → [Gn] is an isomorphism as

[Υū][Υv̄] = [Υū+v̄]. (2.78)

• The commutation relationships of the n-fold Pauli matrices are cap-
tured by the symplectic product as

ΥūΥv̄ = (−1)ū�v̄Υv̄Υū. (2.79)

Based on these results, the n-fold Pauli error operators of the Pauli
channels can be represented by binary vectors of length 2n. Similarly,
since the generators of a stabilizer set S of a code are n-fold Pauli matrices,
by using the n-fold map, Υ, any stabilizer code can also be described by a
binary matrix known as parity check matrix (PCM), as in classical coding.
More explicitly, the PCM of a stabilizer code is the (n− k)× 2n matrix:

H = (Hz|Hx) , (2.80)

where each row of the matrix is obtained by applying the map Υ to each of
the (n − k) stabilizer generators. Moreover, since the symplectic product
captures the commutation relationships that exist among the n-fold Pauli
matrices, the PCM H of a code can be used to obtain the error syndrome
arising from the Pauli error operators of the channel. The syndrome s̄(ε̄)
of a particular error E , with binary representation ε̄, is calculated as

s̄(ε̄) = H � ε̄, (2.81)

where the symplectic product between the matrix and the error vector is
performed row-wise, that is to say, each of the components of the syndrome
is obtained by computing the symplectic product of the associated row of
the PCM and the error operator. As a direct result of this, we will be able to
evaluate the performance of the target stabilizer code by conducting Monte
Carlo simulations as it is detailed in Appendix C. An error correction round
of the system can be broken down into the following steps:
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1. Generate a binary error pattern, ε̄, of length 2n, with a probability
distribution derived from the particular Pauli channel under consid-
eration and the isomorphism Υ.

2. Calculate the syndrome associated to such an error s̄(ε̄) by using the
symplectic product in Eq. 2.81.

3. Run the syndrome decoder that has been implemented for the par-
ticular QEC stabilizer code under study. Although the syndrome
decoder depends on the stabilizer code under consideration [31, 32,
33, 34, 35, 36, 37, 38, 39, 40, 60, 111, 128, 137], its decoding algorithm
is always entirely classical. The decoding algorithms that will be used
in this thesis are described in Appendix B. The quantum operation
implemented for final recovery depends on the result of the syndrome
decoder.

4. Check if the estimated recovery operation in this error correction
round has been successful in its attempt to revert the channel er-
ror. This depends on whether error degeneracy is taken into account
when defining the “success” of the decoding scheme [136, 139]. This
happens because for QECCs, the physical error that is sometimes esti-
mated does not always match the error that actually occurred during
transmission, however, the corresponding estimated logical error does
indeed match the logical error produced by the actual physical error.
This implies that even if the physical error is not correctly estimated,
quantum information will be successfully recovered.

Multiple error correction rounds will be required to obtain performance
metrics with sufficient accuracy. These metrics will quantify the error cor-
recting capability of the code under consideration. The most common met-
rics used to evaluate the performance of quantum error correcting codes
are:

• Quantum Word Error Rate: it is the probability that at least one
qubit in the block is incorrectly decoded, i.e., a decoding failure is
accounted for if just one of the operators of the error operators is
incorrectly estimated.

• QuBit Error Rate: it is the probability that an individual qubit is
incorrectly decoded, i.e. in each transmission round, each of the op-
erators of the error operator is individually considered.
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As explained in point 4, these operational figures will depend on whether
the physical errors or their associated logical errors are considered. Both
figures of merit are used in the literature when assessing the performance
of stabilizer codes [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 60, 111, 128,
137], and in both cases the WER and QBER obtained without considering
degeneracy will be upper bounds for the WER and QBER that could be
achieved if degeneracy were exploited. The minimum number of rounds
required to obtain precise estimates of these metrics is given by the theory
of Monte Carlo simulations as explained in Appendix C.

2.3.4 EXAMPLE: [[5,1,3]] STABILIZER CODE

In this section we present a simple example of an error correction round,
to understand how classical simulation of QECCs works.

Consider the [[5, 1, 3]] stabilizer code defined by the following stabilizer
generators:

S1 = Z Z Z Z I
S2 = Z X Y I Z
S3 = X X X X I
S4 = X Y Z I X

. (2.82)

Figure 2.14 shows a possible encoding circuit for this quantum error
correction code. The encoding unitary is constructed by using elements of
the Clifford group [113]. We will not discuss here how the unitaries are
obtained from the stabilizer generators, but its derivation is based on a
Gaussian-like elimination of the parity check matrix [30]. Note that for
the current discussion of how classical simulation of this code works, the
encoding circuit is unnecessary. However, the encoder circuit should be
considered if one wants to introduce gate errors in the simulations36, which
is not our case.

36Note that the errors introduced by the gates will be circuit-dependent, and so ob-
taining the encoding circuit with the lower error probability is important for obtaining
the best possible QECC.
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|0〉

|0〉 H P • •

|0〉 • •

|0〉 H P • H • •

|ϕ〉 • H •

|ψenc〉





Figure 2.14: Quantum circuit for encoding the [[5, 1, 3]] stabilizer

code. H and P stand for the Hadamard and Phase

gates, respectively.

By using the map Υ defined in section 2.3.3, the parity check matrix of
this stabilizer code is

H =




1 1 1 1 0 0 0 0 0 0
1 0 1 0 1 0 1 1 0 0
0 0 0 0 0 1 1 1 1 0
0 1 1 0 0 1 1 0 0 1


 . (2.83)

The next step in the simulation is to generate binary error patterns and
then obtain their syndromes so that error estimations can be obtained from
these syndromes. The probability distributions used to simulate the chan-
nel are the distributions for the twirled approximated channels presented
in sections 2.2.4 and 2.2.5, where the n-fold Pauli operators are mapped to
binary vectors via the map Υ. For our particular example we consider a
memoryless depolarizing channel. In this example, a decoding round will
be performed for each of the following error patterns:

• ε̄1 =
(
0 0 0 0 0 0 0 1 0 0

)
which maps to the physical er-

ror E1 = I⊗ I⊗X⊗ I⊗ I.

• ε̄2 =
(
1 0 0 0 1 1 1 0 0 0

)
which maps to the physical er-

ror E2 = Y ⊗X⊗ I⊗ I⊗ Z.

• ε̄3 =
(
1 0 1 0 1 0 1 1 0 0

)
which maps to the physical er-

ror E3 = Z⊗X⊗Y ⊗ I⊗ Z.
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The corresponding error syndromes s̄(ε̄j) are calculated from equation
Eq. 2.81, and are given by:

• s̄(ε̄1) = H � ε̄1 =
(
1 1 0 1

)
.

• s̄(ε̄2) = H � ε̄2 =
(
0 1 1 1

)
.

• s̄(ε̄3) = H � ε̄3 =
(
0 0 0 0

)
.

Once the error syndrome is found, it has to be fed to the decoding
algorithm so that the best recovery operator may be found. Decoding sta-
bilizer codes is substantially nuanced given that the optimal task differs
from the classical decoding version due to degeneracy [139]. In general,
quantum decoding strongly depends on the code and the channel model
under consideration. Nonetheless, QMLD is still a valid decoding algo-
rithm, even though it is not optimal. Here, we will ignore degeneracy, and
consequently, the QMLD syndrome decoder reduces to the lookup table
shown in Table 2.10.

s̄
(
0 0 0 0

) (
0 0 0 1

) (
0 0 1 0

) (
0 0 1 1

)

R I⊗5 I⊗4 ⊗ Z I⊗3 ⊗ Z⊗ I Z⊗ I⊗4

s̄
(
0 1 0 0

) (
0 1 0 1

) (
0 1 1 0

) (
0 1 1 1

)

R I⊗4 ⊗X I⊗4 ⊗Y I⊗2 ⊗ Z⊗ I⊗2 I⊗ Z⊗ I⊗3

s̄
(
1 0 0 0

) (
1 0 0 1

) (
1 0 1 0

) (
1 0 1 1

)

R I⊗3 ⊗X⊗ I I⊗X⊗ I⊗3 I⊗3 ⊗Y ⊗ I I⊗2 ⊗Y ⊗ I⊗2

s̄
(
1 1 0 0

) (
1 1 0 1

) (
1 1 1 0

) (
1 1 1 1

)

R X⊗ I⊗4 I⊗2 ⊗X⊗ I⊗2 I⊗Y ⊗ I⊗3 Y ⊗ I⊗4

Table 2.10: Lookup table used to perform syndrome decoding of

the stabilizer code considered in the example. Since

the channel is assumed to be a memoryless depolarizing

channel and degeneracy is ignored, the most probable

error for each syndrome will be the one with the lowest

weight that produces said syndrome.

Note that the recovery operators (called representatives) in the lookup
Table (table 2.10) are themselves Pauli operators. This is because n-fold
Pauli operators are Hermitian and unitary matrices, so that A2 = I, ∀A ∈
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Pn. Therefore, the n-Pauli representative operator for a particular syn-
drome s̄ in the lookup table of the QMLD decoder is a Pauli error operator
of syndrome s̄ with the highest channel occurrence probability. After know-
ing the syndrome, the decoder multiplies the corresponding representative
operator by the noisy quantum information |ψ̄〉N , so that the action of
the channel may be reversed 37. For the current example, the decoder will
render the following output states 2.10:

• s̄(ε̄1) =
(
1 1 0 1

)
→ R = I⊗2⊗X⊗ I⊗2. The resulting state after

recovery will be (I⊗2 ⊗ X ⊗ I⊗2)|ψ̄〉N = (I⊗2 ⊗ X ⊗ I⊗2)E1|ψ̄〉 = |ψ̄〉.
As a result, the code will succeed in correcting the channel error E1.

• s̄(ε̄2) =
(
0 1 1 1

)
→ R = I ⊗ Z ⊗ I⊗3. The resulting state after

recovery will be (I ⊗ Z ⊗ I⊗3)|ψ̄〉N = (I ⊗ Z ⊗ I⊗3)E2|ψ̄〉 = (I ⊗ Z ⊗
I⊗3)(Y ⊗ X ⊗ I⊗2 ⊗ Z)|ψ̄〉 = (Y ⊗ Y ⊗ I ⊗ I ⊗ Z)|ψ̄〉. Therefore, for
the channel error E2, decoding is unsuccessful. Note, that for this
decoding round, a word error will be produced with 3 qubits out of 5
in error.

• s̄(ε̄3) =
(
0 0 0 0

)
→ R = I⊗5. The state after recovery will be

(I⊗5)|ψ̄〉N = (I⊗5)E3|ψ̄〉 = (Z ⊗ X ⊗ Y ⊗ I ⊗ Z)|ψ̄〉. At first glance,
it looks like the decoder has failed to recover the correct quantum
information state, since (Z ⊗ X ⊗ Y ⊗ I ⊗ Z) 6= I

⊗
5. This would

produce a word error, with 4 qubits in error. However, in turns
out that (Z ⊗ X ⊗ Y ⊗ I ⊗ Z) lays in the codespace since is equal
to the stabilizer generator S2. Therefore, no error will be produced
since (Z ⊗ X ⊗ Y ⊗ I ⊗ Z)|ψ̄〉 = |ψ̄〉. This last error E3 belongs to
the class of errors known as degenerate errors. Hence, if degeneracy
is being considered for the computation of the performance metrics,
as it should for optimal decoding, this third decoding round will be
considered to be successful.

Note that by randomly generating error operators according to the prob-
ability distributions of the approximated twirl channels and then perform-
ing the above decoding operations, we will be able to simulate the behavior
of stabilizer codes under channels that realistically model the decoherence
processes.

37Note that Pauli matrix product is the modulo 2 sum for the binary representation
under the map Υ.
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Decoherence effects experienced by the qubits in a quantum processor
have been discussed in Chapter 2. As stated there, decoherence is often
characterized by the relaxation time (T1) and the dephasing time (T2) pa-
rameters. At the time of writing this thesis, the proposed quantum channel
models in the literature assume that these parameters are fixed and invari-
ant. This implies that the noise dynamics experienced by the qubits in a
quantum device are identical for each quantum information processing task,
independently of when the task is performed. As a consequence, the state-
of-the-art quantum error correction codes have been constructed and evalu-
ated under static noise channels [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 60, 111,
128, 137]. However, recent experimental studies have shown that the deco-
herence parameters exhibit a time-varying behaviour [51, 52, 53, 54, 55, 56].
These studies showed that T1 and T2 can experience time variations of up
to 50% of their mean value in the sample data, suggesting that qubit-based
QECCs implemented in superconducting circuits will not perform, in aver-
age, as predicted when static channels models are considered. A possible
solution to cope with channel fluctuations is to consider a worst parameters
scenario. In this way one can assure that the QECCs will operate reliably
for any realization. However, the resource consumption of QECCs designed
in this manner would be far from optimal, since a higher number of phys-
ical qubits (due to the lower rate or longer blocklength needed to correct
the worst case scenario) would be required. Furthermore, the quantum ca-
pacity for the quantum channels discussed in Chapter 2 were valid for the
case of static quantum channels. Consequently, including time fluctuations
into the framework of quantum channels implies that the asymptotically
achievable limits for quantum error correction must be reinterpreted.

Therefore, in this part of the thesis, we propose time-varying quantum
channels (TVQCs) for superconducting qubits, N (ρ, ω, t), that correctly
model the experimentally observed time variations in the parameters. We
also focus on the important subject of how to characterize channel capacity
under time variant conditions. To that end, we propose the quantum outage
probability as the asymptotically achievable error rate for QECCs when
operating over the proposed TVQCs. Finally, it is important to study how
the error correction codes perform when they operate over the proposed
TVQCs. This is why in this part we provide a qualitative analysis regarding
the implications of such decoherence model on QECCs by simulating Kitaev
toric codes and QTCs.
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CHAPTER 3

Time-varying quantum
channels

In this chapter we propose a time-varying quantum channel (TVQC) model
that includes the experimentally observed fluctuations of the decoherence
paramters of qubits. We present the experimental studies, based on super-
conducting qubits, where the fluctuations of the relaxation and dephasing
time have been observed. We study the stochastic processes that describe
the time dynamics of those parameters that define how the qubits suf-
fer from errors. Based on such analysis, we provide the definition of the
time-varying quantum channel model, N (ρ, ω, t). The proposed model is
characterized by the fact that the Kraus operators describing its dynamics
are random matrices whose behaviour is governed by the random processes
T1 and T2. We use the diamond norm [140, 141] distance between quantum
channels ||N1 −N2||� to show that neglecting the fluctuating nature of T1

and T2 may result in an unrealistic model for quantum noise. By analyzing
the statistical properties of the decoherence parameters, we assess when the
TV noise channel model will substantially deviate from the static channel
assumption.
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3.1 EXPERIMENTAL EVIDENCE

Here, we present some of the recent experiments found in the literature
regarding decoherence parameter fluctuation in superconducting qubits.
These experiments were the motivation for our time-varying quantum chan-
nel proposal.

BURNETT ET AL.

In [51], Burnett et al. studied the fluctuations of the decoherence pa-
rameters T1 and T2 for superconducting qubits. The authors mainly focused
on the relaxation time. For doing so, they measured the value of these pa-
rameters a large number of counts (N > 1000) into a calibration cycle of
the system, which is usually in the order of several hours. In each calibra-
tion cycle, the superconducting processor is restarted and cooled down to
the desired temperature. For their measurements, the authors considered
two different qubits in the quantum processor.

findings, and were able to clearly determine TLS switching rates,
as well as reveal additional diffusive motion of the TLS.
We demonstrate that sufficient statistical analysis can reveal the

TLS-based Lorentzian noise spectrum and allow for extraction of
switching rates. Importantly, this method does not require a
tuneable qubit or advanced reset protocols21 and is therefore
general to any qubit or setup. Furthermore, the lack of tuning
results in a more frequency-stable qubit and consequently less
dephasing. This enables us to go beyond the studies of Müller
et al. and Klimov et al. by studying the qubit’s frequency
instabilities due to other noise sources, which reveals a 1/f
frequency noise that is remarkably similar to interacting-TLS-
induced 1/f capacitance noise found in superconducting resona-
tors.20,22 This frequency instability produces a limit on pure
dephasing which we observe through sequential inter-leaved
measurements of qubit relaxation, dephasing, and frequency.

RESULTS
Our circuit is made of aluminium on silicon and consists of a
single-junction Xmon-type transmon qubit23 capacitively coupled
to a microwave readout resonator (see the Methods section IV A
for more details). The shunt capacitor and the absence of
magnetic-flux tunability (absence of a SQUID) effectively decouple
the qubit frequency from electrical charge and magnetic flux,
reducing the sensitivity to these typical 1/f noise sources.24,25

Although these qubits lack frequency tunability, they remain
suitable for multi-qubit architectures using all-microwave-based
two-qubit-gates.26–29 The circuit is intentionally kept simple so
that the decoherence is dominated by intrinsic mechanisms and
not external ones in the experimental setup. Therefore, there are
no individual qubit drive lines, nor any qubit-to-qubit couplings. In
addition, both the spectral linewidth of the resonator and the
resonator-qubit coupling are kept small, such that photon
emission into the resonator (Purcell effect) and dephasing induced
by residual thermal population of the resonator are minimised.30 A
detailed experimental setup together with all device parameters
are found in the Methods and Table 1.
This study involves two qubits on separate chips which we

name A and B. The main differences are their Josephson and
charging energies and that the capacitor of qubit B was trenched
to reduce the participation of dielectric loss.31

First we assess the stability of the energy-relaxation time T1 by
consecutive measurements. The transmon is driven from its
ground to first-excited state by a calibrated π pulse. The qubit
state is then read out with a variable delay. The population of the
excited state, as a function of the readout delay, is fit to a single-
exponential decay to determine T1. Figure 1 shows a 65-h
measurement of two separate qubits (in separate sample

enclosures) that are measured simultaneously. The first observa-
tion is that the periods of low-T1 values are not synchronised
between the two qubits, indicating that the dominant mechanism
for T1 fluctuations is local to each qubit. (The lack of correlation is
quantified in Supplementary Fig. 6). In Fig. 1b, we histogram the T1
data: this demonstrates that T1 can vary by more than a factor 2
for both qubits, similarly to previous studies.14,17

To make a fair comparison of the mean T1 for two qubits with
different frequencies, we can rescale to quality factors (Q=
2πf01T1). We see that qubit B (Q= 1.67 × 106) has a higher quality
factor compared with qubit A (Q= 1.29 × 106). However, while the
quality of qubit B is higher, qubit B has a lower ratio of Josephson
to charging energy (see Table 1), resulting in a larger sensitivity to
charge noise and parity effects.32 Consequently, qubit B exhibits
switching between two different transition frequencies, which was
not suitable for later dephasing and frequency instability studies.
Therefore, most of the paper focuses on qubit A.
We continue by measuring T1 consecutively for approximately

128 h, and plot the decays in a colour map (Fig. 2a). Here, the
colour map makes some features of the data simpler to visualise.
Firstly, the fluctuations are comprised of a switching between
different T1 values, where the switching is instantaneous, but the
dwell time at a particular value is typically between 2 h and 12.5 h.
This behaviour (also seen in Fig. 1a) resembles telegraphic noise
with switching rates ranging from 20 to 140 μHz. Later, we
quantify these rates and their reproducibility.
The white box of Fig. 2a and inset Fig. 2b show this switching

behaviour occurring within a single iteration. The decay can be fit
to two different values of T1, one before the switch and one
afterwards. This type of decay profile is found in approximately 3%
of the iterations. In all presented T1 values (histograms or
sequential plots), the lower T1 value is used. This is motivated
by quantum algorithms being limited by the shortest-lived qubit.
The black box and inset Fig. 2c highlight a decay-profile that is

no longer purely exponential, but instead exhibits revivals. Similar
revivals have been observed in both phase33 and flux34 qubits,
and were attributed to coherently coupled TLS residing in one of
the qubit junctions. From the oscillations we extract a qubit-to-TLS

Table 1. Summary of device parameters

Parameters Qubit A Qubit B

fR 6.035 GHz 5.540 GHz

f01 4.437 GHz 3.759 GHz

f12 � f01 −0.226 GHz −0.278 GHz

EJ=h 13.42 GHz 8.57 GHz

Ec=h 0.201 GHz 0.235 GHz

EJ=Ec 66.67 36.54

ϵ=h −524 Hz −109 kHz

Note: fR is the frequency of the readout resonator and f01 that of the qubit’s
01 transition. f12− f01 is the frequency difference between the qubit’s 12
transition and 01 transition. EJ is the qubit’s Josephson energy, Ec its
charging energy, h is Planck’s constant, and ϵ its charge dispersion
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Fig. 1 Synchronous measurement of T1 in two separate qubits.
a Multiple T1 measurements performed simultaneously on qubits A
(black) and B (green). The data consists of 2000 consecutive T1
measurements that lasted a total duration of 2.36 × 105 s (approxi-
mately 65 h). b Histograms of the T1 values in a. The histograms have
been fit (solid line) to Gaussian distributions with the parameters
shown. This data was taken during cooldown 6
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Figure 3.1: (a) Measurements of T1 for both qubits considered in

[51], labelled as A (black) and B (green) (b) Fit of the

data to Gaussian distributions. This data corresponds

to cooldown 6 of their dataset. Image from [51].
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In all the cooldowns they performed, substantial variations of the relax-
ation time were observed. The parameter showed variations of up to 50%
of its mean value in the sample data for every scenario they consider and
for both of the probed qubits.

Figure 3.1 shows the data for the fluctuations of the relaxation time
of one of the experiments they conducted for both of their qubits. It can
be seen that the relaxation time fluctuates in a significant manner. The
authors fit the data to Gaussian distributions. The stochastic process that
describes the dynamics of the relaxation time was modelled as the sum of
two Lorentzian processes with the contribution of a white noise process.
Burnett et al. conducted Allan deviation and Welch-method spectral anal-
yses in order to obtain such conclusions. We will further discuss this in the
following sections.

The authors of [51] made additional measurements to characterize the
fluctuations of the dephasing time T2. The qubit pure dephasing was stud-
ied by observing the fluctuations of the qubit frequency (f01). The slow
integrated fluctuations of the qubit frequency give rise to the pure dephas-
ing time [142], Tφ. It was concluded that the pure dephasing time also
fluctuates substantially.

Furthermore, the authors made Ramsey measurements in order to see
the fluctuations of the dephasing time, T2. Note that from the relation
(refer to Eq. 2.11)

1

T2
=

1

2T1
+

1

Tφ
,

the pure dephasing parameter Tφ can also be obtained [142].

(Fig. 5f). In red, the frequency noise is modelled to A/f+ B, where
the exponent of f is 1. Similarly to the previous T1 analysis, the noise
model is scaled so that the red line has the same amplitude in both
Fig. 5e, f. In this model, the 1/f noise amplitude is A= 3.6 × 105 Hz2.

DISCUSSION
For both qubits, across all cooldowns, we found fluctuations in T1
that could be described by Lorentzian noise with switching rates
in the range from 75 μHz to 1mHz. For all superconducting qubits,
three relaxation channels are usually discussed: TLS, quasiparticles,
and parasitic microwave modes. Of these, parasitic microwave
modes should not cause fluctuation since they are defined by
the physical geometry. For quasiparticles in aluminium, we can
compare our observed slow fluctuations with quasiparticle mechan-
isms found in the qubit literature: the quasiparticle recombination
rate is 1 kHz;41 the timescale of quasiparticle number fluctuations
leads to rates in the range from 0.1 kHz to 10 kHz; and finally,
quasiparticle tunnelling (parity switching events) in transmons
have rates in the range 0.1 kHz to 30 kHz.32 Therefore, fluctuations
in the properties of the superconductor occur over rates which
differ by over six orders of magnitude compared to those found in
our experiment. Instead, we highlight that, at low temperatures,
bulk-TLS dynamics38,39 and TLS-charge noise34,37 vary over long
timescales equivalent to rates in the range from 10mHz to 100 Hz.
The observed coherent qubit–TLS coupling (Fig. 2c) is an

unambiguous sign of the existence of near-resonant TLS. Its
fluctuation follows similar time constants as the T1 fluctuations,
which constitutes clear evidence of spectral instability, as
expected from the interacting-TLS model.19,20 We therefore
attribute the origin of the T1 decay to near-resonant TLS, and
the Lorentzian fluctuations in the qubit’s T1 (shown in Figs. 3 and
4g–l) arise due to spectral instabilities of the TLS as described by
Müller et al.14 The extracted switching rates then represent the
rate at which the near-resonant TLS is changing frequency.
Similarly, the quality factor of superconducting resonators has also
been found to vary42 due to spectrally unstable TLS.
In general, we find that two separate Lorentzians are required to

describe the fluctuation. This does not necessarily imply the
existence of two near-resonant TLS—instead it is a limitation of
the analysis, as we cannot resolve the difference between, say,
two near-resonant TLS, each with two preferential frequencies, vs.
one near-resonant TLS that has four preferential frequencies. Such
a difference could be inferred by measuring the local density of
near-resonant TLS,17 although such a measurement has demon-
strated that both scenarios above are possible.17 In addition, when
repeating the measurements across multiple cooldowns, we
consistently find a near-resonant TLS that follows similar switching
statistics. Between each cooldown, the TLS configuration is
expected to completely change. Essentially, this means that the
detuning and coupling of the observed near-resonant TLS should
vary for each cooldown. However, despite any expected
reconfiguration, at least one spectrally unstable near-resonant
TLS is always found to exist.
When examining the frequency stability of qubit A, we found a

frequency noise of approximately 2 kHz, which was well described
by a 1/f amplitude of 3.6 × 105 Hz2 (Fig. 5d–f). Typically, dephasing
is thought to arise due to excess photons within the cavity,9,43 flux
noise,25 charge noise,34,37 quasiparticles tunnelling through the
Josephson junctions,32 or the presence of excess quasiparticles.44

For qubit A, the charge dispersion is calculated to 524 Hz, much
smaller than most of the observed frequency shifts. This rules out
charge noise and tunnelling quasiparticles as the main source of
the observed frequency fluctuations. Quasiparticle fluctuations
have been extensively studied,41 where the magnitude of
frequency shifts scales with the kinetic inductance. Therefore,
while they can be of order 100 kHz in disordered superconduc-
tors,45 they are much smaller in elemental superconductors. In
fact, recent experiments41 showed that the quasiparticles in
aluminium produced an un-measurably small frequency shift;
instead, the quasiparticles’ influence was revealed only by
examining correlated amplitude and frequency noise. Therefore,
not only do quasiparticles produce immeasurably small frequency
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Fig. 5 An interleaved series of 1000 T1 relaxation and T�2 Ramsey
measurements of qubit A. a Qubit frequency (f01) shift relative to its
mean (f01) determined from the Ramsey experiments. b Extracted T1
(black), T�2 (blue), and Tϕ (red). c Histogram of T�2 from the data in b.
d Histogram of the data in a. The frequency fluctuations from a are
analysed by overlapping Allan deviation (e) and by Welch-method
spectrum (f). The solid and dashed lines represent the modelled
noise, where the noise amplitudes are the same for both types of
analysis. g Histogram of Tϕ from the data in b. The solid line indicates
the Tϕ limit calculated by integrating the frequency noise from e.
h Histogram of T�2=T1 from the data in b. We find 1:4<T�2=T1<2:2 in
81.7% of the counts. This data was taken during cooldown 3
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Figure 3.2: Measurements of T1 (black), T2 (blue) and Tφ (red) for

qubit A in cooldown 3. Image from [51].
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Figure 3.2 shows the fluctuation of the three parameters through time.
It can be seen that the pure dephasing time also fluctuates substantially.
The correlation between T1 and T2 is also observable due to the similar
trend both have through the time. It is important to state that the authors
in [51] claim that their qubits are in the Ramsey limit, that is, T2 ≈ 2T1,
so that Tφ >> 2T1.

KLIMOV ET AL.

In [52], Klimov et al. studied the fluctuations of the relaxation time in
superconducting qubits. Dephasing time T2 fluctuation was not measured.
The authors considered different qubit frequencies for the T1 measurements,
that is, they studied how the relaxation rate changes through time depend-
ing on which frequency the qubit is tuned at. They conducted experiments
that last several hours by measuring the relaxation time every few minutes.

as follows: We initialize the qubit into its j0i state, excite it
into j1i, tune it to the frequency of interest, wait a variable
delay time, and then measure its state. To resolve a single T1

curve, we repeat this sequence 2000 times at each of 40 log-
spaced delays from 0.01 to 100 μs. Our active initialization
protocol takes 7 μs and has fidelity >0.99. Our readout
protocol takes 1 μs and has fidelity >0.95. With these
protocols, we can quickly resolve a T1 curve at a single
frequency in ∼2 s, and a spectroscopic T1 trace across
400 MHz with a 1 MHz resolution in ∼15 min. We have
verified that our qubit-frequency calibration is stable to
within ∓1 MHz across all of our measurements [30].
A spectrally and temporally resolved T1 data set for a

single qubit is shown in Fig. 2(a) [30]. To better illustrate the
dramatic fluctuations in T1, we show linecuts at constant
frequency [Fig. 2(b)] and constant time [Fig. 2(c)]. We see
that T1 can vary by up to an order of magnitude, and
fluctuations between extremacan happen abruptly on15-min
time scales, and across 5-MHz frequencies. The T1 distri-
butions of these line cuts are presented in Figs. 2(d) and 2(e).
In time, the distribution can have a single- or multimodal
shape, with the latter being characteristic of telegraphic
noise. In frequency, the distributions are weighted heavily
near their maxima, but have long tails towards low T1 due to
deep but sparse relaxation resonances [Fig. 2(d)].
Most regions of strong 1=T1 relaxation are characteristic

of resonant relaxation into a coupled system, such as a
TLS defect [17] or an electromagnetic cavity [30–32].
Importantly, resonant relaxation is not expected for alter-
native mechanisms such as quasiparticles, capacitor loss,
inductor loss, or radiation into a continuum [31,32]. We fit

each relaxation resonance to a Lorentzian parametrized by
the coupled system’s relaxation and transverse coupling
rates. We ascribe most resonances to defects since their
respective coupling rates range from 50–500 kHz, which
are consistent with 1 e × Å dipole moments coupling to
electric fields in the qubit capacitor or near its Josephson
junction [17,30]. Furthermore, their measured decoherence
rates range from ∼0.5–20 MHz, which are consistent
with defects previously observed similar architectures
[17,18,25]. We ascribe several weak periodic resonances
to modes in our qubit control lines and a sharp resonance
near 5.6 GHz to bleedthrough of our microwave carrier
[30]. We do not analyze the small background fluctu-
ations but believe they can be explained by weakly
coupled defects [17], quasiparticles [8], and measurement
uncertainty.
To investigate spectral diffusion, we extract the center

frequency of each defect’s Lorentzian as a function of
time, and ascribe it to that defect’s transition frequency.
We consolidate the transition frequencies of 13 defects
across several nominally identical qubits on the same chip
[Fig. 3(a)] and find that their standard deviation evolves
in time roughly diffusively as σðtÞ ¼ 2Dt1=2, with the
diffusivity D ¼ 2.5 ∓ 0.1 MHz ðhourÞ−½. Nonetheless, a
diffusion model by itself oversimplifies the dynamics.
Interestingly, defects exhibit a combination of two distinct
spectral diffusion regimes—telegraphic and diffusive.
Defects in the telegraphic regime experience discrete
jumps in frequency, while those in the diffusive regime
experience continuous drifts [Fig. 3(b)]. Below we inves-
tigate these dynamics.

FIG. 2. Spectrally and Temporally Resolved T1. (a) This dataset comprises 31,278 T1 measurements, spanning 400 MHz and
1200 minutes with 1 MHz and 15 min step sizes, respectively. Most regions of strong relaxation are consistent with defect-induced
relaxation. The resonance near 5.6 GHz, which is indicated with a black arrowhead, is due to bleedthrough of our microwave carrier.
Two linecuts at (b) constant frequency and (c) at constant time. The data are taken at the dashed lines in (a), which are color coded to the
linecuts with arrowheads. These linecuts show that T1 can fluctuate by an order of magnitude on 15 min timescales and 5 MHz
frequencies. (d) and (e) T1 distributions corresponding to the linecuts in (b) and (c).

PHYSICAL REVIEW LETTERS 121, 090502 (2018)

090502-2

Figure 3.3: Measurements of T1 at different qubit frequencies f01

with 100 MHz of difference. Image from [52].

Figure 3.3 shows measurements of T1 at two different qubit frequencies
that are separated by 100 MHz. The figure clearly shows that the relaxation
time of the superconducting qubit fluctuates substantially through time
for both of the frequencies. The authors of [52] concluded that T1 can
vary by up to an order of magnitude. Furthermore, they discuss that the
observed fluctuations present an obstacle for quantum computing since the
relaxation time limits the quantum gate fidelity (in general both relaxation
and dephasing limit gate fidelity [143]) in quantum systems.
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SCHLÖR ET AL.

In [53], Schlör et al. thoroughly studied the fluctuations of the relax-
ation time and the dephasing time for superconducting transmon qubits.
To that end, they measured the decoherence parameters of one supercon-
ducting qubit for several hours with a time resolution of 10 seconds. The
authors also measured the qubit frequency shift, ∆ωq, which is also referred
as the Ramsey detuning. As stated for the Burnett et al. experiments, the
pure dephasing time is related to the frequency shifts of the qubits.

10

a) b)

Figure 5. Data referred to in Fig. 2 (a,b) with pronounced frequency changes of about 100 kHz and Ramsey dephasing times consistently
below 15 µs even during times without relatively strong �uctuation (�rst 10 h). (b) Cross-correlations of the �uctuation strength or the
qubit frequency with the rates of pure dephasing (gray), spin echo dephasing (teal), and relaxation (red). In addition to Fig. 2(a) in the main
text, the blue and red dashed lines represent the cross-correlation for the shaded areas of four hours respectively and for clarity, a weak
smoothing is applied. At zero time delay τ , signi�cant correlation between the absolute �uctuation strength and ΓΦ, ΓE2 and Γ1 can be seen.
The cross-correlation of ∆ωq with Γ1 (dashed lines) can change its sign for di�erent intervals. This change in correlation was already seen
for the pure dephasing in Fig. 2(b). We interpret this as the result of spectral di�usion of a TLS crossing the qubit frequency.

a) b)

Figure 6. Subsequent cooldown with respect to Fig. 5 (no changes to the setup). The qubit frequency is relatively stable (mean frequency
noise of 2 kHz) and shows consistently high relaxation and dephasing times. A slow drift in frequency can be seen. (b) At zero time delay τ ,
only ΓΦ shows a small correlation (compared to the noise-level) with the absolute �uctuation strength (gray) and the qubit frequency (light
blue). No correlation with the relaxation rate was observed.

Figure 3.4: Measurements of T1 (red), T2 (green) and ∆ωq (blue).

The axis on the left refers to the times and the one in

the right refers to the frequency. Image from [53].

The results of their experiments are shown in Figure 3.4. It is again
observed that the parameters of the qubit vary substantially through time,
posing a problem for quantum computing. The authors concluded that the
decoherence parameters of their superconducting transmon qubits vary up
to an order of magnitude.

It should be mentioned that, in contrast to the qubits tested in [51],
the qubits of Schlör et al. did not saturate the Ramsey limit. Thus, they
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studied the mechanism of pure dephasing for non-T1-limited qubits and
modelled the fluctuations of the qubit frequency as a random process based
on the combination of a Lorentzian stochastic process and a 1/f1.1 process.

More experiments regarding parameter stability have been done in the
literature. In [54], Stehli et al. measured the decoherence times of four
superconducting qubits approximately every minute for several hours and
observed substantial fluctuations of those parameters. In [55], Wang et
al. studied the dependency of the parameters with the temperature of
their superconducting qubits and discussed that their values also vary in
a significant manner when the chips go to temperatures that cannot be
considered negligible. Finally, in [56], Carrol et al. measured the relaxation
time of a 20 qubit superconducting processor from IBM each day for several
months and concluded that the relaxation time significantly fluctuates in a
daily basis. It should be mentioned that in contrast to [51, 52, 53, 54] where
fluctuations that occur in a calibration cycle were studied, this last study is
more related to qubit aging and variations from calibration to calibration.

Note that all the factors and studies that consider parameter stability
are relevant for the construction of quantum computers. However, we will
focus on modelling the fluctuations of the qubits in a calibration cycle of
the hardware. Thus, the experimental studies on which we have based the
derivation of our time-varying quantum channel model are [51, 52, 53, 54].

3.2 MODELLING T1 AND T2

In this section we study the behaviour of the stochastic processes that
describe the fluctuations of the decoherence parameters of superconducting
qubits.

RELAXATION TIME

In [51], the authors model {T1(ω, t)−µT1} as the sum of three indepen-
dent zero mean stationary Gaussian random processes, two of which have
a Lorentzian power spectral density1 whereas the third process has a flat

1Power Spectral Density, (PSD, the Fourier transform of the covariance function),
K(τ) = E[(T (ω, t+ ∆t)− µT )(T (ω, t)− µT )], where E denotes the expected value.
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PSD of level h0 (i.e., white noise). That is,

T1(ω, t) = µT1 +

2∑

i=1

Lori(ω, t) +N(ω, t), (3.1)

where N(ω, t) denotes the white Gaussian process and Lori(ω, t), i = 1, 2
represents the two Gaussian random processes with Lorentzian PSD. The
authors in [51] showed that modelling T1 this way with fitted parameters
exactly matched the experimental data.

The noise PSD of a Lorentzian process is given by

Si(f) =
4(Ai)2τ i0

1 + (2πfτ i0)2
= 4(Ai)2τ i0

∣∣∣∣
1

1 + j2πfτ i0

∣∣∣∣
2

, (3.2)

where Ai is the Lorentzian noise amplitude and τ i0 is the characteristic
timescale, i = 1, 2.

From the above expression, a Lorentzian gaussian random process can
be simulated by filtering a white gaussian noise process [144], with PSD
level 4(Ai)2τ i0, using a filter with a frequency transfer function F = 1/(1 +
j2πfτ i0). Therefore, since the Lorentzian random processes Lori(ω, t), i =
1, 2 are independent, their to the simulation of T1 is obtained by adding the
two filtered processes. Finally, by adding a white noise process of power
h0, one can simulate the whole T1 process.

Name µT1 (µs) σT1 (µs) h0 (µs2Hz−1) A1 (µs) 1/τ1
0 (µHz) A2 (µs) 1/τ2

0 (µHz)

QA C5 44.49 11.7 2× 10−3 5.2 142.9 2.6 83.3
QB C5 81.63 17.01 1.4× 10−2 3.2 1000 6.6 90.9
QA C6 46.64 10.24 1.2× 10−3 4.5 333.3 1.8 71.4
QB C6 71.22 14.31 5.7× 10−3 4.2 1111.1 2.2 76.9

Table 3.1: Parameters to model T1 fluctuations in the supercon-

ducting qubits of [51]. µT1 refers to the mean relaxation

time and σT1 to its standard deviation. The nomencla-

ture for each case is the same as in [51] and is interpreted

as QX CY, being X the superconducting qubit and Y the

cooldown (in [51] several cooldowns were performed and

data about T1 was measured in each of them) of the

quantum chip.
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Table 3.1 shows the values obtained for the parameters of the noise
processes in Eq. 3.1 from experimental data measured for the supercon-
ducting qubits used in [51]. Note from this table that the ratio between
the PSD level at f = 0 of the Lorentzian processes and the level of the
white noise, 4(Ai)2τ i/h0, is of the order of 108. Therefore, the contribu-
tion of the white noise is negligible when compared to the contribution
of the Lori(ω, t) processes. This means that the PSD bandwidth of the
process T1 is approximately given by BW = maxi=1,2{1/τ i0}. This also
implies that its covariance function K1(∆t) is approximately constant for
|∆t| << Tc = 1

BW , with ∆t in the order of microseconds and Tc in the order
of minutes2. Taking into account that the processing time of current state-
of-the-art quantum algorithms3, talgo, is around a few microseconds, it is
reasonable to assume that during the execution of a quantum algorithm, the
realization of the stochastic process T1, remains constant. In other words,
T1(ω, t) can be modelled as a random variable T1(ω) = T1(ω, t)|t=0 where
t = 0 has been chosen without any loss of generality since the random pro-
cess T1 is stationary. Each realization of such random variable will remain
constant for t ∈ [0, talgo], talgo << Tc. Specifically, T1(ω) can be considered
to be a truncated Gaussian random variable (the truncation is necessary
as negative T1 values do not make physical sense) with probability density
function T1(ω) ∼ GN [0,∞](µT1 , σ

2
T1

), where the variance is obtained, based
on the parameters of table 3.1, by integrating the PSD of Eq. 3.1 in the
frequency band [−BW,BW]. We use GN [a,b](µ, σ

2) to denote a truncated
normal random variable with mean µ and variance σ2, truncated in the
time interval [a, b].

DEPHASING TIME

Recall that the qubits studied in [51] were showed to be T1-limited (T2 ≈
2T1). This fact implies that the pure dephasing noise will be negligible since
from equation Eq. 2.11, T2 ≈ 2T1 → 1/Tφ ≈ 0. Therefore, for T1-limited
superconducting qubits, neglecting the contribution of Tφ is a reasonable

2As is conventional in the context of fading channels [145], we refer to Tc as coherence
time.

3We refer to the simple NISQ algorithms that may be implemented in run-of-the-
mill hardware or to a single round of an error correcting code. The implementation of
algorithms such as the Shor algorithm would take longer processing times. Note that
without error correction, algorithms with processing times higher than the decoherence
times of the qubits will not work.
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assumption and Burnett et al. did not discuss any further the nature of
the fluctuations of Tφ.

However, most of the state-of-the-art quantum processors cannot achieve
the T2 ≈ 2T1 limit. In these cases, the existence of pure dephasing must be
taken into account. To that end, the authors of [44, 53] studied the mech-
anism of pure dephasing for non-T1-limited and modelled the fluctuations
of the qubit frequency as a random process based on the combination of
a Lorentzian stochastic process and a 1/f1.1 process4. It is easy to find
that the coherence time of the this stochastic processes is in the order
of magnitude of minutes [53] (BW ≈ 1 mHz set by the Lorentzian pro-
cess [53]). Therefore, following the same reasoning used for the relaxation
time fluctuations, and taking into account that pure dephasing time arises
from the qubit frequency process, it is reasonable to model Tφ as a ran-
dom variable Tφ(ω) = Tφ(ω, t)|t=0 whose realizations will remain constant
for t ∈ [0, talgo], talgo << Tc. Moreover, Tφ(ω) can be considered to be
a truncated Gaussian random variable with probability density function
Tφ(ω) ∼ GN [0,∞](µTφ , σ

2
Tφ

). Note that by modelling Tφ(ω) this way, and

T1 as T1(ω) ∼ GN [0,∞](µT1 , σ
2
T1

), the depahsing time T2(ω) is now obtained
from Eq. 2.11.

3.3 TIME-VARYING QUANTUM CHANNELS

We define a time-varying quantum channel, N (ρ, ω, t), as

N (ρ, ω, t) =
∑

k

Ek(ω, t)ρE
†
k(ω, t), (3.3)

where the Ek(ω, t) linear operators are the so-called Kraus operators of the
operator-sum representation of a quantum channel. Note that the matri-
ces {Ek(ω, t)} are continuous-time random processes that will determine
the time variations of the TVQC. Consequently, the channel dynamics
will experience temporal fluctuations determined by the random processes
{Ek(ω, t)}.

As described in Chapter 2, decoherence arises from a wide range of
physical processes involved in the interaction of the qubits with their en-
vironment. Nonetheless, we have seen that a fairly complete mathematical
model of these harmful noise effects can be obtained by combining the

4This refers to a stochastic process showing a S(f) ∝ 1/f1.1 PSD.
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amplitude damping channel (AD), and the phase damping or dephasing
channel (PD) into the combined amplitude and phase damping channel
(APD), NAPD. Therefore, we propose the time-varying amplitude damp-
ing channel (TVAD), the time-varying dephasing channel (TVPD) and the
time-varying combined amplitude and phase damping channel (TVAPD)
as the TVQCs associated to decoherence processes whose parameters fluc-
tuate through time. The Kraus operators of these time-varying quantum
channels are:

• Time-varying amplitude damping channels (TVAD), NAD(ρ, ω, t),

E0(ω, t) =

(
1 0

0
√

1− γ(ω, t)

)
and

E1(ω, t) =

(
0
√
γ(ω, t)

0 0

)
,

(3.4)

• Time-varying dephasing channels (TVPD), NPD(ρ, ω, t),

E0(ω, t) =

(
1 0

0
√

1− λ(ω, t)

)
and

E1(ω, t) =

(
0 0

0
√
λ(ω, t)

)
.

(3.5)

• Time-varying combined amplitude and phase damping channel (TVAPD),
NAPD(ρ, ω, t),

E0(ω, t) =

(
1 0

0
√

1− γ(ω, t)− (1− γ(ω, t))λ(ω, t)

)
,

E1(ω, t) =

(
0
√
γ(ω, t)

0 0

)
and

E2(ω, t) =

(
0 0

0
√

(1− γ(ω, t))λ(ω, t)

)
,

(3.6)

where the damping {γ(ω, t)} and scattering {λ(ω, t)} stochastic processes
are functions of the qubit relaxation time {T1(ω, t)} and the qubit dephasing
time {T2(ω, t)} stochastic processes. They are given by

γ(ω, t) = 1− e
− t
T1(ω,t) and (3.7)
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λ(ω, t) = 1− e
t

T1(ω,t)
− 2t
T2(ω,t) . (3.8)

{T1(ω, t)} and {T2(ω, t)} are modelled as wide-sense stationary random
processes with means µT1 and µT2, respectively, and with experimentally
measured PSDs as described in the previous section. As noted before, the
time realizations of those processes can be considered constant for time
intervals less than their coherence times, Tc = 1/BW. Therefore, the re-
alizations of T1 and Tφ can be modelled by truncated Gaussian random
variables. In this way, the TVQCs will remain constant for those time in-
tervals, and their Kraus operators will be fixed by the realizations of the
relaxation and pure dephasing time random variables.

3.3.1 TWIRLED APPROXIMATIONS OF TIME-VARYING QUAN-
TUM CHANNELS

As discussed in Chapter 2, twirling an arbitrary quantum channel pro-
vides us with approximated quantum channels that can be efficiently im-
plemented in classical computers.

The time-varying Pauli twirl approximation (TVPTA), NPTA(ρ, ω, t),
is the Pauli channel [111] obtained by twirling a time-varying quantum
channel by the n-fold Pauli operators Pn. Twirling the TVAD channel will
lead to the Pauli channel (TVADPTA) described by the probabilities that
each of the Pauli matrices has of taking place. Note that in this context
these probabilities are realizations of the random processes [111]:

pI(ω, t) = 1− px(ω, t)− py(ω, t)− pz(ω, t),

px(ω, t) = py(ω, t) =
1

4
(1− e

− t
T1(ω,t) ) and

pz(ω, t) =
1

4
(1 + e

− t
T1(ω,t) − 2e

− t
2T1(ω,t) ).

(3.9)

For the TVAPD channel, the TVAPDPTA approximation is described
by the realizations of the following stochastic processes for each of the Pauli
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matrices [111]

pI(ω, t) = 1− px(ω, t)− py(ω, t)− pz(ω, t),

px(ω, t) = py(ω, t) =
1

4
(1− e

− t
T1(ω,t) ) and

pz(ω, t) =
1

4
(1 + e

− t
T1(ω,t) − 2e

− t
T2(ω,t) ),

(3.10)

where, once again, T1(ω, t) and T2(ω, t) are stochastic processes.

Another twirled channel of interest is the time-varying Clifford twirl
approximation (TVCTA), NCTA(ρ, ω, t) , which for the TVAD channel will
be a depolarizing channel with depolarizing parameter [108]

p(ω, t) =
3

4
− 1

4
e
− t
T1(ω,t) − 1

2
e
− t

2T1(ω,t) , (3.11)

and for the TVAPD channel a depolarizing channel with depolarizing pa-
rameter

p(ω, t) =
3

4
− 1

4
e
− t
T1(ω,t) − 1

2
e
− t
T2(ω,t) , (3.12)

where, once more, T1(ω, t) and T2(ω, t) are stochastic processes.

It should be pointed out that although the derived time-variant chan-
nel models are based on the statistical characterization of the parameters
T1 and T2 from the experimental results in [44, 51, 53, 54], they are also
applicable to any superconducting quantum processor whose decoherence
parameters exhibit slow fluctuations. Moreover, the model is also applica-
ble to any quantum-coherent two-level system that presents similar time
dependencies, regardless of its physical implementation. For example, the
photonic systems such as the one studied in [146] with strong pure dephas-
ing fluctuations.

3.4 �-NORM DISTANCE NUMERICAL ANALYSIS

In this section we assess the difference between the widely employed
static channel models and the proposed TVQCs. We make this comparison
by using a metric known as the diamond norm distance (see Appendix D)
||N (µT1 , µT2)−N (ρ, ω, t)||�. More concretely, we perform an extensive nu-
merical analysis over the parameter space, for the different types of TVQCs
discussed in the previous section (the particular results for the supercon-
ducting qubits of [51] are presented later). We will begin by studying the
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mean value of such metric for different scenarios and then proceed to study
its variability in order to completely understand how the static and TV
channels differ.

The parameters required in the computation of the diamond norm dis-
tance between the static and time-varying channels are the mean and the
standard deviation of the random variables T1(ω), T2(ω) and Tφ(ω). Note
from Eq. 2.11 that T2(ω) is a function of the independent random variables
T1(ω) and Tφ(ω). Table 3.2 shows these parameters. The coefficients of
variation, cv = σ/µ, defined as the ratios between the standard deviations
and means of these random variables are also shown in the table. Note that
the other parameters defining the stochastic random processes T1(t, ω) and
Tφ(t, ω) are not involved in the computation of the mean diamond norm
distance. However, they were used to derive the parameters in Table 3.2
and the probability distributions of random variables T1(ω) and Tφ(ω).

Scenario µT1 σT1 cv(T1) µTφ σTφ cv(Tφ) µT2

T1-limited 100 {1, 10, 25} {1, 10, 25}% - - - -
T1 ≈ T2 100 {1, 10, 25} {1, 10, 25}% 200 {2, 20, 50} {1, 10, 25}% 100

T2-dominated 100 {1, 10, 25} {1, 10, 25}% 100 {1, 10, 25} {1, 10, 25}% 66.67

Table 3.2: Parameters used for different superconducting scenarios.

We consider the following scenarios for superconducting

qubits: T1-limited [51], T1 ≈ T2 [147] and T2-dominated

(T2 < T1) [148]. cv = σ/µ refers to the coefficient of

variation of the random variables. µT2 is calculated via

expression Eq. 2.11.

The computation of the static channels, denoted as N (µT1 , µT2), is done
by substituting the parameters T1 and T2 in the Kraus operators of the
channels (refer to section 3.3) by the mean E{T1} = µT1 and E{T2} = µT2 of
the random variables T1(ω) and T2(ω). On the other hand, the realizations
for the TV quantum channels are obtained by replacing the parameters T1

and T2 in the Kraus operators by the realizations of the random variables
T1(ω) and T2(ω), respectively.
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3.4.1 MEAN VALUE OF THE DIAMOND NORM DISTANCE

In the previous sections we have analyzed how the decoherence param-
eters of superconducting qubits fluctuate through time, and propose TV
channel models that describe these varying conditions. We concluded that
it is reasonable to assume that these parameters do not fluctuate over the
runtime of a QECC encoding-decoding round (or a short quantum algo-
rithm), but they do change from round to round if the rounds are suf-
ficiently separated in time. Note that running error corrected quantum
algorithms requires a large number of QECC rounds. For example, the
quantum algorithm in [149] requires 25 billion surface code cycles in an 8
hour runtime.

Let L be the number of rounds produced during the quantum processor

operation, and consider round k, k ∈ {1, . . . L}. If T
(k)
1 (ω) and T

(k)
2 (ω) de-

note the relaxation and dephasing times associated to this round, then the

sequence of random variables {T (k)
j (ω)}Lk=1, j = 1, 2 would be independent

and identically distributed, as explained in section 3.2. Note that the dura-
tion of a round is what we have previously called the algorithm time, talgo,
and its value is upperbounded by min{µT1 , µT2} since for times longer than
those the superconducting qubit will be very likely in its equilibrium state
and, therefore, will be useless as a resource. Later in this section, we will
illustrate that QECCs do in fact have cycle times lower than min{µT1 , µT2}
by obtaining the runtime of a Shor code round in the IBM Q 16 Melbourne
processor. To compute the TV channel operator at round k, one needs to

obtain realizations t
(k)
1 and t

(k)
2 , of the two random variables T

(k)
1 (ω) and

T
(k)
2 (ω), respectively, and compute the corresponding Kraus operators at

time t = talgo. We denote by N (ρ, t
(k)
1 , t

(k)
2 , t = talgo) this channel operator

at round k. On the other hand, the static channel operator, sets T
(k)
1 (ω)

and T
(k)
2 (ω) equal to their mean values µT1 and µT2 , and therefore they will

be constant for all rounds.

We are interested in computing the average value of the diamond norm
distance for all rounds. That is,

1

L

L∑

k=1

||N (µT1 , µT2 , t = talgo)−N (ρ, t
(k)
1 , t

(k)
2 , t = talgo)||�. (3.13)

Note that as L goes to infinity, Eq. 3.13 converges to the expected value

E{||N (µT1 , µT2 , t = talgo)−N (ρ, T
(k)
1 (ω), T

(k)
2 (ω), t = talgo)||�}.
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Figure 3.5 shows the average diamond norm distance versus algorithm
time, t, for the different superconducting qubit scenarios of table 3.2. The
range of values of t is set to t ∈ [0,min{µT1 , µT2}] and the number of
rounds to L = 20000. Note that the algorithm time has been normalized
with respect to min{µT1 , µT2}. The reason behind this normalization is to
decouple the simulations from the fact that qubits with longer decoherence
parameters will take longer to have significant mean diamond norms. In
this way, it is easier to compare in a single figure the effect of time-variation
for different qubit characteristics.

Observe that for all the scenarios considered5, the mean diamond norm
distance increases with the normalized algorithm time. An interesting con-
clusion that can be drawn from Figure 3.5 is that the impact that time
fluctuations of the decoherence parameters have on the behavior of the
mean diamond norm distance can be singled out by the coefficients of vari-
ation, cv(T1) and cv(Tφ). The higher the coefficients of variation are, the
higher the mean diamond norm distance will be. Therefore, if cv are suffi-
ciently low, a static approach might accurately represent the decoherence
processes suffered by the superconducting qubits. Figure 3.5 also shows
that the fluctuations of T1 are more relevant than the fluctuations of Tφ.
This can be observed for the APD channels and their twirled approxima-
tions since cv(T1) has more impact on the mean diamond norm distance
increase than cv(Tφ). This is not surprising considering the fact that T2 is
a function not only of Tφ but also of T1 (refer equation to Eq. 2.11), so its
fluctuations affect both relaxation and dephasing.

Given that QECCs are used to protect quantum information from deco-
herence, it is desirable for one encoding-decoding round of these quantum
information processing tasks to be short, since the longer they take the
noisier the channel becomes. Therefore, it is convenient to have algorithm
times t << min{µT1 , µT2}, which also render small mean diamond norm
distances, meaning that in average the use of static channel models may be
reasonable. However, this last conclusion is misleading since as shown later
in this section, even if the average norm is small, the spread of this metric

5It can be proven that the diamond norm distance between ADPTA and AD-
CTA channels obtained from AD channels with parameters γ1, γ2 is the same, i.e.,
||NADPTA(γ1) − NADPTA(γ2)||� = ||NADCTA(γ1) − NADCTA(γ2)||� (proof in Appendix
D), and thus Figure 3.5b will be the exact same for the mean diamond norm distance
E{||NADCTA(µT1)−NADCTA(ρ, ω, t)||�} of the TVADCTA channels.
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(c) T1 ≈ T2 TVAPD.
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(d) T1 ≈ T2 TVAPDPTA.
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(e) T1 ≈ T2 TVAPDCTA.
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(f) T2-dominated TVAPD.
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(g) T2-dominated TVAPDPTA.
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(h) T2-dominated TVAPDCTA.

Figure 3.5: Mean diamond norm distance

E{||N (µT1 , µT2)−N (ρ, ω, t)||�} between the static

and the proposed time-varying quantum channels.

The simulation for the calculation is done by using

the parameters for the different scenarios for super-

conducting qubits in table 3.2. a T1-limited TVAD. b

T1-limited TVADPTA/TVADCTA. c T1 ≈ T2 TVAPD.

d T1 ≈ T2 TVAPDPTA. e T1 ≈ T2 TVAPDCTA. f

T2-dominated TVAPD. g T2-dominated TVAPDPTA.

h T2-dominated TVAPDCTA.

for different realizations is considerable when the coefficients of variation
are large.
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Next, we justify that bounding the algorithm times for QECCs by
min{µT1 , µT2} is a reasonable assumption for current quantum processors.

t1Q (ns) t2Q (ns) t∆ (ns) tmeas (ns)

100 ≈ 500 20 ≈ 300

Table 3.3: IBM Q 16 Melbourne values for 1-qubit gate time (t1Q),

2-qubit gate time (t2Q), delay time (buffer) between op-

erations (t∆) and measurement time (tmeas) [147].

To that end, let us consider one of the simplest QECCs known: the Shor
code [26]. Note that in [44, 51, 52, 53, 54, 56], which are used to obtain the
parameters that describe the fluctuations of T1 and T2, no gates are im-
plemented. Thus, we select a state-of-the-art experimental quantum com-
puter, the IBM Q 16 Melbourne, to get the gate times [147]. IBM quantum
computers use superconducting technology for their qubits so we expect the
behaviour of their decoherence parameters to be similar to the ones consid-
ered in [51, 53]. From the data in table 3.3 for the IBM Q 16 Melbourne
quantum computer, implementing the Shor code would require approxi-
mately t ≈ 13.52 µs < min{µT1 , µT2} for a full encoding-decoding oper-
ation. Therefore, it is reasonable to assume that more advanced error
correction methods will have processing time durations similar to that or
even of t ≈ min{µT1 , µT2}, depending on the code construction.

To close our discussion on E{||N (µT1 , µT2)−N (ρ, ω, t)||�}, we compare
the behaviour of this metric for the AD and APD channels to its behaviour
for the approximated channels. Figure 3.5 shows how the value of the mean
diamond norm distance is smaller for the approximated channels obtained
via twirling than for the original channels. This stems from the fact that
performing the twirl operation eliminates the off-diagonal elements of the
original channels (due to the symmetrization of the channel), and thus
their contribution to the diamond norm distance is also eliminated. In
any case, Figure 3.5 shows that the approximated channels also experience
time-variation in the decoherence parameters. Furthermore, observe that
even though the value of the diamond norm distance is lower for the twirled
channels, the shape of the curve that embodies the time dependance of this
metric is similar to the curves obtained for the AD and APD channels.
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3.4.2 VARIABILITY OF THE DIAMOND NORM DISTANCE

The mean diamond norm distance E{||N (µT1 , µT2)−N (ρ, ω, t)||�} has
enabled us to analyze the average difference between static and TV quan-
tum channels. However, while studying the average distance corroborates
that static channels and TVQCs differ, it fails to portray the variability
of ||N (µT1 , µT2)−N (ρ, ω, t)||�. Thus, looking solely at the average of this
metric may be shortsighted in the sense that additional trends and results
regarding the nature of TVQCs may be overlooked. Consequently, a box-
plot analysis of the realizations of the diamond norm distance is performed
with the goal of studying the variability of ||N (µT1 , µT2)−N (ρ, ω, t)||� (see
Appendix E for description of adjusted boxplots for skewed distributions).

T1-limited qubits

Figure 3.6 presents the boxplots for the AD and the ADPTA channels,
considering different coefficients of variation of the relaxation time ran-
dom variable T1(ω). When cv(T1) = 1% (Figure 3.6a and 3.6d), the size
of the boxplots are negligible for all the range of algorithm times. This
means that when the fluctuations of T1 around its mean are small, the
dispersion of ||N (µT1 , µT2) − N (ρ, ω, t)||� around its mean is nearly zero
and, thus, a static channel approach will be a valid assumption. Increas-
ing the coefficient of variation to cv(T1) = 10% (Figure 3.6b and 3.6e)
the box size and the whisker length begins to widen as the algorithm
time increases, meaning that a significantly large number of realizations
of ||N (µT1 , µT2) − N (ρ, ω, t)||� will be higher than its mean given by Fig-
ure 3.5. Thus, a static noise assumption may start to fail when algorithm
times are sufficiently large. Finally, for cv(T1) = 25% (Figure 3.6c and
3.6f) one obtains the large box sizes and whiskers of the boxplots, showing
a large variation of the diamond norm distance around its mean. Therefore,
adopting static noise modelling strategies in such scenarios represents an
erroneous approach.

It is also important to discuss the presence of outliers on these box-
plots. These events appear to be significant in number when the coeffi-
cient of variation cv(T1) is large. Consequently, even for algorithms that
require short processing times, where the mean of the diamond norm dis-
tance is very small, the use of a static channel when cv(T1) is large might
be misleading. For example, for a normalized algorithm time of 0.1, the
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(a) AD cv = 1%.
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(b) AD cv = 10%.
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(c) AD cv = 25%.
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(d) ADPTA/ADCTA cv = 1%.
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(e) ADPTA/ADCTA cv = 10%.
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(f) ADPTA/ADCTA cv = 25%.

Figure 3.6: Boxplot representation of the simulations of the dia-

mond norm distance ||N (µT1)−N (ρ, ω, t)||� for the

T1-limited scenario. a-c AD channels with cv(T1) =

{1, 10, 25}%. d-f ADPTA/ADCTA channels with

cv(T1) = {1, 10, 25}%. Outlier data is represented with

red crosses.

mean value, E{||N (µT1) − N (ρ, ω, t)||�}, is 0.04 and 0.02 for the AD and
ADPTA channels, respectively (refer to Figures 3.5a and 3.5b) considering
a cv(T1) = 25%. Therefore, by looking at these values it will be reasonable
to assume that a static channel approach when simulating QECCs will be
valid. However, realizations of ||N (µT1) − N (ρ, ω, t)||� ≈ 1.2 may occur
for both the AD and ADPTA channels (refer to Figure 3.6c and 3.6f), and
the frequency of outlier events seems to be important. Thus, the above
assumption may fail.

From the above results, it is clear that when the coefficients of variation
are large, the diamond norm distance ||N (µT1) − N (ρ, ω, t)||� exhibits a
significant amount of spread. This entails that events where the TV channel
and the static channel substantially differ will be pretty common, even if
the mean value of the diamond norm is not very high. Thus, adopting static
noise modelling strategies in such scenarios will be an erroneous approach.
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T1 ≈ T2 and T2-dominated qubits

We also provide boxplots for the T1 ≈ T2 and T2-dominated supercon-
ducting qubit scenarios.

If we now compare (4) and (9), it is clear that both of them are the same, which implies that

||NADPTA(γ1)−NADPTA(γ2)||� = ||NADCTA(γ1)−NADCTA(γ2)||�, (10)

and so concludes the proof for the proposition.

Supplementary Note 2: Additional Numerical analysis

In the main text, numerical simulations of the diamond norm distance were presented in order to assess
the difference between the static channel assumption and the proposed time-varying quantum channel
model. Here we provide additional numerical analysis that was omitted for clarity in the main text. This
data is presented here for completeness purposes.

Boxplot analysis for T1 ≈ T2 and T2-dominated scenarios

We provide additional boxplot analysis for the T1 ≈ T2 and T2-dominated superconducting qubit scenar-
ios presented in the main text (see table 2 of the article for more information). Here we provide boxplot
analysis for the combined amplitude and phase damping channel, and omit results for their twirl version
for simplicity purposes. The results for the twirled approximated channels will be similar.
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(a) cv(T1) = 1%,cv(Tφ) = 1%.
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(b) cv(T1) = 1%,cv(Tφ) = 10%.
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(c) cv(T1) = 1%,cv(Tφ) = 25%.
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(d) cv(T1) = 10%,cv(Tφ) = 1%.
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(e) cv(T1) = 10%,cv(Tφ) = 10%.
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(f) cv(T1) = 10%,cv(Tφ) = 25%.

0.1 0.2 0.4 0.6 0.8 1.0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

(g) cv(T1) = 25%,cv(Tφ) = 1%.
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(h) cv(T1) = 25%,cv(Tφ) = 10%.
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(i) cv(T1) = 25%,cv(Tφ) = 25%.

Supplementary Figure 1: Boxplot representation of the simulations of the diamond norm
distance ||N (µT1

, µT2
) − N (ρ, ω, t)||� for the T1 ≈ T2 scenario and TVAPD channel (see Ta-

ble 2 in the main article). a cv(T1) = 1%,cv(Tφ) = 1%. b cv(T1) = 1%,cv(Tφ) = 10%. c
cv(T1) = 1%,cv(Tφ) = 25%. d cv(T1) = 10%,cv(Tφ) = 1%. e cv(T1) = 10%,cv(Tφ) = 10%. f
cv(T1) = 10%,cv(Tφ) = 25%. g cv(T1) = 25%,cv(Tφ) = 1%. h cv(T1) = 25%,cv(Tφ) = 10%. i
cv(T1) = 25%,cv(Tφ) = 25%. The adjusted boxplots used here are presented in the Methods section.
Outlier data is represented with red crosses.

3

Figure 3.7: Boxplot representation of the simulations of the dia-

mond norm distance ||N (µT1
, µT2

) − N (ρ, ω, t)||� for

the T1 ≈ T2 scenario. a-i APD channels with cv(T1) =

{1, 10, 25}% and cv(Tφ) = {1, 10, 25}%. Outlier data is

represented with red crosses.

Figures 3.7 and 3.8 show the resulting diamond norm distance boxplots
for the T1 ≈ T2 and T2-dominated scenarios studied in section 3.3 consid-
ering the combined amplitude and phase damping channel (we omit the
results for their twirled channels since they will be similar). The trend
observed for T1-limited superconducting qubits can also be appreciated in
these figures. For both figures, increasing the coefficient of variation of the
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random variables T1 and Tφ results in a higher spread of the diamond norm
distance between the static and TV channels. Consequently, for low coef-
ficients of variation of the decoherence parameters (see Figures 3.7a, 3.7b,
3.8a and 3.8b), considering a static channel a is valid assumption. For
milder coefficients of variation (see Figures 3.7c, 3.7d, 3.7e,3.8c, 3.8d and
3.8e) the static assumption starts to diverge from the TV channel model,
and implications for the QECCs will start to occur. Finally, for the high val-
ues of cv(T1) and cv(Tφ) (see Figures 3.7f, 3.7g, 3.7h, 3.7i, 3.8f, 3.8g, 3.8h
and 3.8i), both channel models differ substantially and the non-dynamic
assumption is flawed. Note that as discussed before, the variation of the
relaxation time has more impact in the channel fluctuations than the vari-
ation of the pure dephasing (recall that relaxation is part of the dephasing
time T2). Therefore, the scenarios with low cv(T1), but moderately large
cv(Tφ) can still be considered static (as it can be seen in Figures 3.7b and
3.8b).

The above boxplot analysis for T1 ≈ T2 and T2-dominated qubits show
similar results as the one obtained for the T1-limited scenario. In this way,
superconducting qubits that present pure dephasing channels that require
attention are also affected by the variation of the decoherence parameters.
Thus, the TVQC model is relevant for all types of superconducting qubits
that present fluctuations of T1 and Tφ with sufficiently large coefficients of
variations.
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Supplementary Figures 1 and 2 show the boxplot analysis of the diamond norm distance for the
T1 ≈ T2 and T2-dominated scenarios studied in the main text considering the combined amplitude and
phase damping channel. The trend observed in the main text for T1-limited superconducting qubits can
also be appreciated in these figures. For both figures, increasing the coefficient of variation of the T1 and
Tφ random variables results in a higher spread of the diamond norm distance between the static and
TV channels. Consequently, for low variation of the decoherence parameters (see Supplementary Figures
1a,1b, 2a and 2b), assuming that the channel has a static behaviour is valid. For milder coefficients of
variation (see Supplementary Figures 1c, 1d, 1e,2c, 2d and 2e) the static assumption starts to diverge
from the TV channel models, and implications for the QECCs will start to occur. Finally, for the high
values of cv(T1) and cv(Tφ) (see Supplementary Figures 1f, 1g, 1h, 1i, 2f, 2g, 2h and 2i), both channel
models differ substantially and the non-dynamic assumption is flawed. Note that as discussed in the main
text, the variation of the relaxation time has more impact in the channel fluctuations than the variation
of the pure dephasing (recall that relaxation is part of the dephasing time T2). Thus, the scenarios with
low cv(T1) and notable cv(Tφ) can be considered static (for example, as it can be seen in Supplementary
Figures 1b and 2b).
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(a) cv(T1) = 1%,cv(Tφ) = 1%.
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(b) cv(T1) = 1%,cv(Tφ) = 10%.
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(c) cv(T1) = 1%,cv(Tφ) = 25%.
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(d) cv(T1) = 10%,cv(Tφ) = 1%.
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(e) cv(T1) = 10%,cv(Tφ) = 10%.
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(f) cv(T1) = 10%,cv(Tφ) = 25%.
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(g) cv(T1) = 25%,cv(Tφ) = 1%.
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(h) cv(T1) = 25%,cv(Tφ) = 10%.
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(i) cv(T1) = 25%,cv(Tφ) = 25%.

Supplementary Figure 2: Boxplot representation of the simulations of the diamond norm
distance ||N (µT1

, µT2
)−N (ρ, ω, t)||� for the T2-dominated scenario and TVAPD channel (see

Table 2 in the main article). a cv(T1) = 1%,cv(Tφ) = 1%. b cv(T1) = 1%,cv(Tφ) = 10%. c
cv(T1) = 1%,cv(Tφ) = 25%. d cv(T1) = 10%,cv(Tφ) = 1%. e cv(T1) = 10%,cv(Tφ) = 10%. f cv(T1) =
10%,cv(Tφ) = 25%. g cv(T1) = 25%,cv(Tφ) = 1%. h cv(T1) = 25%,cv(Tφ) = 10%. i cv(T1) =
25%,cv(Tφ) = 25%. The adjusted boxplots used here are presented in the Methods section. Outlier data
is represented with red crosses.

This additional boxplot analysis of the TVAPD channels is useful in order to futher confirm the results
obtained in the main text. This way, superconducting qubits that present pure dephasing channels that
require attention are also affected by the variation of the decoherence parameters. Thus, the TVQC
model is relevant for all types of superconducting qubits that present fluctuations of T1 and Tφ with
coefficients of variation that are high enough.

4

Figure 3.8: Boxplot representation of the simulations of the dia-

mond norm distance ||N (µT1
, µT2

) − N (ρ, ω, t)||� for

the T2-dominated scenario. a-i APD channels with

cv(T1) = {1, 10, 25}% and cv(Tφ) = {1, 10, 25}%. Out-

lier data is represented with red crosses.

3.5 DISCUSSION

In this chapter we have presented a time-varying (TV) quantum channel
model as a way to include the time dependant fluctuations of the param-
eters that define the decoherence effects experienced by superconducting
qubits. To that end, we have used state-of-the-art experimental results to
model the time-variations of these parameters and provided an extensive
numerical analysis of the proposed TVQC models. Therefore, the pro-
posed model serves to coalesce recent experimental results regarding the
fluctuations of the relaxation time, T1, and the dephasing time, T2, into a
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quantum channel model that provides a more realistic portrayal of deco-
herence effects to the quantum error correction community. The proposed
channel models are sufficiently general to include any type of slow varia-
tion in the random processes T1(ω, t) and T2(ω, t). Therefore, even though
the present analysis is motivated on superconducting qubits, the proposed
model is also applicable to other quantum-coherent two-level systems that
present similar time-dependant parameter oscillations, such as trapped ions
or quantum dots. In our analysis, the criterium chosen to measure the
deviation between time-variant and time invariant quantum channels has
been the diamond norm distance ||N (µT1 , µT2) − N (ρ, ω, t)||�. Based on
the statistical characterization of the random processes T1(ω, t), Tφ(ω, t)
and T2(ω, t), it is found that their stochastic process coherence times, Tc,
are much smaller than the algorithm times. Therefore, these decoherence
parameters can be modelled as random variables taking independent values
from round to round. This in turn results in ||N (µT1 , µT2) − N (ρ, ω, t)||�
being independent random variables from round to round. Computing the
diamond norm distance average over all rounds in a quantum processing
task reveals that by not considering time fluctuations in quantum channel
models, an integral part of the decoherence effects are neglected.

In order to asses the dispersion of the realizations of the random variable
||N (µT1 , µT2)−N (ρ, ω, t)||�, a boxplot analysis has been carried out. The
primary conclusion drawn from this boxplot study is that the diamond
norm distance exhibits a high degree of variability if the coefficients of
variation of the decoherence times are sufficiently large, say larger than
≈ 10%. This is due to the fact that under this condition, the whisker length
from the median and the number of outliers in this region is considerably
high. It should be mentioned that the state-of-the-art superconducting
processors in [51] have a cv(T1) ≈ 20% (refer to Tables 3.1). Therefore,
the TV quantum channel models proposed in this article are important
to describe the decoherence effects suffered by their qubits when studying
QECCs requiring a large number of error correction cycles (e.g., a quantum
memory or a long quantum algorithm such as the one in [149]). If a QECC
is run just once or a few number of times, the parameters will not fluctuate
and the effects of the proposed channel model will not be noticeable.

These results also speak towards the importance of superconducting
qubit construction and cooldown, in the sense that if they are optimized
correctly, the fluctuations relative to the mean will be milder. Tradition-
ally, long mean decoherence times are seeked for the qubits to be able to
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handle long time duration algorithms, however, this should be done jointly
with lowering the dispersion in such parameter. In other words, the results
presented here point out that qubit benchmarking, at least for supercon-
ducting qubits at the moment, should include the variation parameters of
their decoherence times. However, the current experimental research on
the topic usually only focuses at the mean or best case scenarios, which is
far from being accurate when describing the decoherence dynamics of the
qubits.

Finally, note that in this chapter, we did not discuss how the proposed
time-varying channel models will affect the performance of quantum error
correction codes. This will be done in Chapter 5, where QTCs and Kitaev
toric codes operating over the TVQCs will be simulated.



CHAPTER 4

Quantum outage probability

The time-varying quantum channel model was presented in Chapter 3. In
this chapter we focus on channel capacity. Quantum channel capacity gives
the quantum rate limit at which a QECC can operate with asymptotically
vanishing error rate. However, in the literature, quantum capacity has been
derived for static quantum channels. Here, we study the asymptotical limits
of error correction for time-varying quantum channel models. Motivated
by the similarity between the TVQCs and classical slow or block fading
scenarios, i.e., when the channel remains constant over the duration of the
coded block [150]; we define the quantum outage probability of a TVQC as
the asymptotically achievable error rate for a QECC with quantum rate RQ

that operates over the aforementioned noise model. Additionally, we also
introduce the concept of the quantum hashing outage probability to pro-
vide an upper bound on the asymptotically achievable error rate for TVQC
channels whose quantum capacity (of their static counterparts) is unknown,
but for which a lower bound known as the hashing limit exists. Based on
the experimentally determined statistical distribution of T1 discussed in
Chapter 3, we provide closed-form expressions for the following TVQCs:
time-varying amplitude damping channel (TVAD), time-varying amplitude
damping Pauli twirl approximated channel (TVADPTA) and time-varying
amplitude damping Clifford twirl approximated channel (TVADCTA). We
analyze the quantum outage probability and quantum hashing outage prob-
abilities of the aforementioned TVQCs for different scenarios.

119
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4.1 CLASSICAL OUTAGE PROBABILITY FOR THE BLOCK
FADING ADDITIVE GAUSSIAN NOISE CHANNEL

The TVQC model proposed in this dissertation clearly resembles the
paradigm of classical block fading [150]. This occurs because the algorithm
processing times [51] are much smaller than the coherence times of the
stochastic processes that define the dynamic behaviour of the relaxation and
dephasing times. Consequently, the realization of Ti(ω), i = 1, 2 remains
constant for all the qubits in the block, where we have also assumed that
all qubits in the codeword are affected equally by the noise. With this
we mean that the T1(ω) and T2(ω) of each of the qubits of the QECC
block are completely correlated implying that the realizations of each of the
decoherence times are the same for each of the qubits1. Mathematically,
this can be written as

ρ
T ji ,T

k
i

=
E{(T ji (ω)− µ

T ji
)(T ki (ω)− µTki )}

σ
T ji
σTki

= 1,∀i ∈ {1, 2},∀j, k ∈ {1, · · · , n}

(4.1)
where ρX,Y is named the Pearson correlation coefficient and n is the number
of qubits of the error correction block.

In this way, the realization of the n-qubit TVQC at block l, N (n)
l (ρ), is

equal to

N (n)
l (ρ) = N⊗n(ρ, tl1, t

l
2), (4.2)

where tl1 and tl2 refer to the realizations of random variables T1(ω) and
T2(ω) at block l, realizations that are assumed to be equal for each of the
n qubits of the block.

This is reminiscent of classical block fading scenarios in which a realiza-
tion of the fading random process, α(ω, t) (channel gain), is considered to
be constant for the entire codeword length [150]. We use this similarity to
develop the information theoretical concepts for TVQCs. To that end, we
begin by explaining in more detail the slow block fading channel model use
in classical communications and define the concept of outage probability
for these channels.

1In general this is not the only possibility, but here we study such scenario. We study
this case following the usual reasoning in the QECC literature that the error probability
for each of the qubits of the system is the same [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 60,
111, 128, 137].
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The general input-output relation of a continuous-time, additive gaus-
sian noise fading channel is given by

Y (ω, t) = α(ω, t)Xcd(t) +N(ω, t) (4.3)

where Xcd(t) denotes the input codeword, and N(ω, t) and α(ω, t) are the
wide-sense stationary (WSS) random processes modeling the gaussian noise
channel and the fading process, respectively. Whenever the duration of the
codewords, Xcd(t), is much smaller than the coherence time, Tc, of the
fading gain α(ω, t), (i.e., the time where α can be considered constant) the
channel is said to be operating under slow fading conditions. Therefore,
the value of the channel gain during the transmission of a codeword can be
considered to be approximately constant and given by a realization of the
random variable α(ω). Furthermore, when considering the transmission of
a sequence of K codewords which are sufficiently separated in time, say T
seconds then the output sequence will be

Y (ω, t) =
K−1∑

j=0

αj(ω)X
(j)
cd (t− jT ) +N(ω, t),

where the sequence of random variables {αj(ω)}K−1
j=0 can be considered

independent and identically distributed (iid).

The operational concept of channel capacity for these channels is mean-
ingless and has to be replaced by what is known the outage probability [150].
Let us now define this parameter. Note that conditional on a realization
of the channel gain α(ω), channel Eq. 4.3 reduces to an additive white
Gaussian noise (AWGN) channel with received signal-to-noise ratio (SNR)
|α(ω)|2SNR. By the Shannon channel coding theorem, the maximum rate
of reliable communication supported by this channel is log2(1+|α(ω)|2SNR)
in bits per channel use. This quantity is a function of the gain α(ω) and
is therefore random. Channel capacity is defined as the maximum coding
rate that is achievable (an error correction scheme of such rate with van-
ishing error rate exists) for a noisy channel. This, however, cannot be done
for the slow fading scenario considered here since there will be a non-zero
probability that the channel realization has a capacity (realization) lower
than the rate considered. Hence, the quantum capacity for such chan-
nel in the strict sense is zero. Now suppose that the transmitter encodes
data at a rate R bits per channel use. If the channel realization α is such
that C(ω) = log(1 + |α|2SNR) < R, then whatever code that was used by
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the transmitter, the decoding error probability cannot be made arbitrarily
small. The system is said to be in outage, and the outage probability is
given by [150]

pout(R,SNR) = P({ω ∈ Ω : C(ω) < R})
= P ({ω ∈ Ω : log2(1 + |α(ω)|2SNR) < R}).

(4.4)

The outage probability will depend on the probability distribution of the
channel gain random variable, α(ω). For the widely used Rayleigh fading
model, for which the channel gain follows a circularly symmetric complex
normal distribution, CN (0, 1), the outage probability can be shown to be
[150]

pout(R,SNR) = 1− e
−(2R−1)

SNR . (4.5)

4.2 QUANTUM OUTAGE PROBABILITY FOR TVQCS

Let us now look for the outage probability of time-varying quantum
channels. As stated before, during the duration of a QECC codeword,
the realization of the random processes T1 and T2, defining the dynamics
of the quantum channel, can be considered constant for the duration of
the algorithm processing time. Therefore, we can assume that for each
of the realizations of the qubit relaxation and dephasing times, T1 and
T2, associated to a codeword, a static quantum channel will result. This
channel will be valid for the current codeword under consideration, and it
will render a specific value for its quantum channel capacity, CQ qubits per
channel use. Here is where one can observe the similarities with the case
slow fading in classical communications.

Therefore, if the realization of the decoherence parameters leads to a
channel capacity lower that the quantum coding rate, RQ, then the quan-
tum bit error rate (QBER) will not vanish asymptotically with the block-
length, independently of the selected QECC. For such realizations we say
the channel is in outage, and the probability of such outage event will be

pQ
out(RQ) = P({ω ∈ Ω : CQ(ω) < RQ}), (4.6)

which we name as quantum outage probability.

In other words, with probability pQ
out(RQ), the capacity of the channel

CQ(ω) will be lower than the rate of the code, and thus, the error rate
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will not vanish asymptotically. Conversely, with probability 1 − pQ
out(RQ),

reliable quantum correction will be possible. Thus, the quantum outage
probability will be the asymptotically achievable error rate for quantum
error correction when the rate is RQ.

Note that the quantum outage probability is the metric that has to
be taken into account in order to benchmark the performance of QECCs
when they operate over TVQCs that fulfill the assumptions stated in this
chapter.

4.3 COMPUTATION OF THE QUANTUM OUTAGE PROBA-
BILITY FOR THE FAMILY OF TIME-VARYING AMPLI-
TUDE DAMPING CHANNELS

In Chapter 2, we provided analytic expressions of the quantum capacity
of the amplitude damping (AD) channel. We also mentioned that for its
Pauli/Clifford twirl approximations a closed-form expression for its capac-
ity remains unknown, but it can be upper bounded by the hashing bound.
Therefore, for the family of TVAD channels, we derive a closed-form ex-
pression for the quantum outage probability (refer to Theorem 4.3.1). On
the other hand, for the Pauli/Clifford twirl approximated channels of the
TVAD we propose (refer to Corollary 4.3.1.1) the quantum hashing outage
probability, pH

out, as an upper bound of their quantum outage probabil-
ity. Note that since we are studying AD channels, we deal with T1-limited
qubits, that is, qubits that do not present pure dephasing.

4.3.1 OUTAGE PROBABILITY FOR THE TIME-VARYING AM-
PLITUDE DAMPING CHANNEL

Before presenting the main result of this section, Theorem 4.3.1, we be-
gin by stating some facts. From expression Eq. 2.66, the quantum capacity
CQ of the AD channel is a monotonically decreasing function of the damp-
ing parameter, γ. Therefore, there will be a unique γ∗(RQ) that makes
the value of the channel capacity CQ equal to RQ, i.e., CQ(γ∗(RQ)) = RQ.
That is,

CQ(γ∗(RQ)) = RQ ⇔ γ∗(RQ) = C−1
Q (RQ). (4.7)

We will refer to γ∗(RQ) as the noise limit. Note that codes of rate RQ

operating over channels with a damping parameter γ > γ∗(RQ) will not be
reliable since RQ > CQ(γ).
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In addition, from Eq. 3.7 we define the critical relaxation time T ∗1 (RQ, talgo)
as

T ∗1 (RQ, talgo) =
−talgo

ln (1− γ∗(RQ))
, (4.8)

which is a function of the algorithm time, talgo. In order to compare quan-
tum channels with different mean relaxation times, µT1 , we would like
rewrite the critical time as a function of the damping parameter, γ, that
results when assuming a static channel2 with mean µT1 . The reason for it
is that if the calculations were done as a function of the algorithm time, the
comparison between qubits with different mean relaxation times would not
be fair, since for a given talgo, the higher the values of µT1 are, the lower
the values of γ will be, so that we will be comparing channels with different
degrees of noise. It is obvious that longer mean relaxation times are more
favorable for computing applications, as they allow for longer algorithm
times. However, we are interested in calculating the quantum outage prob-
ability versus the noise level of the channel, i.e, we want to know how much
noise a qubit is able to tolerate.

To that end, given a damping parameter γ and a µT1 , the algorithm
time will be set to

talgo = −µT1 ln (1− γ). (4.9)

That is, for quantum channels with different µT1 ’s, the above expression
gives the corresponding algorithm times that will produce the same damp-
ing parameter γ in all of them.

Substituting such value in Eq. 4.8, yields,

T ∗1 (RQ, γ) =
µT1 ln(1− γ)

ln(1− γ∗(RQ))
. (4.10)

In this way, the critical relaxation time in Eq. 4.8 is independent of the al-
gorithm time, and is only a function of the damping parameter γ associated
to the static AD channel.

We are now ready to introduce the theorem that derives the quantum
outage probability for TVAD channels for T1-limited qubits [51].

Theorem 4.3.1 (TVAD quantum outage probability). The quantum out-
age probability for the time-varying amplitude damping channels associated

2This is similar to the normalization done in Chapter 3 for the diamond norm analysis,
as the damping rate is a function of the algorithm time and the relaxation time.
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to the damping parameter, γ ∈ [0, 1− e−1], is equal to

pQ
out(RQ, γ) = 1−

Q
(

1
cv(T1)

[
ln(1−γ)

ln(1−γ∗(RQ)) − 1
])

1−Q
(

1
cv(T1)

) , (4.11)

where Q(·) is the Q-function, cv(T1) is the coefficient of variation of T1,
γ∗(RQ) is the noise limit, µT1 is the mean relaxation time and σT1 is the
standard deviation of the relaxation time.

Proof. In order to compute the outage probability pQ
out(RQ, γ), we use the

decreasing monotonicity of CQ and T1 with respect to γ. This implies that
the events {ω ∈ Ω : CQ(γ(ω)) < RQ}, {ω ∈ Ω : γ(ω) < γ∗(RQ)} and
{ω ∈ Ω : T1(ω) < T ∗1 (RQ, γ)} are all the same. Therefore,

pQ
out(RQ, γ) = P({ω ∈ Ω : CQ(γ(ω)) < RQ})

= P({ω ∈ Ω : T1(ω) < T ∗1 (RQ, γ)}).
(4.12)

Next, we compute Eq. 4.12 based on the fact that the random variable
T1(ω) ∼ GN [0,∞](µT1 , σ

2
T1

) has a probability density function

fT1(t1)





1
σT1

√
2π

e

−
(t1−µT1

)2

2σ2
T1

1−Q

(
µT1
σT1

) if t1 ≥ 0

0 if t1 < 0

, (4.13)

where in the above expression, Q(·) is the Q-function defined as

Q(x) =
1√
2π

∫ ∞

x
e−

x2

2 dx. (4.14)

The outage probability of the TVAD channel can be calculated as
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pQ
out(RQ, γ) = P({ω ∈ Ω : T1(ω) < T ∗1 (RQ, γ)}) =

∫ T ∗1 (RQ,γ)

−∞
fT1(t1)dt1

=

∫ T ∗1 (RQ,γ)

0

1

σT1

√
2π

e
−

(t1−µT1
)2

2σ2
T1

1−Q
(
µT1
σT1

)dt1

=
1

1−Q
(
µT1
σT1

)



∫ T ∗1 (RQ,γ)

−∞

1

σT1

√
2π

e
−

(t1−µT1
)2

2σ2
T1 dt1

−
∫ 0

−∞

1

σT1

√
2π

e
−

(t1−µT1
)2

2σ2
T1 dt1




=
1

1−Q
(
µT1
σT1

)



∫ T∗1 (RQ,γ)−µT1

σT1

−∞

1√
2π

e−
η2

2 dη

−
∫ −µT1

σT1

−∞

1√
2π

e−
η2

2 dη




=
1

1−Q
(
µT1
σT1

)


1−

∫ ∞
T∗1 (RQ,γ)−µT1

σT1

1√
2π

e−
η2

2 dη

−
∫ ∞
µT1
σT1

1√
2π

e−
η2

2 dη




=
1−Q

(
T ∗1 (RQ,γ)−µT1

σT1

)
−Q

(
µT1
σT1

)

1−Q
(
µT1
σT1

) = 1−
Q
(
T ∗1 (RQ,γ)−µT1

σT1

)

1−Q
(
µT1
σT1

)

= 1−
Q
(
µT1
σT1

[
ln(1−γ)

ln(1−γ∗(RQ)) − 1
])

1−Q
(
µT1
σT1

) = 1−
Q
(

1
cv(T1)

[
ln(1−γ)

ln(1−γ∗(RQ)) − 1
])

1−Q
(

1
cv(T1)

) ,

(4.15)

as we wanted to prove.

Note that the quantum outage probability as a function of the damping
parameter γ does not depend on the absolute value of the mean relaxation
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time, but on the coefficient of variation of T1. This way, we decouple the
time-varying effects from the fact that longer mean relaxation times admit
longer quantum algorithm processing times. Consequently, we present a
result agnostic to the impact that longer coherence times have and we can
provide conclusions for all superconducting qubits.

Finally, we need to find a valid range of γ that will result in talgo that are
much smaller than the coherence time, Tc, of the random process T1(t, ω),
(i.e., verifying the initial hypothesis of slow time variations). To that end,
note that algorithm times longer than µT1 makes no sense since for such
a time frame, the qubit will be with high probability in an equilibrium
state, which is useless as a resource. Therefore, we select talgo < µT1 . Since
µT1 is of order of microseconds for superconducting qubits (as explained in
Chapter 3), and Tc is of order of minutes [51] the hypothesis talgo � Tc

holds. From Eq. 4.9, we conclude that valid for the range for γ is γ ∈
[0, 1− e−1].

4.3.2 QUANTUM HASHING OUTAGE PROBABILITY FOR THE
TIME-VARYING TWIRL APPROXIMATED CHANNELS

Since the LSD capacity of the Pauli channels that result from applying
the Pauli/Clifford twirled approximation to the AD channel is not known,
the quantum outage probability for this family of approximated channels
cannot be calculated. Nevertheless, by means of the hashing bound, CH(p),
(refer to Eq. 2.69), we define the quantum hashing outage probability for
the time-varying Pauli channels defined by the probability mass function
p(ω) = (pI, px, py, pz) random vector as

pH
out(RQ) = P({ω ∈ Ω : CH(p(ω)) < RQ}). (4.16)

Note that since the hashing limit is a lower bound of the LSD capacity
CQ, we have that

{ω ∈ Ω : CQ(p(ω)) < RQ} ⊆ {ω ∈ Ω : CH(p(ω)) < RQ}
Consequently, pH

out(RQ) gives an upper bound of the actual quantum outage

probability pQ
out(RQ), i.e., pH

out(RQ) ≥ pQ
out(RQ).

It is important to realise that the Hashing bound in Eq. 2.69

CH(p(γ)) = 1 +
∑

k∈{I,x,y,z}
pk(γ) log2 pk(γ) = 1−H2(p(γ)), (4.17)
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for the twirled approximated channels of the AD channel with the proba-
bility distributions given in Eq. 2.40 and Eq. 2.523, is a monotonic decreas-
ing function of the damping probability, γ. This is justified by the fact
that, as γ ∈ [0, 1] increases, the values of px, py, pz from either Eq. 2.40 or
Eq. 2.52 also increase. This results in the uncertainty of the discrete ran-
dom variables associated to each of these distributions, and consequently
their corresponding entropy values, becoming higher. Therefore, as we did
for the AD channel, we define the noise limit for these Pauli channels as
the unique value of the damping parameter, γ∗T(RQ), such that:

1− CH(p(γ∗T(RQ)) = RQ ⇔ γ∗T(RQ) = C−1
H (1−RQ). (4.18)

From Eq. 3.7, the critical relaxation time (note that we have added the
subindex T to indicate we are twirling the AD channel) is

T ∗1,T(RQ, talgo) =
−talgo

ln(1− γ∗T(RQ))
, (4.19)

where the probability mass function p in Eq. 4.18 should be taken as pADPTA

or pADCTA when considering the twirled ADPTA or ADCTA channels, re-
spectively. Similarly to the TVAD channel, we can write the critical relax-
ation time as a function of the damping parameter

T ∗1,T(RQ, γ) =
µT1 ln(1− γ)

ln(1− γ∗T(RQ))
. (4.20)

The following corollary yields the hashing outage probability for the
twirled TVADPTA and TVADCTA Pauli channels that consider T1-limited
qubits as the ones of [51].

Corollary 4.3.1.1 (Quantum hashing outage probability). The quantum
hashing outage probability for the time-varying twirled approximated chan-
nels associated to the damping parameter, γ ∈ [0, 1− e−1], is equal to

pH
out(RQ, γ) = 1−

Q
(

1
cv(T1)

[
ln(1−γ)

ln(1−γ∗T(RQ)) − 1
])

1−Q
(

1
cv(T1)

) , (4.21)

3Note that expressions Eq. 2.40 and Eq. 2.52 are for the twirl approximations of
the complete amplitude and phase damping channel. However, it is easy to obtain the
expressions for the ADPTA and ADCTA channels by considering λ = 0, i.e., the absence
of pure dephasing channels.
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where Q(·) is the Q-function, cv(T1) is the coefficient of variation of T1,
γ∗T(RQ) is the noise limit that depends on the considered twirled approxi-
mation, µT1 is the mean relaxation time, and σT1 is the standard deviation
of the relaxation time.

Proof. In order to compute the hashing outage probability pH
out(RQ, γ), we

use the fact that CH and T1 are monotonically decreasing functions of γ.
This implies that the events {ω ∈ Ω : CH(ω) < RQ}, {ω ∈ Ω : γ(ω) <
γ∗T(RQ)} and {ω ∈ Ω : T1(ω) < T ∗1,T(RQ, γ)} are all same. Therefore,

pH
out(RQ, γ) = P ({ω ∈ Ω : CH(ω) < RQ}) =

P({ω ∈ Ω : T1(ω) < T ∗1,T(RQ, γ)}.
(4.22)

Thus, the hashing outage corresponds to events where the realization of
the relaxation time is lower than the critical relaxation time.

The calculation of the quantum hashing outage probability now follows
the same steps as in the proof of Theorem 4.3.1, since equation Eq. 4.22 is
the same as Eq. 4.12.

Even though the final expression for the quantum hashing outage prob-
ability looks the same as the one of Theorem 4.3.1, what makes their values
different is that their corresponding noise limit values are computed in a
different way.

4.3.3 NUMERICAL SIMULATIONS

We now discuss the behaviour of the quantum outage probability and
the quantum hashing outage probability. Following the reasoning of Chap-
ter 3, we will compare scenarios set by different coefficients of variation of
the random variable T1. In particular, we consider the following values of
the coefficient of variation; cv(T1) = {1, 10, 15, 20, 25}%.

4.3.3.1 Quantum outage probability of the TVAD channel

Figure 4.1 plots the quantum outage probability versus the damping
parameter, 10−3 ≤ γ ≤ 0.6, for a quantum rate RQ = 1/9, and for all the
coefficients of variation of the relaxation time random variable.
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Figure 4.1: Quantum outage probability of the TVAD channel.

The metric is calculated for TVADs with cv(T1) =

{1, 10, 15, 20, 25}% and for a quantum rate of RQ =

1/9.

Figure 4.1 further cements the conclusions derived in Chapter 3, that
is, the impact of the fluctuations of the decoherence parameters can be ac-
curately quantified by the coefficient of variation of T1. Notice that when
the coefficient of variation is very low, i.e. cv(T1) = 1%, the quantum out-
age probability of the TVAD channel almost coincides with the quantum
capacity (represented herein by the noise limit, γ∗). Consequently, QECCs
operating over TVQCs that present low coefficients of variation will behave
asymptotically in a similar manner to static channels. However, by increas-
ing the variability of the relaxation time around its mean causes the outage
probability to diverge from the static capacity. In this case, the asymp-
totical bounds flatten and the achievable error rate of QECCs operating
over TVQCs does not vanish. Therefore, the higher cv(T1) is, the worse
the achievable error rate will be.
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The previous discussion indicates that the coefficient of variability of
the random variable T1(ω) can be used to describe the effect that deco-
herence parameter time fluctuations will produce on the aymptotical limits
of QECCs. These results show the importance of qubit construction and
cooldown: if optimized correctly, the fluctuations relative to the mean will
be mild, and the outage events will be significantly less likely. Obviously, it
is desirable for qubits to exhibit large µT1 , so that algorithms with longer
lifespans can be handled appropriately. However, as important as that
is the minimization of the dispersion of T1 around its µT1 , so the outage
probability can be reduced.
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Figure 4.2: Quantum outage probability of the TVAD channel for

different quantum rates. The considered quantum rates

are RQ ∈ {1/49, 1/9, 1/4, 1/3, 1/2}. We plot the quan-

tum outage probability for cv(T1) = {10, 25}%. The

quantum capacities (noise limits, γ∗) for the static

quantum channels are also represented.
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Let us now discuss how the quantum rate affects the quantum out-
age probability. Figure 4.2 shows the quantum outage probability ver-
sus γ for cv(T1) = {10, 25}%, and for the set of quantum rates RQ ∈
{1/49, 1/9, 1/4, 1/3, 1/2}. The figure also shows the corresponding noise
limits γ∗(RQ) for the different rates. As expected, the results portrayed in

this figure show that increasing the rate leads to an increase of pQ
out(RQ, γ).

Note also that for the same coefficient of variation, the shape of outage
probability versus γ curves remains fairly the same. The main conclusion
is that, by increasing the rate of an error correction code reduces the overall
resource consumption, however, this occurs at the expense of a degradation
in the asymptotical error correction performance. Furthermore, given a RQ,
the larger the coefficient of variability cv(T1) is, the larger the gap between
the outage probability curve and the noise limits γ∗(RQ) curve will be. It
is important to mention that this degradation does not occur because there
is higher sensitivity to time fluctuations at higher rates. Further inspection
of Figure 4.2 reveals that the noise limits for each rate change as expected,
and that the outage probabilities behave similarly according to those noise
limits. Thus, similarly to classical coding, the quantum rate does indeed
impact the quantum outage probability, but not due to a higher sensitivity
to time-variance. Furthermore, similar to what happens in static channels,
there is trade-off between resource consumption and how demanding (in
terms of noise) the quantum channel is.

4.3.3.2 Quantum hashing outage probability of the time-varying
twirl approximated channels

We proceed by comparing the outage of the TVAD channel and its
twirled approximated channels. Figure 4.3 plots the hashing outage proba-
bility results of the TVADPTA and TVADCTA channels for a coding rate
RQ = 1/9. Note that the x-axis is still γ, despite the fact that the defining
parameter for the TVADPTA and TVADCTA channels is p. However, the
γ associated to a given p can be easily obtained from Eq. 2.40 and Eq. 2.52.
The quantum outage probability of the TVAD channel from Figure 4.1 are
also shown. Note that the hashing outage probabilities for the ADPTA and
ADCTA channels are slightly higher than the quantum outage probability
of the TVAD channel. This is due to the fact the noise limits for those
channels are smaller than the one for the TVAD.
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Also note that even though the hashing outage probabilities for these
approximated channels are higher than the quantum outage probability for
the TVAD, one can not conclude that the actual quantum outage probabil-
ity for these twirled channels will be worse than the one for the AD channel
(recall that the hashing outage probability provides an upper bound on the
actual outage probability).
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Figure 4.3: Quantum outage and hashing outage probabilities for

TVAD, TVADPTA and TVADCTA when RQ = 1/9.

The noise limits are: γ∗AD = 0.432, γ∗ADPTA = 0.3354

and γ∗ADCTA = 0.3065.

4.4 DISCUSSION

In this chapter, we have introduced the concept of quantum outage
probability as the asymptotically achievable error rate for quantum error
correction when slow time-varying quantum channels are considered. This



134 CHAPTER 4. Quantum outage probability

probability is based on the fact that the realizations of the T1 and T2 remain
constant and the hypothesis that they are the same for all the qubits in a
quantum codeword (they are fully correlated). We have also introduced the
quantum hashing outage probability as an upper bound on the quantum
outage probability useful when Pauli channels are considered, since the ac-
tual quantum capacity of these channels is not known. We have provided
closed-form expressions of these probabilities for the TVAD, TVADPTA
and the TVADCTA channels. The information theoretical analysis pre-
sented in this chapter is essential to benchmark the behaviour of quantum
error correction codes in TV scenarios. This comes from the fact that for
slow time-varying quantum channels the operational meaning of quantum
capacity does not give information about the channel and must be replaced
by the quantum outage probability.

Results show that given a damping parameter, γ, the quantum outage
probability is a monotonic increasing function of the coefficient of variation,
cv(T1). Therefore, it is important to experimentally look for qubits that, not
only have a large mean relaxation time, µT1 , but also exhibit a low standard
deviation relaxation time, σT1 . By doing so, the asymptotically achievable
error correction performance of QECCs under time-varying conditions will
approach the performance achieved by static channels, since the largest rate
that would make pQ

out(RQ, γ) ≈ 0 (or pH
out(RQ, γ) ≈ 0) will be near to the

quantum capacity of the corresponding static channel (or to the hashing
bound).

In summary, we have shown that the time-varying nature of the de-
coherence parameters may have a significant impact on the performance
of future QECCs that will be used to protect quantum information. To
further corroborate this fact, in the next chapter, numerical simulations on
the performance of QECCs over TVQCs will be done.



CHAPTER 5

Time-varying quantum
channels and quantum error

correction codes

In Chapter 3, we showed that the diamond norm distance between TVQCs
and static channel models deviates significantly. As discussed later, the
effect that this norm divergence has on error correction is not straightfor-
ward. To that end, we will numerically study the performance of QECCs
when they operate over the proposed time-varying quantum channels. The
error correction codes used for the numerical simulations are quantum turbo
codes (QTCs) [36, 37, 58, 60] and Kitaev toric codes [38]. We will asses the
performance of these codes by means of the quantum outage probability of
Chapter 4. Note that this is equivalent to what is done in the literature
when benchmarking the performance of QECC codes operating over static
channels respect to the quantum capacity.

We begin by briefly introducing the quantum error correction codes con-
sidered in the simulations. We follow by presenting the numerical results
obtained from these codes when operating over the proposed time-varying
channel models, and discuss how the time-variations of these channels de-
grade their performance. We close the chapter by using the quantum outage
probability to benchmark their performance.
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5.1 CONSIDERED QUANTUM ERROR CORRECTION CODES

The next section introduces the Kitaev toric codes and the unassisted
QTCs that will be numerically simulated. The decoding of these codes
is discussed in Appendix B and the Monte Carlo numerical simulation
methods in Appendix C. As it was explained in Chapter 2, the classi-
cal simulation of QECCs on classical computers is based on the twirled
approximations of the combined amplitude and phase damping channel.
Therefore, the channels considered in the current simulations are the static
and time-varying Pauli channels.

KITAEV TORIC CODES

The Kitaev toric code is a quantum error correction code that belongs
to the family of surface codes [38, 151]. It is defined as a 2D lattice of qubits
with periodic boundaries and, thus, it has the shape of a torus. Figure 5.1
shows a graphical representation of the toric code.

Figure 5.1: Graphical representation of the toric code. The blue

and red lines represent logical X and Z operators acting

on the encoded logical qubit.

In the toric code, the stabilizers are implemented in the vertices and in
the plaquettes (vertices of the dual lattice) of the lattice that constitutes
the code. By using those vertex and plaquette qubits, the syndrome of
the errors that occur in the toric code can be obtained. The errors of
each of the grid qubits occur with the probabilities given by the PTA or
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CTA in consideration. Finally, the syndrome is fed to the minimum-weight
perfect matching (MWPM) decoder that estimates the logical error that
has occurred in an error correction round of the toric code (see Appendix
B).

A d × d Kitaev toric code is said to be a [[2d2, 2, d]] quantum error
correction code [151] since it is able to protect two logical qubits by means
of 2d2 physical qubits with code distance d. For the numerical simulations
that will be conducted in this chapter, Kitaev toric codes with distances
d ∈ {3, 5, 7, 9} will be considered.

QUANTUM TURBO CODES

The Quantum Turbo Codes considered in this chapter consist of the
interleaved serial concatenation of unassisted1 quantum convolutional codes
acting as outer and inner codes [60]. Figure 5.2 presents the full schematic
representation of such a quantum error correction system. The k input
logical qubits that make up the information word |ψ1〉 are first fed to the
outer convolutional encoder V1, and encoded into n′ physical qubits with
the help of ancilla qubits and memory qubits.

The codeword |ψ̄1〉 consists of n′ physical qubits generated by the first
encoder, which are then passed through a quantum interleaver Π, before
being used as the input to the inner convolutional encoder V2. Such an
encoder is an unassisted device that encodes the interleaved sequence of n′

qubits |ψ2〉 into the codeword |ψ̄2〉 of length n, aided by ancilla qubits and
memory qubits. The codeword |ψ̄2〉 is then transmitted through a quan-
tum Pauli channel (static or time-varying) with overall error probability
p = px + py + pz, which inflicts an n-qubit Pauli error E2 ∈ Gn on the code-
word. The Pauli channel is independently applied to each of the qubits
of the stream |ψ̄2〉, and, consequently, each of the qubits may experience
a bit-flip (X operator) with probability px, a phase-flip (Z operator) with
probability pz or a combination of both (Y operator) with probability py.
Those probabilities will be defined depending on the static or TV twirl
approximation being in consideration.

At the output of the Pauli channel, the state E2 |ψ̄2〉 is fed to the inverse

of the inner encoder V†2 , which outputs the decoded state L2 |ψ2〉, where

1In this context, unassisted refers to error correction codes that are not aided by
entanglement.
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Figure 5.2: Schematic of the QTC. Pai (.) and Pei (.) denote the a-

priori and extrinsic probabilities related to each of the

SISO decoders used for turbo decoding (see Appendix

B).

L2 ∈ Gn′ refers to the logical error suffered by the decoded state due to the
operation of the channel; and the classical syndrome bits2 s̄x2 obtained from
Z basis measurements on the ancilla qubits. The corrupted logical qubits
are then passed through a de-interleaver Π−1 resulting in the state E1 |ψ̄1〉,
which is supplied to the inverse of the outer encoder V†1 . The resulting
output is the state L1 |ψ1〉, which corresponds to the information quantum
state corrupted by a logical error L1 ∈ Gk; and the classical syndrome

2Note that we emphasize the fact that when the QTC is unassisted, the syndrome
measured just gives information of the X operators applied to the ancillas. This termi-
nology is common for QTCs [37].
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bits s̄x1 obtained after measuring the ancilla qubits on the Z basis. The

classical syndromes s̄x2 and s̄x1 , obtained in the inverse decoders V†2 and V†1 ,
respectively, are then provided to the iterative syndrome decoder made up
of two serially concatenated SISO decoders, as shown in Figure 5.2. Based
on s̄x2 and s̄x1 , the SISO decoders estimate the most probable logical error
(see Appendix B). Based on the aforementioned estimation, a recovery
operationR is applied to the corrupted state L1 |ψ1〉, yielding the recovered
output |ψ̃1〉.

The QCCs used for the quantum turbo code in Figure 5.2 are the
“PTO1R” unassisted convolutional encoders introduced in [60]. The seed
transformation3 associated with the convolutional encoders is

U = {1355, 2847, 558, 2107, 3330, 739,

2009, 286, 473, 1669, 1979, 189}. (5.1)

Following previous work in the literature, we will refer to the serial
concatenation of two similar interleaved PTO1R QCCs as the “PTO1R-
PTO1R” configuration. Both QCC encoders have rate 1/3 resulting in an
error correction scheme of rate RQ = Rin×Rout = 1/3×1/3 = 1/9. Each of
the “PTO1R” encoders is aided by 3 memory qubits in order to perform the
convolutional encoding operation. The turbo code in consideration encodes
blocks of k = 1000 qubits.

5.2 QECCS OPERATING OVER TVQCS

Next, we provide the numerical results obtained for the performance
of QECCs when they operate over TVQCs. Similar of what we did in
Chapter 4, it is assumed that the realizations of the decoherence times for
the TVQCs are the same for each qubits of a block of error correction.
Thus, we are considering that the processes are fully correlated.

3The seed transformation is a smaller encoding circuit that is repeatedly executed in
order to construct the whole convolutional encoding unitary. The seed transformation U
is represented using the decimal representation presented in [37].
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We begin by providing an example4 to asses the impact that the devia-
tions of the diamond norm distance may have on quantum error correction
codes when implemented in the superconducting qubits of [51]. Consider
an ADCTA channel5 like the one of scenario QA C5 (cv(T1) ≈ 25%) at
t/µT1 = 0.1 (refer to Chapter 3 for specific data regarding the scenar-
ios discussed). The static version of this channel will have a depolarizing
probability of p ≈ 0.05. Knowing that the diamond norm for depolarizing
channels can be simplified to ||ND(p1) −ND(p2)||� = 2|p1 − p2|, it can be
shown that for a channel instance of the TVADCTA, when the diamond
norm distance between the static and TV channels is ||NADCTA(µT1) −
NADCTA(ρ, ω, t)||� = 0.29, the corresponding depolarizing probability for
the TV channel will be p ≈ 0.15. Let us now consider the toric codes
with d ∈ {7, 9} [38] and the QTC from [60] designed for the depolarizing
channel (the WER for those scenarios when the channels are static are the
red curves in figures 5.3 and 5.4). These error correction codes are capa-
ble of operating at a Word Error Rate of WER ≈ {5 · 10−3, 10−3, 10−6},
respectively, for p = 0.05, while for p = 0.15 they fail completely, resulting
in WER ≈ 1. This shows that the selected QECCs will be operating with
a significantly worse WER than that which would be expected based on
a static channel model. Although there will also be channel instances for
which the particular realization of {T1(ω, t)} will result in operation within
a region where the WER of the QECC is actually smaller than what is
assumed for the static channel, on average, the effect of these realizations
on the overall performance of the code will be much smaller than that of
the events where the real channel action is worse than what is reflected by
the static model. This winds up degrading the performance of the QECCs,
which is reflected by a flattening of the WER curve of the code as a result
of its waterfall region falling at a lower rate. Given that the existence of
channel parameter fluctuations with time has been proven by recent ex-
perimental outcomes, it is likely that current error correction schemes will
actually yield worse performance than what would be expected based on
the results that have been obtained for static quantum channels. It is worth
mentioning that the diamond norm distance we have chosen for this this
example is pretty low. In fact, Figure 3.6 in Chapter 3 portrays that values
of up to ||NADCTA(µT1)−NADCTA(ρ, ω, t)||� ≈ 1.4 can occur for a scenario

4In what follows, we select a set of realistic operating scenarios to asses the per-
formance of error correction codes when operating on real hardware that exhibits time
fluctuations [51].

5Note that as we are considering qubits that are T1-limited [51], the family of ampli-
tude damping channels describe the decoherence experienced by those qubits.
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with cv(T1) ≈ 25% at t/µT1 = 0.1. Note that events with high diamond
norm will all be due to events where the channel instance is very noisy since
as ||NADCTA(µT1)−NADCTA(ρ, ω, t)||� = 2|p(µT1)−p(ω)|, p(µT1) is fixed and
p(ω) ≥ 0, the realizations ||NADCTA(µT1) − NADCTA(ρ, ω, t)||� ≥ 2|p(µT1)|
must occur because p(ω) ≥ 2p(µT1). For the example we are considering,
the events ||NADCTA(µT1)−NADCTA(ρ, ω, t)||� ≥ 0.1 will all belong to this
kind of TV channel realizations.
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(a) 3× 3 Toric code.
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(b) 5× 5 Toric code.
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(c) 7× 7 Toric code.
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(d) 9× 9 Toric code.

Figure 5.3: Performance of the d × d Kitaev toric codes with d ∈
{3, 5, 7, 9} [38]. Each panel presents performance for i)

the static channel (red), ii) the TVADCTA for scenario

QA C5 (cv(T1) ≈ 25%) (blue) and iii) the TVADCTA

for scenario QA C6 (cv(T1) ≈ 22%) (purple).

Let us now consider the toric codes with d ∈ {3, 5} [38] (the WER for
those scenarios when the channels are static are the red curves in Figure
5.3). These surface codes operate at a WER ≈ {8 · 10−2, 2 · 10−2} for
p = 0.05 and at a WER ≈ 1 for p = 0.15. Considering that the error rate
at the static point is not low enough and given that the waterfall region is
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pretty flat, for these codes the WER for a good channel realization will not
be very different from that of a bad channel realization. Thus, although
these codes will experience time-variation effects, these effects will not be
as significant as for the previosuly mentioned codes.
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Figure 5.4: Performance of the QTC discussed in [60]. Each panel

presents performance for i) the static channel (red), ii)

the TVADCTA for scenario QA C5 (cv(T1) ≈ 25%)

(blue) and iii) the TVADCTA for scenario QA C6

(cv(T1) ≈ 22%) (purple).

We prove this intuition by simulating the discussed QECCs for the
time-varying amplitude damping Clifford twirl approximated (TVADCTA)
channel obtained for the configurations QA C5 (cv(T1) ≈ 25%) and QA C6
(cv(T1) ≈ 22%) and comparing the results with the corresponding static
channel. Figures 5.3 and 5.4 show the results of these simulations. The
blue curves are for the QA C5 scenario and the purple ones for the QA C6
scenario. A quick inspection of this figures reveals the expected outcomes.
It can be observed that the low distance toric codes (d ∈ {3, 5}, figures
5.3a and 5.3b) do not exhibit a significant degradation of their error rate
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performance (especially the 3 × 3 toric code; the 5 × 5 toric code shows
signs of performance degradation, but at very low depolarizing probabili-
ties). However, the higher distance toric codes (d ∈ {7, 9}, figures 5.3c and
5.3d) and the QTC (Figure 5.4) are significantly affected by the time fluc-
tuations. This is reflected by a reduction in the steepness of the waterfall
region (it becomes flattened) in the case of the time-varying channel, which
compromises the excellent performance that QECCs exhibit for static chan-
nel models. The impact of the coefficient of variation can also be observed,
as the scenario with higher cv is flattened more.

The above discussion suggests that the manner in which QECCs are
affected by the proposed time-varying quantum channel model is a com-
bination of two factors: how much the decoherence parameters fluctuate
(which is quantified by the coefficients of variation) and the steepness of the
WER curve when the QECCs operate over the static channel. This occurs
because if the code presents a rather flat WER curve (as a function of the
depolarizing probability) in the static channel, the difference in WER be-
tween benign and malign channel realizations of the time-varying channel
is not significant, and thus, on average, the overall WER will be similar
to that of the corresponding static channel. Since, everything else being
equal, shorter error correction codes present flatter waterfall regions, they
will be less susceptible to the mismatch. On the other hand, the contrary
effect is observed for error correction codes that exhibit a steep waterfall
region in the static channel. In these cases, the difference between a good
and a bad channel realization might be either complete decoding success or
utter failure, implying that on average, the overall performance in the time-
varying channel will experience substantial degradation. Thus, the better
the code performance in the static channel, the more it will be affected in
the time-varying channel model.

5.3 BENCHMARKING THE PERFORMANCE OF QECCS OP-
ERATING OVER TVQCS

We finish this chapter by proposing the quantum outage probability as
the information theoretical metric to asses the performance of QECCs when
operating over the TVQCs proposed when there is full correlation between
the realizations of the decoherence parameters for each of the qubits of a
code block. Since the ADCTA depolarizing static channel and its time-
varying version TVADCTA belong to the family of Pauli channels, the
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information theoretical benchmarks that will be considered are the hashing
bound (for the static channels) and the quantum hashing outage probability
(for the TV channels).

The following simulations are based on a 9 × 9 Kitaev toric code with
coding of rate RQ = 1/81 and on the previous QTC of RQ = 1/9. We have
selected these two codes since they experience a large degradation (with
respect to the static channel) under channel time variations. By considering
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Figure 5.5: Performance of the 9 × 9 Kitaev toric code [38]. The

[[162, 2, 9]] quantum error correction code has rate

RQ = 1/81. The hashing bound and the hashing outage

probabilities are also plotted.

the same previous channel scenarios, Figures 5.5 and 5.6 show the WER
versus p of these two codes when they operate on the static channels (red
curve) and on the TVQCs (blue and purple). The figures also plot their
respective quantum hashing outage probabilities. Both figures show that
the quantum hashing outage probability presents a shape similar to the
performance of the QECCs. Therefore, the quantum outage probability
curves are a good indicator of the performance that some QECC will have
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when it operates over a TVQC with certain coefficients of variation of
their decoherence parameters. Also, the closer the WER curves are to the
corresponding quantum outage probability, the better the performance of
the codes will be.
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Figure 5.6: Performance of the quantum turbo code from [60]. The

quantum error correction code has rate RQ = 1/9 and

encodes blocks of 1000 qubits. The hashing bound and

the hashing outage probabilities are also plotted.

It is also interesting to point out that at low depolarizing probabili-
ties, the WER curves approach to the quantum hashing outage probability
curves. This effect is clearly observed for the 9 × 9 Kitaev toric code in
Figure 5.5. For the QTC in Figure 5.6 such saturation is not observed
mainly due to the range of values of WER and p considered in the sim-
ulation. A possible explanation for this effect is that at low depolarizing
probabilities, p, the errors produced by the channel are all mainly of low
weight (i.e., these errors will affect only a few qubits in the codeword), and
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the codes will be capable of correcting all of them. Therefore, the code for
this scenario of low depolarizing probabilities behaves as an ideal code as
the one used to compute the quantum hashing outage probability.

To quantify the distance to the hashing outage bound, we use a metric
similar to the one proposed in [42]. It measures the gap in dBs between
the depolarizing probabilities of a code and the hashing outage at a given
WER = χ:

δout(@χ) = 10 log

(
p(pH

out = χ)

p(WERcode = χ)

)
. (5.2)

Therefore, the lower δout is, the better the performance of the code
will be since its performance will be more similar to the asymptotically
achievable error rate. Table 5.1 shows the δout(@10−3) for the two codes in
consideration.

Code Static QA C5 QA C6

9× 9 Toric 3.93 2.04 2.81
QTC 1.79 1.75 1.67

Table 5.1: Distance to the quantum hashing outage probability

of the codes in consideration when WER = 10−3.

δout(@10−3) is given in dBs.

It can be seen that the 9 × 9 Kitaev toric codes are farther from the
quantum hashing outage probability than the QTC in consideration at
WER=10−3. This fact is also true for the distance of the codes to their
hashing bounds when they operate over static channels so the result is not
surprising. Thus the QTC seems to be a better error correction method
than the Toric code since its performance is closer to the hashing bound
and its quantum rate is lower. However, it is important to state that this
QTC requires codewords of 9000 physical qubits while the 9× 9 Toric code
just requires 162.

Finally, note that for the toric code, the value of δout(@10−3) for sce-
nario QA C5 is smaller than for scenario QA C6. At a first glance, this
seems counterintuitive, since the coefficient of variation is higher for QA C5.
However, this can be explained by observing the WER curve for scenario
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QA C5 approaches earlier the quantum hashing outage probability curve
than for scenario QA C6.

5.4 DISCUSSION

In light of the discussion presented in this chapter, and based on the
experimental evidence that decoherence parameters vary with time, the
proposed time-varying quantum channel models will be very important
when studying and optimizing error correction codes capable of protect-
ing qubit-based quantum computers from the dynamics of the decoherence
phenomenon. However, it should be pointed out that the proposed time-
varying quantum channel model would be relevant for protocols involving
a large number of error correction cycles (e.g., a quantum memory or a
long quantum algorithm such as the one in [149]). If a very short algorithm
or if a QECC is run just once or a few number of times, the parameters
will not fluctuate as much, and the effects of the proposed channel model
will not be as noticeable. Even if the current state-of-the-art experimen-
tally implemented QECCs will not be significantly affected by the TVQC
(as they are generally short codes such as the 3 × 3 toric code discussed
above), the proposed channel model will be essential when better QECCs
are implemented, such as the 7× 7 and 9× 9 toric codes for the near term,
or the more advanced QTCs or QLDPCs for the long term.

In addition, we have proposed the quantum outage probability as a
benchmark of the performance of the QECCs operating over TVQCs. We
conclude that the quantum hashing outage probability does represent well
the behaviour of QECCs on those dynamic noise scenarios. It has also been
observed that the performance of the codes approach the quantum hashing
outage probability limit when the depolarizing noise is very small.
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In this second part of the dissertation we focus on quantum error cor-
rection schemes. Sepecifically, the objective is to optimize the error cor-
rection capabilities of Quantum Turbo Codes (QTC) when they operate
under different scenarios. First, we lower the error floor performance of
QTCs by considering interleavers with some construction rather than just
performing a random scrambling of the coded random information that
comes out of the first convolutional encoder of the QTC. Additionally, we
study the performance of this family of quantum error correction methods
when the Channel State Information (CSI) is unknown for the decoder.
We consider this scenario to be a more realitic one since, in the reality,
the decoder of a QECC must operate with estimates of the level of noise
of the quantum channel. In particular, we study how the error correction
capabilities of QTCs are compromised when there exists a mismatch be-
tween the true channel probability and the estimated channel probability
and discuss existing estimation methods that aid the decoder to operate
properly. Moreover, we propose an on-line estimation method that uses
the information being processed in the decoder in order to obtain accurate
estimates of the channel probability so that the decoder of QTCs is able
to operate “blind” to the true CSI without losing performance. Both the
depolarizing channel (Clifford twirl approximation) and the general Pauli
channel (Pauli twirl approximation) are considered. Before delving into the
proposed schemes and with the aim of providing some context, we begin
by including a general overview of QTCs and their development.

Classical turbo codes, introduced by Berrou et al. in [152], marked a
breakthrough in classical coding theory as the first practical codes closely
approaching Shannon’s channel capacity [43]. Motivated by their success,
QTCs were proposed by Poulin et al. as the interleaved serial concatenation
of Quantum Convolutional Codes (QCC) [36]. The use of a serial struc-
ture in [36] is explained by the laws of quantum mechanics, in particular
by the underlying classical-to-quantum isomorphism [57] applied in the de-
sign of quantum error correction codes (QECC): Classical turbo codes are
generally systematic, interleaved parallel concatenations of convolutional
codes but in the quantum domain such a systematic parallel structure is
prohibited by the no-cloning theorem.

The performance of the QTCs proposed in [36] is not on par with that of
classical serial turbo codes. The reason is that unassisted QCCs cannot be
both non-catastrophic and recursive at the same time, properties that are
required for the inner code of a turbo code so that the minimum distance
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grows with the block length and the iterative decoding algorithm achieves
convergence. Consequently, non-catastrophic, non-recursive QCCs were
used in [36], resulting in codes with bounded minimum distance. Utilizing
the entanglement-assistance (EA) techniques6 for QECCs presented in [40],
this issue was addressed by Wilde et al. in [37], which proposed QTCs
operating within 1 dB of their corresponding EA hashing bounds. Taking
a step further, Babar et al. proposed in [58] an EXtrinsic Information
Transfer (EXIT) chart technique to narrow the gap to the Hashing bound,
resulting in codes with a performance as close as 0.3 dB to the hashing
bounds. However, these QTC codes present error floors that are higher

2009 • QTCs [36]. Non-catastrophic, non-recursive. δ ' 2 dB.
2014 • EAQTCs [37]. Non-catastrophic, recursive. δ ≈ 1 dB.
2015 • EXIT optimized [58]. δ ≈ 0.3 dB. High error floor.

• QIRCC [59]. Like [58] with lower error floor.
2016 • EAQIRCC [60]. Optimized for the PTA channel.

• QURC [69]. Higher rate maintaining performance.
• Fully parallel decoder for QTCs [153]. Lower complexity.

2018 • QTC operating over channels with memory [128].
2019 • Short block, high-rate QTCs [154].

Table 5.2: Timeline of the evolution of QTCs.

than in the original distance-spectra-based codes in [37]. Based on the use
of Quantum IrRegular Convolutional Codes (QIRCC) as outer codes, the
authors in [59] showed a performance in the turbo-cliff region similar to
that of the EXIT optimized codes in [58] but with lower error floors. An
entanglement-assisted version of QIRCCs was introduced in [60] with the
aim of designing efficient concatenated QECCs for asymmetric depolarizing
channels. A Quantum Unity Rate Code (QURC) aided QTC scheme was
proposed in [69] in order to improve the performance of the outer code
without experiencing code rate reduction due to the inner code. A modified
decoder for QTCs that relies on parallel computing was developed in [153] in
order to reduce the decoding computation time. Later, QTCs were studied
in [128] when they operate over Pauli channels with memory and a modified
decoding algorithm was proposed in order to improve the performance of

6Entanglement-assistance techniques utilize entangled qubits pre-shared between the
sender and the receiver, which simplifies the construction of stabilizer QECCs by relaxing
the stringent commutativity conditions that the stabilizers need to satisfy.
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the codes in such scenarios. Finally, short block, high-rate QTC schemes
with multiple rates presenting performances near the hashing bound were
proposed and studied in [154].

Table 5.2 presents the evolution of QTCs presented before. In spite of
their short history, quantum turbo codes are a promising family of error
correction methods for the quantum computers of the post-NISQ-era or
for quantum communications due to their closeness to the hashing bound,
degenerate decoding and non-complex decoding algorithm.

Note that in Part I of this thesis we proposed quantum channels that
vary in time and discussed how those degrade the performance shown by
quantum error correction codes. However, it is important to point out that
in this part of the dissertation we consider that the QTCs operate over
quantum channels that are static.
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CHAPTER 6

Optimization of the error floor
performance of QTCs via

interleaver design

Classical turbo codes are constructed by the interleaved serial or parallel
concatenation of two convolutional codes [152]. The interleaver has a cen-
tral role in turbo coding due to the fact that it is an element that permutes
the symbols of the coded block so that the error locations are randomized.
This way, the bursts of errors that are generated in the decoding of the first
convolutional code can be more efficiently corrected due to their scrambling.
Initially, the concatenation of the convolutional codes was done by means of
a random interleaver, that is, an interleaver whose permutation pattern is
selected randomly. However, due to the importance of such code concatena-
tion element, the construction of classical interleavers with certain structure
has been extensively studied in the literature [61, 62, 63, 64, 65, 66, 67, 68].
This way, the authors seeked the optimization of the performance of clas-
sical turbo codes by designing permutation patterns that scramble the in-
formation in the best possible way.

Quantum turbo codes are also constructed by concatenating two quan-
tum convolutional codes [36]. However, the concatenation must be done in
a serial way since the no-clonning theorem prohibits the copy of information
in the quantum realm that is needed for the parallel concatenation of QCCs.
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The QTCs proposed in the literature [36, 57, 40, 37, 58, 59, 60, 69, 128]
use the quantum analogue of the random interleaver. Regarding QTCs,
the only preliminary regarding practical quantum interleaver design was
addressed in [153], where the authors discussed the implementation of an
odd-even interleaver for reducing the complexity of the parallel QTC decod-
ing algorithm they proposed. Nevertheless, no performance improvement
was observed by the implementation of such scrambling method. Conse-
quently, and based on the classical-to-quantum isomorphism [57] that is
typically applied in the design of quantum error correction codes, we aim
to integrate the classical interleaving design methods into the paradigm of
quantum turbo coding. In this manner, we expect to improve the error
correction capabilities of those codes, specially in the error floor region.
Simulation results show that the QTCs designed using the proposed inter-
leavers present the same behavior in the turbo-cliff region as the codes with
random interleavers in [58], while the performance in the error floor region
is improved by up to two orders of magnitude. Simulations also show re-
duction in memory consumption, while the performance is comparable to
or better than that of QTCs with random interleavers.

6.1 SYSTEM MODEL

The Quantum Turbo Codes considered in this chapter consist of the
interleaved serial concatenation of unassisted QCCs acting as outer codes
and entanglement-assisted QCCs as inner codes1. Figure 6.1 presents the
full schematic representation of such quantum error correction system. The
k input logical qubits that compose the information word |ψ1〉 are first fed
to the outer [[n1, k1,m1]] unassisted convolutional encoder V1 and encoded
into n′ = kn1

k1
physical qubits with the help of (n1 − k1) ancilla qubits and

m memory qubits. The n′ physical qubits that form the codeword |ψ̄1〉
generated by the first encoder are then passed through a quantum inter-
leaver Π before being input to the inner convolutional encoder V2. Such an
encoder is an [[n2, k2,m2, c]] entanglement-assisted encoder that encodes
the interleaved sequence of n′ qubits |ψ2〉 into the codeword |ψ̄2〉 of length
n = n′ n2

k2
= kn2

k2

n1
k1

, aided by (n2− k2− c) ancilla qubits, c pre-shared EPR

pairs and m2 memory qubits. Codeword |ψ̄2〉 is then transmitted through a
quantum channel that corrupts such quantum information. For this chap-

1Note that this QTC is similar to the QTC considered in Chapter 5 but with an EA
inner QCC.
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ter, we will consider the depolarizing channel (Clifford twirl approximation)
and, thus, with qubit-wise depolarizing probability p an n-qubit Pauli error
E2 ∈ Gn will be inflicted to the codeword.
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Figure 6.1: Schematic of the Entanglement-Assisted Quantum

Turbo Code (EAQTC). Note that the c pre-shared EPR

pairs |Φ+〉 are needed for the inner encoder to be both

recursive and non-catastrophic [37]. Pai (.) and Pei (.) de-

note the a-priori and extrinsic probabilities related to

each of the SISO decoders used for turbo decoding.

At the output of the depolarizing channel, the state E2 |ψ̄2〉 is fed to the

inverse of the inner encoder V†2 , which outputs the decoded state L2 |ψ2〉,
where L2 ∈ Gn′ refers to the logical error suffered by the decoded state
due to the operation of the channel; and the classical syndrome bits r̄2 =
(s̄x2 , ē

x,z
2 ) obtained from Z basis measurements on the ancilla qubits and
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Bell measurements on the pre-shared EPR pairs2. The corrupted logical
qubits are then passed through a de-interleaver Π−1 resulting in the state
E1 |ψ̄1〉, which is supplied to the inverse of the outer encoder V†1 . The
resulting output is the state L1 |ψ1〉, which corresponds to the information
quantum state corrupted by a logical error L1 ∈ Gk; and the classical
syndrome bits s̄x1 obtained after measuring the ancilla qubits on the Z
basis. The classical syndromes r̄2 and s̄x1 , obtained in the inverse decoders

V†2 and V†1 , respectively, are then provided to the iterative syndrome decoder
consisted of two serially concatenated SISO decoders, as shown in Figure
6.1. Based on r̄2 and s̄x1 , as well as the channel information Pch(E2), both
SISO decoders engage in degenerate iterative decoding [36, 37] to estimate
the most likely error coset L̃1 that has corrupted the information quantum
state. Based on such an estimation, a recovery operation R is applied to
the corrupted state L1 |ψ1〉, yielding the recovered output |ψ̃1〉.

As already mentioned, the aim of this chapter is to show that inter-
leaver design is beneficial to reduce the error floors of QTCs. To that end,
the inner and outer QCCs we consider to construct the concatenated error
correcting system presented in Figure 6.1 are the EXIT-optimized codes in-
troduced in [58]. The parameters of the inner and outer codes are presented
in Table 6.1. Such configuration, utilizing a random interleaver for the se-
rial concatenation of the constituent QCCs, was studied extensively in [58].
Therefore, it is an excellent benchmark for the interleaver constructions
proposed in this chapter.

From the configuration parameters presented in Table 6.1, it can be
seen that the QTCs used in this chapter will be rate 1/9 turbo codes with
an entanglement consumption rate of 6/9. The noise limit p∗ can be found
from the entanglement-assisted hashing bound, which for such parameters
is p∗ = 0.3779 [37].

2Syndrome measurement of the EAQCC includes measurements of ancillas s̄x and
pre-shared ebits ēx,z.
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Config. Encoder RQ E m Seed Transformation U

EXIT-
optimized

Outer 1/3 0 3
{1048, 3872, 3485, 2054,
983, 3164, 3145, 1824,
987, 3282, 2505, 1984}10

Inner 1/3 2/3 3
{4091, 3736, 2097, 1336,
1601, 279, 3093, 502,
1792, 3020, 226, 1100}10

Table 6.1: Parameters of the QCC encoders. RQ and E refer to

the coding rate and the entanglement consumption rate,

respectively. m refers to the memory qubits. The seed

transformations U are represented using the decimal rep-

resentation presented in [37].

6.2 CLASSICAL INTERLEAVERS FOR QTCS

The concatenation between the outer and inner QCCs is done by the
quantum interleaver Π of size N , which is an N to N -qubit symplectic
transformation3 composed by a permutation π of the N qubit registers
and a tensor product of single-qubit symplectic transformations. It acts by
multiplication on the right on ε̄ ∈ Υ−1([GN ]) as

(ε1, · · · , εN )→ (επ(1)K1, · · · , επ(N)KN ), (6.1)

where K1, · · · ,KN are some fixed symplectic matrices4 acting on επ(j) ∈
Υ−1([G1]), where GN refers to the N -fold Pauli group [36].

In order to use classical interleavers in QTCs, they must properly match
the definition of quantum interleavers in Eq. 6.1. Classical interleavers
consist only of permutations of the information arrays with no such thing
as individual symplectic transformations. Consequently, those operations
will be taken as identity operators acting on the registers Ki = I, ∀i; and
so the only non-trivial operation of such quantum interleavers will be the
scrambling of the qubits in the quantum information stream5. Following

3The notation we utilize to describe the operation of a quantum interleaver is the
so-called symplectic notation as used in [36].

4Recall the Υ map in section 2.
5The random interleavers used in [36, 57, 40, 37, 58, 59, 60, 69, 128] also follow this

approach.
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this approach, the quantum interleavers presented here will be N to N
qubit symplectic transformations acting as

(ε1, · · · , εN )→ (επ(1), · · · , επ(N)) (6.2)

to the qubit data stream, and where the permutation pattern π corresponds
to the classical interleaver under consideration.

6.2.1 CONSIDERED CLASSICAL INTERLEAVERS

All the QTC schemes in [36, 57, 40, 37, 58, 59, 60, 69, 128] are based
on random interleavers, that is, the interleaving patterns π are selected at
random. However, it is known from classical turbo codes that the usage
of interleavers with some added structure is beneficial to reduce either the
error floors or the memory requirements [61, 62, 63, 64, 65, 66, 67, 68]. In
order to show that interleaver design is also beneficial when implementing
quantum turbo codes, we consider the following three types of classical
interleavers.

The first classical interleavers considered here are the S-random in-
terleavers [61]. They are randomly generated by imposing the following
condition on the interleaving distance or spread (S):

|π(i)− π(j)| > S for i and j with |i− j| ≤ S. (6.3)

If the heuristic recommendation S <
√

N
2 is satisfied, where N is the

blocklength, S-random interleavers can usually be produced in reasonable
time by repeatedly generating random integers until condition Eq. 6.3 is
satisfied [61, 65]. However, as indicated in [68], reasonable values of S
are sometimes lower when N is large. We next consider the deterministic
Welch-Costas [67] interleaver, which is defined by two parameters: p =
N + 1, a prime number, and α, a primitive element modulo p. Once α is
chosen for the selected blocklength, it is proven in [67] that

π(i) = (αi mod (N + 1))− 1, ∀i ∈ {0, · · · , N − 1} (6.4)

forms a permutation which is selected as the interleaving rule. Although
the spreads obtained with Welch-Costas interleavers are low, their disper-
sion parameter, η, is maximized. The dispersion of an interleaver π is a
parameter that represents the randomness of the permutation, and it is
calculated as [67]

η =
|D(π)|(

N
2

) , (6.5)
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where | · | indicates cardinality and D(π) is the set of displacement vectors
of π defined as

D(π) = {(j − i, π(j)− π(i))|0 ≤ i < j < N}. (6.6)

The final classical interleaver we will consider for quantum error correc-
tion is the JPL interleaver [67], recommended in the “CCSDS Recommen-
dation for Telemetry Channel Coding” standard [155] because it has good
spreading and dispersion parameters. The permutations that define this
family of interleavers are constructed by applying the following algorithm:

• Factorize the length of the interleaverN = k1k2, where k1 = 8 usually.

• For s = 1 to s = N do

1. m = (s− 1) mod 2

2. i = b s−1
2k2
c

3. j = b s−1
2 c − ik2

4. t = (19i+ 1) mod k1
2

5. q = t mod 8 + 1

6. c = (pqj + 21m) mod k2

7. π(s) = 2(t+ ck1
2 + 1)−m

where pq is defined as the primes p1 = 31, p2 = 37, p3 = 43, p4 = 47, p5 =
53, p6 = 59, p7 = 61, p8 = 67.

6.3 NUMERICAL RESULTS

In this section we present Monte Carlo simulations (see Appendix C
for details) to asses the performance of quantum turbo codes when using
the interleavers proposed in Section 6.2.1. To that end, the EXIT chart
optimized QCCs defined by the parameters in Table 6.1 have been used.
The interleaver length is N = 3000, so that the input quantum information
consists of 1000 qubits. As in [58], a maximum of 15 iterations has been
set for the turbo decoder. The operational figure of merit selected in order
to evaluate the performance of these quantum error correction schemes is
the Word Error Rate.

The following interleavers have been implemented:
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1. S-random interleaver with parameter S = 25,

2. Welch-Costas interleaver with parameter α = 2987 and

3. JPL interleaver.

The spread (S) and dispersion (η) parameters of such designed inter-
leavers are indicated in Table 6.2.

Name Spread (S) Dispersion (η)

Random [67] 1 ≈ 0.81
S-random 25 0.8136

Welch-Costas 1 1
JPL 16 0.35

Table 6.2: Spread and dispersion parameters.

Figure 6.2 shows the results of the Monte Carlo simulations for the
different QTC schemes in the depolarizing channel. It can be seen that
the performance of all QTCs is similar in the turbo-cliff region, achieving
a gap6 to the EA Hashing limit of 0.3 dB, which is also the gap obtained
by the random interleaver QTCs of [58]. However, different behaviors can
be observed in the error floor region. As depicted in Figure 6.2, both the
JPL and the S-random interleavers present a much lower error floor than
that of random interleaving. Specifically, the error floor of the original
ramdomly interleaved QTCs is of the order of 10−2, while the error floor
of the S-random interleaver is around 10−4 and that of the JPL is of order
of 10−3 − 10−4. Notice that the error floor of the JPL interleaver presents
a larger slope than that of the other interleavers, achieving levels close to
those of the S-random interleaver when the channel quality improves. This
means that quantum error correction systems using S-random and JPL
interleavers present error floors around two orders of magnitude better than
those obtained with random interleavers.

6Note that the gap is calculated in a similar fashion as in [58], that is, the distance
between the QTC convergence threshold p = 0.35 and the EA Hashing limit is taken as
10 log10(0.3779/0.35) = 0.3 dB.
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Figure 6.2: Word error rate (WER) performance curves for the 1/9-

QTCs in Table 6.1 when different interleaving methods

are used.

Figure 6.2 shows that the performance of the Welch-Costas interleaver
is similar to that of the baseline random interleaver. However, the benefit
of using the Welch-Costas interleaver is that its memory requirements are
much smaller, as the permutation is defined just by parameters N and α.
On the other hand, the random (and S-random) permutations must be
stored completely. This means that using the Welch-Costas interleaver is
a good option for systems with strict storage requirements. The memory
requirements for the JPL interleaver are also lower than for the random
and S-random ones, as the permutation can be defined by parameters N ,
k1 and the primes pq, while its performance is better than that of random
interleavers but worse than that of S-random ones. Welch-Costas inter-
leavers do have less memory requirements than JPL interleavers, but their
performance is far worse in the error floor region. Table 6.3 summarizes the
memory requirements for each of the interleavers. Note that both random
and S-random interleavers require a memory consumption that increases
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linearly with N , while the memory requirements for the JPL and Welch-
Costas interleavers are constant. Regarding the overall complexity of the
decoding algorithm we have corroborated that it is practically the same for
all interleavers.

Name Parameters Storage Requirements

Random [67] π N
S-random π N

Welch-Costas N ,α 2
JPL N ,k1,pq 10

Table 6.3: Memory requirements.

As explained in [67], the spread parameter is related to the number of
distinct low weight error patterns that are possible to appear in the decod-
ing, while the dispersion is related to the multiplicities of those existing low
weight errors. Consequently, high spread is desired to avoid those harm-
ful error sequences, while a dispersion parameter that is close to that of
a random interleaver (η ≈ 0.81) will mean that those harmful errors will
happen less regularly. This is why in classical turbo coding it is known
that to achieve good error correction performance in the error floor region,
an interleaver must have a high spread parameter and a dispersion param-
eter similar to the dispersion of random permutations [67]. The results
presented in Figure 6.2 show that such rationale also applies to the QTC
scenario.

6.4 DISCUSSION

We have adapted three interleaving design methods used for classical
turbo codes to the quantum domain, demonstrating the importance of in-
terleaver construction in quantum turbo codes. By using Monte Carlo
simulations, we have shown that these constructions do enhance the error
correction capability of quantum codes in the error floor region, leading to
error rate improvements of up to two orders of magnitude. We have also
shown that memory requirements can be lowered by using specific inter-
leaver designs, while the performance in the error floor region is comparable
or even better than that of the original EXIT optimized QTCs.



CHAPTER 7

QTCs without channel state
information

Decoding for QTCs typically assumes that perfect knowledge about the
channel is available at the decoder, i.e. such a decoder has perfect channel
state information (CSI). However, in realistic systems, such information
must be estimated, and thus, there exists a mismatch between the true
channel information and the estimated one. The effect of channel mis-
match on QECCs has been studied for quantum low density parity check
(QLDPC) codes in [72, 73], which showed that such codes are pretty insen-
sitive to the errors introduced by the imperfect estimation of the depolariz-
ing probability and proposed methods to improve the performance of such
QECCs when the depolarizing probability is estimated. For classical paral-
lel turbo codes, several studies showed their insensitivity to SNR mismatch
[74, 75, 76, 77]. In such works, it was found that the performance loss of
parallel turbo codes is small if the estimated SNR is above the actual value
of the channel. However, QTCs can only be constructed as serially concate-
nated convolutional codes, and classical studies about channel information
mismatch for such codes [78, 79] showed that such structures are more
susceptible to channel identification mismatch, suffering a significant per-
formance loss if the SNR is either overestimated or underestimated. This
strongly suggests that (serially concatenated) QTCs will be more sensitive
to CSI mismatch.

165
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In this section, we first analyze the performance loss incurred by QTCs
due to the channel’s depolarizing probability mismatch. Then, we study
how different off-line estimation protocols affect the overall QTCs’ perfor-
mance and provide some heuristic guidelines to selecting the number of
quantum probes required to have an estimate of the depolarizing channel
(Clifford twirl approximation) that keeps the performance degradation of
such codes low. Moreover, we propose an on-line estimation procedure by
utilizing a modified version of the turbo decoding algorithm that allows,
at each decoding iteration, estimating the channel information to be fed
to the inner SISO decoder. Finally, we propose an extension of the on-line
estimation method presented for the depolarizing channel to cover the more
general case of the Pauli channel with asymmetries (Pauli twirl approxima-
tion).

7.1 QUANTUM TURBO DECODER PERFORMANCE WITH
DEPOLARIZING PROBABILITY MISMATCH

In this section, we study the performance sensitivity of quantum turbo
codes when transmitting over the depolarizing channel, assuming that their
turbo decoders have a mismatched value, p̂, of the actual channel depolar-
izing probability, p. To that end, Monte Carlo computer simulations of the
entanglement-assisted QTC presented in section 6 have been carried out.

Figure 7.1 shows the WER versus the mismatched depolarizing proba-
bility, p̂, fed to the turbo decoder. Six curves are plotted in the same fig-
ure, corresponding to six different depolarizing channels with probabilities
p ∈ {0.35, 0.34, 0.33, 0.32, 0.31, 0.30}. Figure 7.1 shows the strong relation-
ship between the mismatch sensitivity and the actual channel depolarizing
probability, p. The smaller p is, the wider the flat1 region is. As expected,
the ability of a QTC to correct errors improved as the depolarizing probabil-
ity of the channel, p, decreased. Comparing these results to the mismatched
sensitivity work presented in [72, 73] for QLDPCs, we can conclude that
QLDPCs were more robust against channel mismatch than quantum turbo
codes, since QLDPCs had a behavior flatter than that of QTCs when the
depolarizing probability was under-estimated. This type of behavior can
be explained by comparing QTCs with classical turbo codes. In the realm

1We define the flat region as the zone in the sensitivity curve where the WER perfor-
mance is not considerably degraded as a consequence of the mismatch.
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of classical turbo codes, the same kind of2 behavior is encountered for par-
allel and serial turbo codes [74, 75, 76, 77]. That is, classical parallel turbo
codes present a sensitive region flatter than serial ones [78, 79] when the
variance of the AWGN channel is underestimated, which may be explained
by the fact that in serial configurations, contrary to what happens in par-
allel turbo codes, the channel state information is only used in the inner
decoding stage, and thus, errors due to mismatch only appear at the first
decoding stage and propagate to the outer decoder in the turbo decoder.
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Figure 7.1: WER variation for QTCs using an EXIT-random in-

terleaver as a function of the mismatched depolarizing

probability, p̂. Each one of the curves corresponds to

a value of the actual channel depolarizing probability.

The QTCs considered here have an entanglement con-

sumption rate of 6/9.

2Note that in the classical realm, mismatch means that the noise variance of the
channel has to be estimated.
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7.1.1 INTERLEAVER IMPACT

In Chapter 6, we have shown that the selection of the interleaver plays
a central role in the design of QTCs due to their ability to reduce the error
floors in such codes. This raises the question of whether different classes of
interleavers may also influence the sensitivity behavior of the QTC under
channel mismatch. To investigate this possibility, the previous simulation
was also carried out for the following two interleavers, which according to
Figure 6.2 were the ones with the lowest error floors:

• S-random interleaver with parameter S = 25 and

• JPL interleaver.
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Figure 7.2: WER variation for the QTCs with three different in-

terleavers as a function of the mismatched depolarizing

probability p̂. The true depolarizing probabilities se-

lected are p = 0.33 and p = 0.30.

The next set of simulations was performed by setting the depolarizing
channel probability to p = 0.33 and p = 0.30, which by looking at the curves
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in Figure 6.2 were the values of p where the WERs started to diverge in the
waterfall region and where the WERs lied in the error floor region, respec-
tively. The results are plotted in Figure 7.2. Note that in the same figure,
we also included the curves corresponding to the EXIT-random interleaver
previously plotted in Figure 7.1. Observe that the curves of WER versus
p̂ were very similar for the all three interleavers under consideration as the
flat region for each of them had approximately the same width. It is true
that for p = 0.30, both the JPL and the S-random interleavers presented a
lower WER in the flat region, but that was due to the fact that their error
floor was lower. Therefore, we conclude that even though the selection of
the interleaver had a significant impact on the resulting error floor of the
QTC, the influence that interleavers had on the mismatch sensitivity is
negligible.

The explanation for this invariance of the mismatch sensitivity to the
interleaver choice is that the depolarizing probability was used only in the
inner SISO decoder. This means that the extra errors that appeared in the
decoding due to the mismatched depolarizing probability will be generated
in the inner part of the turbo decoder, and they will propagate through
the interleaver to the outer convolutional decoder. Consequently, even if
using the S-random or the JPL interleaver means a higher error correction
capability in the error floor region, the sensitivity of the overall decoder
to channel mismatch, defined by the inner decoder, will not be affected by
interleaver choice.

7.2 ESTIMATING THE DEPOLARIZING PROBABILITY

The problem of quantum channel identification (quantum process to-
mography [156]) is of fundamental relevance for several quantum informa-
tion processing tasks. In the context of quantum error correction, it is
often assumed that the decoder knows exactly the quantum channel. Un-
fortunately, such an assumption may not be valid as the channel is usually
unknown. Consequently, the QTC decoder should be provided with an es-
timate of the channel. In this case, since the quantum channel acting on an
arbitrary quantum state ρ was the depolarizing channel, ND, the decoder
of the QTC should be fed with an estimate of the channel depolarizing
probability, p. It will be assumed that p remains constant for at least the
duration of a QTC channel block.
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7.2.1 OFF-LINE ESTIMATION FRAMEWORK

In this framework, the channel depolarizing probability is estimated
before block transmission can begin. Note that if the channel remains
constant during the transmission of all blocks (i.e., the quantum channel
is unknown but constant) then the QTC rate loss will be asymptotically
negligible as the number of transmitted blocks increases. On other hand, if
the channel varies at every transmitted block (but remains constant during
a block), i.e. the TVQC model discussed in Chapters 4 and 5, this off-line
estimation method substantially reduces the overall rate of the QTC.

7.2.1.1 Quantum Channel Estimation

In general, quantum channel identification requires suitably prepared
quantum states to be subjected to the operation of the quantum channel,
Γ(p), [157]. Figure 7.3 shows the general estimation scheme used for channel
identification. It used N equal quantum probes, σ, that were then passed
through unitary operators, Ui, while being submitted to the action of the
target quantum channel m times. The output quantum state, σf (p), which
depends on the parameter p, was then measured qubit-wise to obtain the
classical information (x1, · · · , xN ) that will be used to get the estimate
p̂ = pest(x1, · · · , xN ).

Û1

b

b

b

σ

σ
σ

Γ(p)

Û2

Γ(p) b b b Γ(p)

Ûm+1

b b b

b b b

b

b

b σf (p) pest

x1

xn−1

xn

p̂

Figure 7.3: General channel identification method for a p parame-

ter dependent quantum channel Γ(p) [157]. For the sce-

nario of this section, Γ(p) = ND. This general scenario

uses n quantum probes σ and m channel invocations.

U1, · · · , Um+1 are parameter independent transforma-

tions that can be effectively selected to estimate p. pest
is an estimator function that uses the classical informa-

tion (x1, · · · , xN ) obtained from measuring the output

quantum state σf (p) in order to get the estimate p̂.
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Since the estimation of p depends on the measurements obtained from
the state σf (p) and such measurements in quantum physics are statisti-
cally distributed, the estimated depolarization probability, p̂, will be a ran-
dom variable. Consequently, the aim of channel identification is to chose
a procedure that yields estimations of p with minimal fluctuations around
the actual parameter value. The way to quantify these fluctuations is by
computing the variance of the estimation, var(p̂) = E{(p̂ − p)2}, where it
is assumed that the estimator is unbiased, i.e., E{p̂} = p. Obviously, the
variance will depend on the actual choice of the estimator used. For the pur-
poses of this section, we will assume that the estimation scheme achieves the
information-theoretical optimal performance, that is the quantum Cramér-
Rao bound. In that sense, the results in this section will be bounds for
off-line channel estimation.

The quantum Cramér-Rao bound states that the variance on any esti-
mator is bounded below as [157]:

var(p̂) ≥ 1

J(p)
, (7.1)

where J(p) is the quantum Fisher information, which depends only on the
output quantum state, σf (p), but neither on the choice of measurement3

(x1, · · · , xN ), nor on the applied estimation scheme (refer to Figure 7.3).
It is calculated as:

J(p) = Tr[σf (p)L̂2(p)], (7.2)

where L̂(p) is the symmetric logarithmic derivative (SLD) defined implicitly
via:

∂σf (p)

∂p
=

1

2
[L̂(p)σf (p) + σf (p)L̂(p)]. (7.3)

Quite generally, there exists a measurement procedure that asymptot-
ically attains the quantum Cramér-Rao bound [158]. From the fact that
σf (p) depends only on the resources used to test the channel, the same
dependence will hold for J(p), and in turn for the quantum Cramér-Rao
bound. Note that there are many possible combinations of these resources,
which will lead to different Fisher informations [157, 159], but for the pur-
poses of this study, we will only consider some of them.

3Note that the classical Fisher information F (p) depends on the choice of measure-
ment, but as F (p) ≤ J(p), the Cramér-Rao bound can be rewritten as a function of the
measurement-independent quantum Fisher information [157].
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1. Number of channel invocations: For our encoding-decoding system
in Figure 6.1, sequential channel invocations are not considered. The
reason is that once a quantum state goes through the operation of the
depolarization channel, it cannot be sent again through the channel.
Therefore, the number of channel invocations will be set to m = 1.

2. Unitary Û1 transformation: The goal of the unitary transformation,
Û1, applied to the N input quantum probes, σ, is to introduce corre-
lations among the quantum probes. In the particular case where the
transformation is diagonal, it results in independent instances of the
quantum probes, i.e., in an independent channel use protocol. Figure
7.4 shows such an estimation protocol.

Furthermore, if N is set to one, the above scheme reduces to the sim-
plest estimation protocol, called single-qubit, single-channel (SQSC).
If we denote by J1(p) the Fisher information of this SQSC estima-
tion protocol, then for any N greater than one, it can be shown [157]
that the corresponding overall Fisher information JN (p) is given by
JN (p) = NJ1(p). Therefore, for N channel invocations, the quantum
Cramér-Rao bound is:

var(p̂) ≥ 1

NJ1(p)
, (7.4)

so that the variance bound decreases linearly with N . In this section,
we will use the estimation protocol shown in Figure 7.4.
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Û

b

b

b

b

b

b

ND

Figure 7.4: Estimation protocol used in this section. N indepen-

dent channel invocations are performed in order to es-

timate the value of p.
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3. Input probe σ: Two different state probes σ are considered4.

• Unentangled pure states: The Fisher information for unentan-
gled pure states as probes has been calculated in [162] to be:

J1(p) =
9

8p(3− 2p)
and JN (p) = N

9

8p(3− 2p)
. (7.5)

It should be mentioned that for SQSC protocols with no entan-
glement available, Eq. 7.5 is the largest value that the Fisher
information can attain. In other words, under pure quantum
state probes, the scheme in Figure 7.4 is optimal.

• Maximally entangled pure states: When entanglement is avail-
able, maximally entangled pure states or EPR pairs, |Φ+〉 =
(|00〉 + |11〉)/

√
2, can be used as probes for the depolarizing

channel. It can be shown that if just one of the qubits of
|Φ+〉 = (|00〉 + |11〉)/

√
2 is transformed by the depolarizing

channel (i.e., the EPR pair goes through an extended channel
ND ⊗ id), then the corresponding Fisher information is [159] :

J1(p) =
9

16p(1− p) and JN (p) = N
9

16p(1− p) . (7.6)

Note that this type of protocol requires that one of the entan-
gled qubits is not affected by noise. This is not an issue in our
scenario, since the codes we consider are entanglement assisted
(there is pre-shared entanglement between the coder and the de-
coder), and thus, this protocol is suitable for the estimation of
the depolarizing probability. It can be shown that the Fisher
information value in Eq. 7.6, higher than in Eq. 7.5 due to the
entanglement, is the largest value that can be achieved by SQSC
estimation protocols for the depolarizing channel [157].

Although the Fisher information given by the maximally entangled
probes Eq. 7.6 is larger than the one for pure states Eq. 7.5, entan-
glement consumption is an expensive resource, and thus, a tradeoff
between performance and implementation complexity exists for this
kind of estimation protocol.

4We consider noiseless probes that are only affected by the depolarizing channel.
Research about constructing robust quantum probe states to face such adverse noise has
been addressed in [160, 161].
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7.2.1.2 Computation of the Average Word Error Rate

Based on the results of Section 7.1 regarding the variation of the WER
as a function of the mismatched depolarizing probability WER(p̂) (refer to
Figure 7.1), one can obtain the average ˜WER(p) versus the actual depolar-
ization probability p of the channel as:

˜WER(p) =

∫
WER(p̂)P(p̂)dp̂, (7.7)

where P(p̂) is the probability density function of the estimator being con-
sidered5. As in [72], this probability density will be assumed to be a
truncated normal distribution between zero and one with the mean equal
to the true depolarizing probability p and variance [JN (p)]−1, that is,
p̂ ∼ GN [0,1](p, [JN (p)]−1). The selection of the inverse of the Fisher in-
formation as the variance of the distribution of the estimator, P(p̂), will
give us a bound on the best performance that the system will asymptot-
ically attain. We followed the reasoning of [157], that is, as the Fisher
information is asymptotically achievable, this will quantify the best possi-
ble accuracy of the quantum estimation process, giving us a bound on the
performance.

Figure 7.5 shows the performance results of the QTCs considered in
this section versus p as a function of the number of probes, N , used. In
particular, Figure 7.5a and 7.5b show the results for pure state probes and
for maximally entangled state probes, respectively. In both cases, the es-
timation protocol converged after N ≈ 1000. However, for N = 100, the
protocol based on EPR pairs converged faster than the pure protocol. This
agrees with the fact that the variance of the entanglement probe estimator
was smaller than the variance of the pure probe estimator (refer to Expres-
sions Eq. 7.5 and Eq. 7.6). The drawback is that pre-shared entanglement
was needed, which is an expensive resource.

5Note that both WER(p̂) and P(p̂) are functions of the true depolarizing probability
p.
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(a) Pure quantum probes.
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(b) Maximally-entangled quantum probes (EPR).

Figure 7.5: WER degradation for the QTCs as a function of the

number of probes, N , used for the initial depolarizing

probability estimation. Note that the number of probes

used applies in the asymptotic setting. (a) Estima-

tion using pure quantum probes. (b) Estimation using

maximally-entangled quantum probes (EPR pairs).

7.2.2 ON-LINE ESTIMATION FRAMEWORK

In this section, we propose a modified version of the turbo decod-
ing algorithm presented in Section 6.1 (described in detail in [36]) that
will allow estimating the depolarizing probability jointly with the decod-
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ing process. Contrary to what happened in the off-line scheme considered
in Section 7.2.1, this on-line estimator has the advantage of not requiring
channel estimation before transmission begins. Thus, latency increase and
rate reduction are avoided even when the quantum channel is block-to-block
time-varying, such as the TVQC model discussed in Chapters 4 and 5.

As mentioned in Section 6.1, at each iteration j of the turbo decoder, the
inner decoder computes the probability distribution6 Pe2(L2) of the logical
errors L2 associated with the inner convolutional code and the probability
distribution P(j)(E i2|r̄2) that the ith qubit of the transmitted block will
endure a physical error conditioned on the measured syndrome. Note that
although Pe2(L2) is sent to the outer SISO decoder through the interleaver,
P(j)(E i2|r̄2) is left unused. Such information may effectively be used to
estimate the value of the depolarizing probability of the channel at decoding
iteration j as:

p̂(j) = 1− 1

n

n∑

i=1

P(j)(E i2 = I|r̄2), (7.8)

where n is the blocklength transmitted through the channel and I is the
identity operator.

Once p̂(j) is obtained, it is fed to the inner SISO decoder.

Under the low WER decoding operation, it is expected that the se-
quence of estimates {p̂(j)} will converge to the actual depolarization prob-
ability of the channel p. This procedure is schematically represented in
Figure 7.6.

6Note that Pe2(L2) also depends on iteration j, but such dependency is usually omitted
for simplicity.
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Figure 7.6: Modified QTC decoder to perform on-line estimation of

the depolarizing probability. The figure only presents

the inner SISO part of the decoder, as the rest of the

turbo decoder remains unchanged.

A question that remains to be answered is what criterion one should
follow to provide the initial value of the depolarization probability, p̂(1), to
the inner SISO decoder. The selection of the initial value may affect the
convergence rate to the final value of p, and in turn the decoder operation.
Figure 7.7 presents the results when the initial value, p̂(1), is equal to the
hashing limit of the QTC, i.e., p̂(1) = p∗. The rationale behind this selection
is that no QECC operating over a channel with a hashing limit p∗ will be
able to operate at low WER whenever the depolarization probability p is
larger than p∗, and thus, initialization with p̂(1) > p∗ makes no sense in
principle. In our case, p∗ = 0.3779 (refer to Figure 6.2).

Figure 7.7 shows the QTC performance in terms of WER versus p when
using the proposed on-line estimation method with initial value p̂(1) = p∗ =
0.3779. For comparison purposes, the figure also shows the WER achieved
when perfect channel information is available to the inner SISO decoder.
Notice that there was no WER degradation when using on-line estimation,
since the turbo code with the on-line estimation of the depolarizing prob-
ability achieved the same error correction capability as when the channel
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information was perfectly available at the decoder. Importantly, this perfor-
mance was achieved without requiring extra qubits and, therefore, without
decreasing the rate of the QTC, since the information used for this on-
line protocol was based on information that the SISO decoding algorithm
already calculated.
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Figure 7.7: WER performance for the QTCs when the proposed on-

line estimation procedure for the depolarizing probabil-

ity is utilized with initial value p̂(1) = p∗ = 0.3779. For

comparison purposes, the figure also shows the WER

achieved when perfect channel information is available.

In order to assess the effect of the choice of the initial value of the depo-
larizing probability, Figure 7.8 depicts the WER performance when p̂(1) is
chosen as p̂ in the x-axis. Each curve corresponds to a different actual value
of the depolarizing probability, p. For comparison purposes, the curves in
Figure 7.1 are also depicted here (in that case, p̂ is not estimated jointly
with the decoding process). Notice the excellent performance achieved by
the on-line estimation method independently of the initial value p̂(1), which
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manifests by the much flatter nature of the curves obtained by the on-line
estimation method when compared with those of Figure 7.1.
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Figure 7.8: WER variation for the QTCs as a function of the initial

value of the depolarizing probability, p̂(1). The contin-

uous lines represent the sensitivity of the original turbo

decoder [36] (no estimation of the depolarizing prob-

ability is performed, and the decoder always utilizes

p̂(1)), while the dashed lines represent the sensitivity of

the modified decoder using the proposed on-line esti-

mation method.

7.3 ON-LINE ESTIMATION METHOD FOR THE PAULI CHAN-
NEL

In this section, we describe a modified on-line estimation algorithm
for the asymmetric Pauli channel. Furthermore, we present results that
support the claim that the proposed method successfully achieves the task
at hand.
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7.3.1 ON-LINE METHOD FOR THE PAULI CHANNEL

Here, we consider the PTA channel obatined by Pauli twirling the com-
bined amplitude and phase damping channel (see Chapter 2). Thus, the
on-line estimation method for such asymmetric Pauli channel should esti-

mate the channel probabilities, p̂
(j)
g , with g ∈ {X,Y,Z} at each iteration j.

Following the same reasoning as for the depolarizing channel, we propose
the following estimator:

p̂(j)
g =

1

n

n∑

i=1

Pj(E i2 = g|r̄2), (7.9)

where g ∈ {X,Y,Z}. Once such values are obtained, they are used to
derive the a priori channel probability distribution P̂ch(E2), which is fed
back to the inner SISO decoder for the next iteration of the turbo decoding
sum-product algorithm, similar to Figure 7.6.

Note that in Eq. 7.9, each of the probabilities associated with each of the
non-identity Pauli matrices is calculated independently. One might wonder
why not to use the fact that for the PTA channel being considered the
probabilities for bit-flip and bit-and-phase-flip are equal, and thus to force

the estimator to estimate p̂
(j)
x = p̂

(j)
y by calculating the mean of both. In

principle, this would lead to better performance, as information about the
channel structure would be indirectly fed to the decoder. However, as it will
be seen in the simulation results, the proposed decoder achieves the same
performance as a decoder that has knowledge of the channel parameters.
Consequently, the only benefit that might be obtained by applying such
restriction in the estimation procedure would be to lower the decoding
complexity. Reducing the complexity is desirable, but we consider that the
method proposed in Eq. 7.9 is more interesting, as it will be valid for all
types of Pauli channels and not just for the asymmetric model that the
PTA channel represents.

The final matter that must be established in order to appropriately
define the iterative on-line estimation algorithm is the selection of the values

for the first iteration, p̂
(1)
g , g ∈ {X,Y,Z}. Following the reasoning done in

the previous section for the depolarizing channel, it seems logical to select

p̂
(1)
g = αp∗α/(α+2) for g = Z and p̂

(1)
g = p∗α/(α+2) for g = {X,Y}, where p∗α

refers to the noise limit for the code with channel asymmetry, α. However,
the parameter α is unknown by the receiver, and so we cannot set such a
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starting point for the algorithm. Consequently, we will select the value for
the first iteration as a constant for each g. Observing Figure 7.8, it can be
inferred that the selection of the initial values is not crucial in terms of code
performance if the number of iterations for the turbo decoding algorithm
is sufficient. In light of these results, and of the fact that the noise limit,
p∗α, increases7 with the value of α [60], we will select the starting point of

the algorithm as p̂
(1)
g = p∗α=1/3, ∀g. The estimated asymmetry parameter

for each iteration can be obtained as

α̂(j) =
p̂

(j)
g=Z

p̂
(j)
g=X

. (7.10)

The proposed estimation method is applicable for all possible values of
α.

7.3.2 SIMULATION RESULTS

In this section we perform Monte Carlo simulations to asses the per-
formance of Quantum Turbo Codes using the proposed on-line estimation
method for asymmetric Pauli channels. For this purpose, the unassisted
QTC scheme presented in Chapter 5 has been used with a block length
of k = 1000 logical qubits. Note that this scheme is not the same as the
one used for the depolarizing channel estimation in the previous section.
The reason for doing so is that previous literature on QTCs operating over
asymmetric Pauli channels was done for such scheme [60].

7Since operating beyond the noise limit of a code does not make sense, it is logical to
select the smallest noise limit as the starting point of all possible asymmetry coefficients
α. The smallest noise limit is given by the symmetric case α = 1 [60].
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(a) WER performance of the QTC for α = 1 and α = 104.
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(b) WER performance of the QTC for α = 102 and α =
106.

Figure 7.9: WER performance for the QTC under consideration

when the proposed asymmetric on-line estimation pro-

cedure is utilized. The obtained performance curves are

compared to the ones obtained in [60] for the case where

the QTC decoders have knowledge of the parameters p

and α.



On-line estimation method for the Pauli channel 183

Figure 7.9 shows the results obtained for the QTCs described in Chap-
ter 5 using the generalized on-line estimation method presented in section
7.3.1. The waterfall shaped curves depicted in said figure compare the per-
formance of the “PTO1R-PTO1R” configuration when it corrects errors
of asymmetric nature and its decoder has access to perfect channel infor-
mation, to the performance of the decoder that estimates those channel
parameters while simultaneously decoding the information. It is obvious
that both methods exhibit similar error correcting capabilities in terms
of WER performance. Consequently, the generalized on-line estimation
method allows the QTCs to attain excellent performance regardless of the
nature of the channel. This outcome is of significant relevance, since it
means that the QTC decoder can be applied to any Pauli channel. There-
fore, no channel-specific QTC decoders that need to know the exact noise
model beforehand are required.

To finalize the study of the QTCs that use the on-line estimator to
tackle the lack of knowledge about the channel parameters, we discuss the
number of iterations required by the turbo decoder algorithm to succesfully
estimate the logical error coset. In [60], the authors claim that setting the
maximum number of iterations beyond Imax = 4 produced no benefits in the
decoding process. However, the utilization of the on-line method introduced
in our work requires the decoder to execute more iterations so that the
recovery operation can be calculated correctly. This need arises because the
decoder estimates the channel parameters during every decoding iteration,
which inadvertently implies that subsequent estimates become increasingly
accurate as more decoding rounds take place. Thus, the decoder requires
sufficient iterations for the channel information to be accurate enough to
produce satisfactory estimates of the logical error coset through additional
turbo decoder rounds. For the codes considered in this section, we have
observed that setting the maximum number of iterations to less than Imax =
32 implies a loss in the WER performance, while increasing the parameter
beyond this value yields no benefit for the QTCs under consideration. As
a result, the worst case decoding scenario using our estimator takes 8 times
the number of decoding rounds required by a decoder that has knowledge of
the channel parameters. However, the increase in complexity is justified by
the flexibility provided by the on-line estimation method, since if we assume
that the channel remains constant for the duration of the block, the QTC
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performance will not be compromised8 if the nature of the channel changes
from block to block, regardless of whether the change occurs in the gross
error probability, p, or in the asymmetry level of the Pauli channel, α.
Therefore, QTCs will achieve excellent performance independently of the
nature of the channel or its time evolution.
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Figure 7.10: WER performance of the QTCs using the symmet-

ric on-line estimator against the performance of those

QTCs using the on-line asymmetric estimator pro-

posed. The considered asymmetry coefficients are

α = 102 and α = 106.

Another question that comes up when analyzing the performance of
the proposed on-line asymmetry-considering estimator is how it measures
up against the on-line estimator proposed in the previous section for the

8Here we mean that the code will not be degraded due to the imperfect CSI. However,
the performance of the code will suffer from the effects of time-variation as seen in Chapter
5.
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depolarizing channel. The answer to this question will give us informa-
tion regarding the importance of asymmetry to decode QTCs. Figure 7.10
shows the results obtained by running the turbo decoder with the estimator
from section 7.2.2, as well as the results obtained for the extended on-line
estimator proposed in this section, when we consider the Pauli channels
with asymmetry coefficients α = 102 and α = 106. Notice that neglecting
the possibility that the channel might be asymmetric and treating it like a
depolarizing channel leads to huge performance losses. Upon further exam-
ination of Figure 7.10, it can be seen that using the estimator from section
7.2.2 for the Pauli channel always results, independently of the nature of α,
in the QTC performance corresponding to the symmetric case α = 1. As
a consequence, if asymmetry is not considered in the error correction sys-
tem, the performance loss experienced by the QTCs will correspond to the
gap between the waterfall region presented by the decoder that has perfect
knowledge of the channel parameters and the waterfall region of the de-
coder for the depolarizing channel, which increases with the growth of the
asymmetry coefficient, α. In practical situations, since the quantum chan-
nel might be asymmetric, using the extended on-line estimator proposed
here is paramount if one wants to maintain excellent performance.

7.4 DISCUSSION

We have studied the performance sensitivity of QTCs applied over de-
polarizing channels when there exists a mismatch between the actual depo-
larizing probability and the probability fed to the decoders. To that end,
we fed the turbo decoder with values different from the actual value of the
depolarizing probability and observed the degradation in the WER due to
such mismatch. Simulation results showed that the decoder is sensitive both
to under- and over-estimation of the depolarizing probability, presenting a
flat region around the actual value of the depolarizing probability.

In order to overcome the lack of knowledge regarding the depolarization
probability, we have proposed a novel on-line estimation procedure based
on the information generated in the iterative turbo decoder. Such an on-
line estimator outperformed existing off-line estimators in terms of overall
coding rate and latency, while maintaining excellent WER performance.
Simulation results have shown that the on-line estimation method is in-
sensitive to the initial value of the depolarizing probability, and thus, the
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resulting performance experiences very little degradation in the presence of
channel mismatch.

Moreover, we have presented an extension of the on-line estimation
method for the depolarizing channel, making it capable of considering the
asymmetries that are present in the decoherence models of realistic quan-
tum devices. The noise in these devices is modeled using the well known
Pauli twirl approximation channel, which has been shown to be biased to-
wards Z type errors for some of the qubit construction technologies that
are being used in this day and age. Monte Carlo simulations corroborate
that the proposed on-line estimation method is successful in aiding the
QTC to achieve the same performance as when it has access to the channel
parameters. This positive outcome comes at the cost of a slight increase
in the complexity of the decoding algorithm. However, the flexibility that
the proposed method provides, allowing the QTCs to be able to operate
close to their hashing bounds without requiring any knowledge of the Pauli
channel parameters or of how they evolve in time, far outweighs this minor
drawback.



CHAPTER 8

Quantum
Low-Density-Generator-Matrix

Codes and Degeneracy

This chapter serves as a summary of the main results of other QEC-related
research that the author has been involved in during this Ph.D. thesis.
Given the varied nature of this work, the chapter is divided into five different
sections, each one dedicated to a specific topic:

• Section 8.1 studies the design of a class of non-Calderbank-Shor-
Steane (CSS) Quantum Low-Density-Generator-Matrix (QLDGM)
codes that outperforms other QLDPC schemes of the literature. It
reviews the contents of [11].

• Section 8.2 discusses the scenario of non-CSS QLDGM codes when
they operate without channel state information as it was done in
Chapter 7 for QTCs. The depolarizing channel is considered. It
summarizes the research presented in [10].

• Section 8.3 proposes the design of CSS QLDGM codes for the asym-
metric Pauli channel. Our scheme outerperforms other QLDPC codes
in the literature for some of the scenarios considered. This section
presents the methods and results of [9].
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• Section 8.4 presents a group theoretical approach to discuss the issue
of degeneracy as it relates to sparse quantum codes. It summarizes
the review article [8].

• Section 8.5 discusses previously existing methods to compute the log-
ical error rate and presents an efficient coset-based method inspired
by classical coding strategies to estimate degenerate errors. It reviews
the results and discussions of [7].

Before moving onward, it must be mentioned that the contents shown
herein are meant only as a cursory overview. Readers should refer to the
Ph.D. dissertation of Patricio Fuentes Ugartemendia (first-author of this
research) or the journal articles themselves for a complete discussion re-
garding these findings.

8.1 APPROACH FOR THE CONSTRUCTION OF NON-CSS
LOW-DENSITY-GENERATOR-MATRIX-BASED QUANTUM
CODES

Quantum LDPC codes are built by casting classical LDPC codes in the
framework of stabilizer codes [163], which enables the design of quantum
codes from any arbitrary classical binary and quaternary codes. In [33],
the authors document the design of QLDPC codes based on their classi-
cal counterparts, detailing numerous construction and decoding techniques
along with their flaws and merits. Among the discussed methods, the con-
struction of QLDPC codes based on LDGM codes is shown to yield perfor-
mance and code construction improvements, albeit at an increase in decod-
ing complexity. This method was originally proposed in [164, 165], where
Calderbank-Steane-Shor (CSS) quantum codes based on regular LDGM
classical codes were shown to surpass the best quantum coding schemes
of the time, and performance was significantly improved in [165, 166] by
utilizing a parallel concatenation of two regular LDGM codes.

Quantum LDGM (QLDGM)-based quantum code implementations, as
well as most QLDPC designs, are based on CSS constructions. CSS codes,
simultaneously proposed by Calderbank, Shor, and Steane in [167, 168],
are a particular subset of the family of stabilizer codes. They provide
a straightforward method to design quantum codes via existing classical
codes. In general, decoding of quantum codes based on CSS designs is per-
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formed separately for bit- and phase-flip errors, which negatively impacts
their performance. In fact, CSS constructions decoded separately are lim-
ited by an unsurpassable bound, referred to as the CSS lower bound [169].
Joint decoding of bit- and phase-flip errors using modified CSS decoders
capable of exploiting the correlation between the aforementioned errors has
been considered in the literature [170, 171, 172, 173, 174, 175, 176], and
performance improvements associated with these modified CSS decoders
have been shown in these articles. Nonetheless, the improvements pro-
vided by these modified CSS decoders come at the expense of an increased
decoding complexity, which, along with the performance limitations of con-
ventional CSS decoding, inspires the search for non-CSS constructions, as
they should theoretically be able to outperform CSS codes and avoid com-
plex decoding strategies. Non-CSS QLDPC-based codes were proposed in
[177]. However, despite showing promise, they fail to outperform existing
CSS QLDPC codes for comparable block lengths.

In such context, we introduced a technique to design non-CSS quantum
codes based on the use of the generator and parity check matrices of LDGM
codes. The proposed methods are based on modifying the upper layer of
the decoding graph in CSS QLDGM constructions. An example can be
seen in Figure 8.1. The feasibility of such modification of the upper layer
of the decoding graph is based on the othogonality properties shown by
the generator and parity-check-matrices of the classical LDGM codes used
for constructing the code. The simplicity of the proposed scheme ensures
that the high degree of flexibility in the choice of the quantum rate and the
block length for the CSS code utilized as a starting point is translated to
the non-CSS design.
APPROACH FOR THE CONSTRUCTION OF … PHYSICAL REVIEW A 102, 012423 (2020)
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FIG. 3. Generation of an sC node. The upper nodes represent the
syndrome nodes while the bottom nodes represent the d nodes (dx

and dz denote the d nodes associated with each of the separate CSS
decoding subgraphs). The sA nodes are represented in yellow, the dA

nodes are shown in red, and the sC node is pictured in green.

the starting point. For the sake of simplicity and comparison
continuity, we maintain the requirements enforced in [21–23]:
the matrices used to perform linear row operations are equal
to each other M1 = M2 = M, and the degree distribution of
PT and P are the same.

The CSS QLDGM code used as a starting point will be as-
sociated with two separate decoding subgraphs, one for H and
the other for G. The upper layers of these subgraphs (the num-
ber and degree distribution of the d , sA, and sB nodes) will be
defined by two identical matrices M of size m × N

2 described
by (y; 1, x) which have t rows with a single nonzero entry.

We can build our non-CSS scheme using two different
strategies. Given that both of them involve very similar pro-
cedures, we begin by explaining the simplest construction
method. Then, we will present the second proposed design
technique.

1. Method 1: Syndrome node combination

Non-CSS codes based on the first strategy are constructed
as follows:

(1) First, generate a new matrix, Md , as

Md =
(

Mm× N
2

0m× N
2

0m× N
2

Mm× N
2

)
2m×N

. (10)

(2) Select q nodes out of the 2t sA nodes of matrix Md ,8

which we will refer to as sC nodes, and add an edge from these
nodes to the d nodes on the side of the decoding graph they
are not connected to. We apply a criterion to ensure that these
new connections are not made randomly: the edges added to
the q selected sA nodes can only be made to a d node (dx or
dz) that is a dA node. We define dA nodes as any d nodes that
are connected to an sA node. Of the q sC nodes, half of them
proceed from sA nodes in the CSS subgraph used to decode
the X operators, while the other half come from sA nodes in
the CSS subgraph used to decode the Z operators. Figure 3
illustrates how an sC node is generated.

The reasoning behind adding edges that traverse the X
and Z sides of the graph only to sA nodes is based on the
following considerations: First, transforming an sA node into
an sC node implies that the new node no longer provides
perfect syndrome information, given that it is now connected

8Note that Md , as defined in (10), is a simple algebraic representa-
tion of the upper layer of the graph in Fig. 1.

to two d nodes. However, the fact that an sC node only has
two edges implies that its syndrome information, although
not transferred exactly, still has high impact when computing
messages for associated nodes. At the same time, the edge
that traverses from the sC node to the other side of the factor
graph (either dx or dz) reaches a dA node. Considering that
messages from dA nodes are more likely to be correct (they
are connected to an sA node), coupled with the fact that sC

node syndrome information still plays an important role in the
messages that the node computes, it is reasonable to assume
that sC nodes relay accurate information and that they behave
in a similar manner to sA nodes. Therefore, sC nodes provide
a way in which reliable messages can be exchanged between
both sides of the factor graph, which should have a positive
impact on decoding and improve the code performance.

It is important to note that if we were to add a cross-graph
edge to an sB node, because of its high degree, the messages
received over this new edge would play a limited role in the
computations made by the node. By association, the cross-
graph messages transmitted over the new edge would also
have a very limited effect on the computation of messages ex-
changed on the other side of the graph and little performance
improvement, if any, would be obtained.

Notice that at this stage we have transformed Md into a
new matrix M ′

d , modifying the upper layer of the original CSS
decoding graph of Fig. 1 in the following manner:

(i) There are q sC nodes that are connected to both sides of
the graph.

(ii) Some d nodes are connected to both sA and sC nodes.
These modifications force the s and d nodes of the non-

CSS decoding graph to have a somewhat irregular edge distri-
bution. Indeed, the “regularity” of the d nodes has been broken
in order to connect the separate CSS decoding subgraphs,
resulting in q

2 dx nodes and q
2 dz nodes having an additional

edge. Furthermore, q s nodes now have two edges, one of them
directed toward a dx node and the other toward a dz node.

It is intuitive that the performance of this novel non-CSS
structure should at least be as good, if not better, than that
of the CSS scheme utilized as a starting point, provided
that the parameter q is chosen properly. If we select q �
m, the decrease in the number of s nodes providing perfect
information will be small and should have negligible impact in
the decoding process.9 On the contrary, the degree-2 sC nodes
allow the exchange of information between both sides of the
graph as the iterative decoding process progresses, potentially
improving the decoding performance. Therefore, we expect
this scheme to present its best performance for a specific range
of small values of q, with deterioration occurring when q is
increased beyond this range.

2. Method 2: Syndrome node combination + removal of sA nodes

The second design technique removes q syndrome nodes
from the decoding graph generated by the first method,

9A total of q sA nodes get converted into sC nodes, which do not
provide perfect information.

012423-7

Figure 8.1: Schematic representation of the combination of x and z

nodes of the upper layer of the decoding graph.
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Compared with quantum CSS codes based on the use of LDGM codes,
the proposed non-CSS scheme is 0.2 dB closer to the hashing bound in the
depolarizing channel, and outperforms all other existing quantum codes of
comparable complexity. The results can be seen in Figure 8.2.
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FIG. 12. Simulated QBER for the best R = 1
4 CSS QLDGM in

[23] and the best non-CSS QLDGM designed in this paper. The
hashing bound is also shown. The codes are based on the paral-
lel concatenation of regular LDGM codes with degree distribution
P[(8, 8); (8, 160)]. p is the depolarizing probability.

mance very close to that of the RQ = 1
4 CSS schemes. This

phenomenon can be explained for both the depolarizing and
the iid X/Z channels by the nature of the non-CSS construc-
tion, which adds a very small number of edges and removes
very few syndrome nodes from the original CSS factor graph.
As in the case of the X/Z channel model, the q = 500, RQ = 1

4
non-CSS codes designed utilizing method 1 also outperform
the CSS code.

An important observation, which is reflected in Fig. 11, is
that the results are consistent regardless of the degrees (y2, z2)
that are chosen. This is significant, since increasing y2 and z2

enables us to lower the error floor of the QLDGM code. As
shown in [22,23] for CSS codes, we can see from Fig. 11 that
selecting P2 with larger degrees lowers the error floor at the
expense of a worse decoding threshold.

1. Distance to the theoretical limit

The most effective way to characterize the performance
improvement of our proposed non-CSS codes is to measure
their gap with respect to the hashing bound. For this compari-
son, we will employ the design parameters that yield the best
possible code. Such a scheme is obtained by using the first
construction method with t = 5000, q = 500, M(3; 1, 11.04),
and a parallel concatenated LDGM code of degree distribution
P[(8, 8); (8, 160)].

Figure 12 depicts the performance of this non-CSS scheme
as well as that of the CSS code used as a starting point for
the design, which is the best CSS code proposed in [23]. The
hashing bound for RQ = 1

4 is also shown. We compute the
distance to the hashing bound δ as defined in (1), knowing
that the noise limit for RQ = 1

4 is p∗ ≈ 0.127, and taking
pCSS = 0.0825 and pnon-CSS = 0.0865 as the depolarizing
probabilities at which the CSS and non-CSS codes enter the
waterfall region, respectively. This yields δCSS = 1.873 dB
and δnon-CSS = 1.668 dB. In other words, the non-CSS scheme
is about 0.2 dB closer to the hashing bound. Thus, in terms of
overall performance over the depolarizing quantum channel,
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FIG. 13. Word error rate for various quantum codes when they
are applied over the depolarizing channel. The hashing bound is also
included. p is the depolarizing probability.

the non-CSS codes proposed in this article outperform exist-
ing CSS techniques.

2. Comparison with existing QLDPC schemes

We close out this section by studying how the proposed
non-CSS codes measure up against other QLDPC schemes
in the literature. For this purpose, we conduct two different
comparisons. We begin by comparing the codes in Fig. 12
to other quantum codes of rate 1

4 . Then, we study how
nonconventional CSS decoders capable of exploiting the cor-
relation between X and Z operators match up to our non-CSS
construction. The first comparison is shown in Fig. 13, which
includes the performance for the following codes:

(i) The CSS QLDGM code based on a single regular
LDGM code from [21]. The degree distribution of the under-
lying classical LDGM code is P(13, 13). The block length of
the code is 19 014.

(ii) The K = 32 bicycle code of block length 19 014 intro-
duced by MacKay et al. in [12].

(iii) The quantum serial turbo code of [5], with block
length 4000.

(iv) The non-CSS concatenated code (code C) from [34],
with block length 138 240.

Figure 13 shows that our proposed non-CSS QLDGM
codes outperform existing quantum turbo codes and previ-
ously proposed quantum LDPC codes.

As explained in the introduction, CSS decoders capable
of improving performance by exploiting the correlation that
exists between X and Z operators over the depolarizing chan-
nel have been proposed in the literature. Some of the earliest
work on this topic was conducted in [29], where a set of
modified BP decoders for CSS codes that reintroduce X/Z
correlations are proposed. The most notable of these decoding
schemes is known as the random perturbation decoder. In
[48], further work on the topic of modified BP decoders for
CSS codes is conducted and two novel CSS decoders are
presented: the adjusted decoder and the augmented decoder.
The adjusted decoder attempts to reintroduce the correlations
between X and Z operators, neglected by a standard binary
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Figure 8.2: Word error rate for various quantum codes when they

are applied over the depolarizing channel. The hashing

bound is also included. p is the depolarizing probability.

8.2 PERFORMANCE OF NON-CSS LDGM-BASED QUANTUM
CODES OVER THE MISIDENTIFIED DEPOLARIZING CHAN-
NEL

Most of the research related to the performance of QLDPC codes has
been conducted under the tacit premise that perfect knowledge of the quan-
tum channel in question is available. In reality, such a scenario is highly
unlikely, meaning that analyzing how the behaviour of these codes changes
in terms of the existing information about the quantum channel is of sig-
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nificant relevance. Such a study was conducted for the quantum depo-
larizing channel in [72]. In [73], the same authors designed an improved
decoding strategy for QLDPC codes when only an estimate of the channel
depolarizing probability is available. The aforementioned method makes
use of quantum channel identification, which requires the introduction of
a probe (a known quantum state) into the quantum channel and the sub-
sequent measurement of the channel output state to produce an accurate
estimate of the depolarizing probability. This procedure typically makes
use of additional qubits and results in a latency increase. Thus, the design
of methodologies capable of minimizing this overhead while yielding per-
formance similar to the perfect channel knowledge scenario is germane to
this field of research. In Chapter 7 of this dissertation, published in [5], we

for every transmitted block, the overall rate of the QLDPC
code that is being used will be severely reduced. Although
this reduction in rate is asymptotically negligible for constant
channels, it represents a significant drawback when using this
estimation method in rapidly varying quantum channels.

2) On-line Estimation Method: In a similar fashion to what
is done in [13] for QTCs, slight modifications to the generic
sum-product syndrome-based iterative QLDPC decoder allow
us to estimate the depolarizing probability while decoding is
taking place. This on-line estimation scheme does not require
quantum channel identification, meaning that rate reduction
is avoided regardless of the type of quantum channel under
consideration, be it constant or block-to-block time varying.

Decoding of a non-CSS QLDGM code is performed by
running the sum product algorithm over the factor graph
associated to the equation s = HQ � e, where s is the
measured syndrome, HQ is the QPCM of the code8, and e
is the symplectic representation of the error pattern induced
by the quantum channel. The decoding objective is to find the
most likely estimate of the channel error from the observed
syndrome, i.e, the decoder must find the most likely estimate
of the channel error, Ê, such that the estimated syndrome
ŝ = HQ � ê = (M ′

d × HCSS) � ê, is equal to the observed
syndrome s, where ê is the symplectic representation of Ê.

With this purpose, the decoding process works as follows:
First, the sum product algorithm is initialized using a “flood-
ing” schedule in which lower layer nodes transmit messages
upwards in a layer-by-layer sequential manner until the top-
most nodes are reached. These messages are based on an initial
estimate of the depolarizing probability of the channel p̂(1),
which is used to compute the a priori log likelihood ratios
of the algorithm. Once information gets to the top layer, we
say that the graph has been “flooded” with information, and
decoding can actually begin. Decoding then proceeds using
a reversed schedule, in which, starting from the top-most
syndrome nodes, messages are exchanged downwards and
layer-by-layer until the bottom-most nodes are reached. The
messages transmitted by the syndrome nodes are computed
considering information of the measured syndrome s. Once
two messages have been transmitted over every edge of the
factor graph, an iteration of the decoding algorithm has been
completed. At the end of each iteration, an estimate of the
symplectic representation of the error pattern ê is produced
and used to compute ŝ. If s = ŝ, then the algorithm has
finished. If s �= ŝ, the algorithm continues until it finds a
matching syndrome or until a maximum number of iterations
is reached. We can obtain an estimate of the depolarizing
probability at each iteration j by assessing the number of X ,
Y , and Z operators present in the estimated error pattern9 Ê

8Recall that to reap the benefits of the non-CSS structure, the decoding
algorithm must be run over the complete factor graph representation of the
matrix product that defines HQ. Decoding on the factor graph representation
of the final matrix obtained from the product M ′

d × HCSS results in worse
performance.

9Ê describes the error pattern using Pauli Operators, which can be easily
obtained from its symplectic representation ê.

and dividing them by the block length of the code. This is
analogous to computing

p̂(j) = 1− 1

N

N∑

i=1

P (j)(Êi = I|ŝ), (11)

where N is the block length of the code, I is the identity oper-
ator, Êi is the i-th component of the quaternary representation
(in terms of I,X, Y , and Z operators) of the estimated error
pattern, and P (j)(Êi = I|ŝ) is the probability at iteration j that
the i-th component of the estimated error pattern is equal to
the identity operator conditioned on the estimated syndrome.

Once p̂(j) is obtained, it is used as the depolarizing proba-
bility to compute the necessary sum-product messages in the
following iteration. Due to the iterative nature of the decoding
algorithm, we expect that each successive estimate p̂(j) will
get closer to the actual value of p, leading to better decoding
performance.

The last matter to discuss is how an appropriate value for
the initial estimate of the depolarizing probability p̂(1) can
be obtained. It is intuitive to assume that this initialization
might affect the convergence of the estimates p̂(j) to p, thus
having an impact on decoder performance. Given that in [13]
excellent performance was observed regardless of the value of
the initial estimate, we conducted an analysis by varying p̂(1)

while p remained fixed. The results are shown in Figure 5,
where each dashed curve corresponds to a different value of
the true depolarizing probability p. The curves associated to
the original decoder, which where previously shown in Figure
3, are also included in Figure 5 as continuous lines.
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Fig. 5. Simulated QBER as a function of the initial estimate of the depo-
larizing probability of the channel p̂(1). The continuous lines are associated
to the original iterative QLDPC decoder which uses p̂(1) for every iteration
as if it were the true depolarizing probability. The dashed lines are obtained
when the modified iterative decoder that uses the on-line estimation method
is applied.

Upon closer inspection of the above figure, we can see that
the performance of the on-line estimation method is similar
to that of the perfect information scenario regardless of the
value of p̂(1). In fact, the modified on-line decoder significantly
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Figure 8.3: Simulated QBER as a function of the initial estimate

of the depolarizing probability of the channel p(1).

have derived an on-line depolarizing probability estimation technique for
Quantum Turbo Codes (QTCs). This method yields similar performance
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to that obtained when using the same QTCs with perfect channel informa-
tion but without the need for additional resources. In light of this outcome,
we propose a similar on-line estimation procedure for QLDPC codes.

Our analysis revealed an increasing impact of channel mismatch on de-
coder performance as the depolarizing probability of the channel grows.
The mismatch effect is especially noticeable in the waterfall region of the
code. As in the case of QTCs, the on-line estimation scheme outperforms
off-line channel identification techniques in terms of overall coding rate,
while maintaining excellent performance. The simulation results may be
seen in Figure 8.3. In contrast to what happens with QTCs, simulation
results showed that the on-line estimation method is slightly dependent on
the initial estimate of the depolarizing probability when operating in the
waterfall region. Selecting the initial estimate of the depolarizing probabil-
ity as the hashing limit of the code in question yielded good performance
regardless of the actual value of the depolarizing probability.

8.3 DESIGN OF LOW-DENSITY-GENERATOR-MATRIX-BASED
QUANTUM CODES FOR ASYMMETRIC QUANTUM CHAN-
NELS

Most of the research related to the performance of quantum error cor-
recting codes considers the symmetric Pauli channel, generally referred to
as the depolarizing channel, which incurs bit flips, phase flips, and bit-and-
phase flips with the same probability. However, realistic quantum devices,
given the nature of the materials used to construct them, often exhibit
asymmetric behavior, where the probability of a phase flip taking place
is orders of magnitude higher than the probability of a bit flip. As seen
in Chapter 2, the behavior of these quantum devices is governed by the
single-qubit relaxation time and the dephasing time of the device itself, the
former sometimes being orders of magnitude larger than the latter. Gener-
ally, relaxation causes both bit-flips and phase-flips, while pure dephasing
only leads to phase-flip errors. This difference in relaxation and dephasing
times gives rise to the aforementioned asymmetric behavior, where bit-flip
errors are much less likely to occur than phase flips, and it can be accu-
rately modelled by the Pauli twirl approximation channel. Naturally, it
stands to reason that the best QEC schemes for this asymmetric channel
must somehow be able to exploit its asymmetry. In [60], the authors in-
troduce an EXIT-chart based methodology to design quantum turbo codes
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(QTCs) specifically for the Pauli twirl approximation channel. We have
extended such work in Chapter 7, published in [3], where an on-line esti-
mation protocol to decode QTCs over Pauli twirl approximation channels
has been proposed. These results speak to the merit of constructing a
coding scheme tailored to the asymmetric characteristics of the quantum
channel in question, since performance of the QTCs varies depending on
the degree of asymmetry of the channel.

Consequently, we studied the performance of quantum CSS LDGM
codes when they are applied over a Pauli channel. We showed how al-
though they are not the best known codes for the depolarizing channel,
their simplicity allows for them to be almost seamlessly adapted to the Pauli
twirl approximation channel. Based on this result, we introduce a simple
yet effective method to derive CSS QLDGM codes that perform well over
channels with varying degrees of asymmetry. Such a strategy is necessary
because CSS codes designed for the depolarizing channel perform poorly
over its asymmetric counterpart. To the extent of our knowledge and at the
time of writing, the research on designing quantum codes specifically for
asymmetric quantum channels was quite limited [111, 178], especially when
compared to results regarding the depolarizing channel. Thus, this work
represents one of the first attempts at designing QLDPC codes specifically
for asymmetric quantum channels.

The proposed methods were based on simple modifications to the upper
layer of the decoding graph of a symmetric CSS QLDGM code designed for
the depolarizing channel. Specifically, the factor graph is adapted to an
asymmetric channel by increasing the number of syndrome nodes used to
decode the Z operators and decreasing the number of syndrome nodes used
to decode the X operators. This comes from the fact that Z errors are more
likely to occur when the Pauli twirl approximation channel is considered
(and T2 << T1), as it can be seen in section 2 of this dissertation. Addi-
tionally, we showed how for larger block lengths, the proposed asymmetric
CSS codes can be further optimized based on the asymmetry coefficient α
by increasing the block length of the code and the number of Z syndrome
nodes. Over Pauli channels with α = 10 and 102, the schemes proposed
are closer to the theoretical limit than other existing asymmetric codes and
the best codes designed for the depolarizing channel. The results may be
seen in Figure 8.4.
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FIG. 12. Achievable coding rate at a WER of 10−3 for various
QLDPC codes over Pauli channels with α = 10 and 102.

of the code, as it may be that for a sufficiently large value
of N (for the same quantum rate, increasing the block length
implies an increase in the total number of syndrome nodes),
for channels with values of α > 102, the improvements pro-
vided by codes with larger values of m2 when compared to the
optimum scheme for the channel with α = 102 will be more
noticeable.

D. Distance to the Hashing bound of the Pauli
channel model for asymmetry

We close this section by benchmarking the performance
of our proposed schemes against the theoretical limit for the
Pauli channel. As is shown in Ref. [12], the Hashing bound
for a Pauli channel with asymmetry coefficient α can be com-
puted as

CQ(p, α) = 1 + (1 − p) log2(1 − p)

+
(

2p

α + 2

)
log2

(
p

α + 2

)

+
(

αp

α + 2

)
log2

(
αp

α + 2

)
.

Based on this expression, we can assess the distance to the
Hashing bound for a specific rate and asymmetry coefficient.
This is reflected in Fig. 12, where the Hashing bounds for a
Pauli channel with asymmetry coefficients α = 10 and 102

are shown alongside the points at which the best RQ = 1
4

asymmetric schemes16 designed in the previous sections for
each of these channels can function with WER = 10−3. As
was done earlier in Sec. IV, in Fig. 12 we also show the
highest possible coding rate at which the asymmetric codes
that have been proposed in the literature can function with
WER = 10−3 over each of these asymmetric channels. These
codes are the following.

(1) The [[255, 159, 5
17 ]] asymmetric QLDPC code of rate

RQ ≈ 0.624 introduced in Ref. [54].
(2) The [[1023, 731, 11

33 ]] asymmetric QLDPC code of rate
RQ ≈ 0.714 introduced in Ref. [47].

16These schemes are defined by the parameters [m1, t1, x1, y1] =
[4000, 1400, 11.03, 3] and [m2, t2, x2, y2] = [24524, 19014, 6.9, 3],
N = 38 028, and P[(8, 8); (8, 160)].

(3) The [[13,1]] asymmetric short code of rate RQ ≈ 0.077
introduced in Ref. [41].

To provide further context, we also include the coding
rates that can be achieved while maintaining WER = 10−3

by the symmetric CSS QLDGM codes of Refs. [25,26] and
the nonbinary QC-QLDPC codes of [27,28] over the Pauli
channels with asymmetry coefficients α = 10 and 102. The
results for the symmetric CSS QLDGM codes have been ob-
tained via Monte Carlo simulations. The results for the codes
of Refs. [27,28] have been derived as follows.

As is mentioned in Sec. III B, the most commonly em-
ployed noise model in the literature of CSS codes [13,25–28]
approximates the action of a depolarizing channel by means
of two independent BSCs with marginal bit-flip probabilities
fm = 2p

3 . Given the fact that each constituent code of a CSS
scheme is decoded separately, the use of this model simplifies
the simulation process because it only requires one of the
constituent codes to be executed in most cases. This can be
done because the error rate of the CSS code over the complete
channel is computed as the sum of the error rates of each
constituent code over each separate BSC, and considering the
fact that each BSC will have the same bit-flip probability, it
will be possible to compute the performance of the scheme
over the overall channel by simply obtaining the error rate
of one of the constituent codes and summing it to itself. We
can use this framework to estimate the performance over the
general Pauli channel model by adjusting the flip probabilities
of the separate BSCs as f x

m = 2p
α+2 and f z

m = p(α+1)
α+2 [47,54].

This means that each BSC serves as an X and Z error chan-
nels, respectively. Against this backdrop, we can compute
the individual flip probabilities that each constituent code of
the symmetric RQ = 1

2 code of Refs. [27,28] would have to
function at by substituting the value of p into the expressions
that have been given for f x

m and f z
m. For instance, over a

Pauli channel with α = 10, for the same value of fm at which
the code performs with WER = 10−3 over the depolarizing
channel, its X error decoder will now have to operate at
f x
m ≈ 0.0077 while the Z operator decoder has to function

at f z
m ≈ 0.0426. These flip probabilities can then be used to

obtain the WER of each constituent code of the nonbinary
QC-QLDPC CSS code from the results given in Refs. [27,28].
This yields WERx � 10−5 and WERz ≈ 10−1. Finally, we
can add these error probabilities to obtain the overall WER
over the complete asymmetric quantum channel,17 which in
this particular case would be WERnon-bin-QC-QLDPC = WERz +
WERx ≈ 10−1. Analogously, since α � 10, pz will be much
larger than px and we will be able to compute the depolarizing
probability at which the code will have WER = 10−3 over the
general Pauli channel by solving for p in f dep

m ≈ f z
m = p(α+1)

α+2 ,

where f dep
m is the flip probability at which the code performs

with WER = 10−3 over the iid X/Z channel model.
This discussion proves that a CSS code designed for a

symmetric channel over which the probability distribution for
X and Z errors is identical will be unable to yield the same

17Note that this procedure would be valid to approximate the per-
formance of any symmetric CSS code over a Pauli channel with
asymmetry coefficient α.
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Figure 8.4: Achievable coding rate at a WER of 10−3 for various

QLDPC codes over Pauli channels with α = 10 and

102.

8.4 DEGENERACY AND ITS IMPACT ON THE DECODING
OF SPARSE QUANTUM CODES

The quantum phenomenon known as degeneracy should theoretically
improve the performance of quantum codes if exploited appropriately. Un-
fortunately, degeneracy may end up sabotaging the performance of sparse
quantum codes because its existence is neglected in the decoding process.
In this work we provided a broad overview of the role this phenomenon
plays in the realm of quantum error correction and, more specifically, in
the field of QLDPC codes. We started by introducing a group theoretical
explanation of the most relevant concepts in the field of quantum error
correction. This approach is helpful to lay out the necessary groundwork
to later study the effects of degeneracy. Following this, we examined the
differences between the classical decoding problem and its quantum coun-
terpart. Despite the intricate similarities between classical and quantum
decoders, the coset partitioning of the N -fold Pauli space (see Figure 8.5)
reveals the higher complexity of the quantum decoding task. Based on this
discussion, we were able to show in a concise manner why applying the
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classical decoding algorithm for sparse codes to the quantum problem is
suboptimal. Then, we provided a detailed explanation regarding the origin
of degeneracy and how it may have detrimental effects on traditional SPA-
based decoders. Finally, we provided a simple example in order to facilitate
the comprehension of the topics discussed in the work.

P. Fuentes et al.: Degeneracy and Its Impact on Decoding of Sparse Quantum Codes

FIGURE 5. Graphical representation of the partition of GN into cosets of

the effective centralizer, GN =
⋃2N−k

i=1 Ti ?Z(S), and of the partition of
the effective centralizer into cosets of the stabilizer group,

Z(S) =
⋃22k

j=1 Lj ?S. Each effective centralizer coset is assigned a pure
error Ti as its representative, and each stabilizer coset is assigned a
logical operator Lj as its representative.

codeword of the code. In such instances, the error will map the
transmitted codeword onto a different codeword, preserving
the codespace but flipping some of the information bits. This
results in the original message becoming corrupted in an
untraceable manner.

Figure 5 depicts the partition of the effective N -fold Pauli
group into the cosets indexed by these logical operators and
pure errors. Intuitively, this figure reflects how any operator
A ∈ GN can be decomposed into three distinct terms, each
one associated to a pure error, a logical operator, and a
stabilizer element. We will later show how this decomposi-
tion of the operators in GN can be used to better approach
and understand the task of decoding quantum stabilizer
codes.

E. CONSTRUCTING STABILIZER CODES FROM SPARSE
CODES
Recall that we defined the stabilizer group, S, as an abelian
subgroup of GN that is obtained by applying the inverse
isomoporphism β−1 to the subspaceR ∈ F2N

2 . The stabilizer
S has 2N−k distinct elements, and is generated by N − k
independent generators,6 Si, i = 1 . . .N − k . Based on
these concepts, we are now in the position to define a sta-
bilizer code: The codespace defined by the stabilizer S can

6Stabilizer codes can be represented by a minimal set of N − k generators
(the rest of the generators are combinations of the elements of the minimal
set), which provides a compact representation of the code.

be written as

C(S) = {|ψ〉 ∈ H⊗N2 : Si|ψ〉 = |ψ〉, i = 1 . . .N − k}, (23)

where Si|ψ〉 ∈ H⊗N2 is the evolution of state |ψ〉 under
stabilizer generator Si. Note that C(S) is the subspace of
H⊗N2 formed by the simultaneous +1-eigenspaces of all the
operators in the stabilizer group S. Here H⊗N2 denotes the
complex Hilbert space of dimension 2N that comprises the
state space of N -qubit systems.

Let us assume we wish to transmit the information word
|ψ〉 ∈ H⊗k2 through some quantum channel 9. First, we use
a stabilizer code to encode the informationword into quantum
codeword |ψ〉 ∈ C(S) ⊂ H⊗N2 . When the codeword |ψ〉
is sent through the quantum channel 9, it is exposed to
the decoherence-emulating harmful effects incurred by said
channel, and a corrupted quantum state |ψ〉9 is obtained at
the channel output. To recover |ψ〉 from |ψ〉9 , which can
then be decoded into |ψ〉, the appropriate recovery operation
must be applied. This requires some knowledge regarding
the error induced by the channel, which must inevitably be
derived from the corrupted output. However, the axioms of
quantum mechanics establish that direct measurement of a
quantum state will force its superposition state to collapse,
which would result in the loss of the information regarding
the initial state |ψ〉. Thus, a methodology that avoids direct
measurement of quantum states while gleaning sufficient
information from the corrupted channel output to implement
recovery operations will be necessary. Fortunately, this can
be achieved by means of error syndrome measurements in a
manner reminiscent of classical coding scenarios [61], [77],
[85], [86].

Assume now that the quantum channel 9 is the generic
Pauli channel9P discussed in section II-A4. Any error intro-
duced by this channel is an operator E ∈ GN that represents
an N -fold tensor product of single qubit error operators El ,
where each El belongs to the single qubit Pauli group and
l = 1, . . . ,N . As mentioned previously, the global phase
has no observable consequence. Therefore, using the notation
introduced in (6), any E ∈ GN = (5̃⊗N , ·) will be taken as the
operator E ≡ E belonging to the effective Pauli group (i.e.,
E ∈ GN = (5⊗N , ?)). Note that although the commutation
properties (in terms of the group operation ·) of the operators
in GN are lost under the group operation ?, they can still be
recovered by applying the symplectic isomorphic mapping
β : GN → F2N

2 , together with the symplectic product � in
F2N
2 (refer to Proposition 6). Consequently, any error operator

E ∈ GN ⊂ GN , will commute, in terms of the group operation
in GN , with all the stabilizer generators Si ∈ S ⊂ GN ⊂ GN ,
i = 1, . . . ,N − k , iff

β(E)� β(Si) = 0.

On the other hand, if there is some index j ∈ {1, . . . ,N−k}
where the above product takes the value 1, then E and Sj
will anticommute, i.e., E · Sj = −Sj · E. Thus, the com-
mutation properties of any E ∈ GN with regard to the sta-
bilizer generators {Sv}N−kv=1 , will be completely characterized
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Figure 8.5: Schematic representation of the coset partition of the

effective Pauli group by the stabilizer.

8.5 ON THE LOGICAL ERROR RATE OF SPARSE QUANTUM
CODES

The manifestation of degeneracy in the design of sparse quantum codes
and its effects on the decoding process has been studied extensively [30, 139,
172, 175, 179, 180, 181, 182]. Unfortunately, although degeneracy should
theoretically improve performance, limited research exists on how to quan-
tify the true impact that this phenomenon has on Quantum Low Density
Parity Check (QLDPC) codes. This has resulted in the performance of
sparse quantum codes being assessed differently throughout the literature;
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while some research considers the effects of degeneracy by computing the
metric known as the logical error rate [172, 177, 183, 184, 185, 186, 187],
other works employ the classical strategy of computing the physical error
rate [33, 164, 165, 188, 189], a metric which provides an upper bound on the
performance of these codes since it ignores degeneracy. However, because
these codes are highly degenerate [39, 139, 172, 179, 190], there is a sig-
nificant gap between the upper bound provided by the physical error rate
and their true performance. Consequently, we devised a group theoretic
strategy to accurately assess the effects of degeneracy on sparse quantum
codes and we explain another method that was used in [183, 184, 185, 186]
to compute the logical error rate. Then, we used our methodology to show
how sparse quantum codes should always be assessed using the logical error
rate. The discrepancy between the logical error rate and the physical error
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FIG. 1: Ratios of end-to-end different syndrome,
identical syndrome and degenerate errors for codes of

various rates and blocklengths: (a) 𝑁 = 100 (b) 𝑁 = 500
(c) 𝑁 = 2000.

smallest percentage of the total number of end-to-
end errors in most of the simulated cases. This is
reflected by the fact that E2

E𝑇
<

E1

E𝑇
,
E3

E𝑇
in all of our

simulation outcomes.

• As the noise level of the channel grows, the ratio
E1

E𝑇
becomes larger and the ratio E2

E𝑇
diminishes.

The ratio of end-to-end degenerate errors E3

E𝑇
stays

relatively constant.

The relationships between these parameters and differ-
ent types of end-to-end errors serve to draw conclusions,
some of which should be explored in future work. For
instance, the large values of E1

E𝑇
in many of the simu-

lated instances can be understood as a sign that perfor-
mance gains may be attained by improving the decoding
algorithm. This means that applying modified decoding
strategies, such as those of [15–17, 20, 24], will aid in
reducing the presence of end-to-end errors with different
syndromes (they estimate the syndrome correctly when
the original decoder does not) and improve performance.
A matter that should be considered is how often these
strategies produce failed error corrections in the form of
end-to-end identical syndrome errors. For the methodol-
ogy of [24], such events were shown to be rare, hence we
expect these strategies to be a good approach to improve
the performance of QLDPC codes. On the other hand,
the large values of E3

E𝑇
when compared to E2

E𝑇
, especially

at higher blocklengths, show that end-to-end identical
syndrome errors are the least frequent of all the end-to-
end error types. Despite the relatively small percentage
that end-to-end identical syndrome errors represent, it is
possible that their relevance will grow when the amount
of end-to-end errors with different syndromes is reduced
(using modified decoding strategies) or when the degen-
erate content of the code is increased (through design).
At this point, it may be that further improvements in
performance will only be possible by designing an op-
timal degenerate decoder with the capability to correct
end-to-end identical syndrome errors. Finally, given that
the method proposed in this work is valid to detect end-
to-end degenerate errors, it may be interesting in future
work to employ this methodology to specifically design
codes to be degenerate. This could result in code con-
structions in which the likelihood of end-to-end degener-
ate errors is maximized, which would allow the positive
effects of degeneracy (improved error correction capabil-
ities without a decoding complexity increase) to be com-
pletely exploited for quantum error correction purposes.

IV. CONCLUSION

We have presented a method to detect degenerate er-
rors in sparse quantum codes in a computationally ef-
ficient manner. Based on this method, we have shown
how the physical error rate provides an inaccurate rep-
resentation of the performance of sparse quantum codes,

Figure 8.6: Ratios of end-to-end different syndrome, identical syn-

drome and degenerate errors for the QLDPC code with

blocklength N = 2000 in consideration.

rate is especially relevant to the field of sparse quantum codes because of
their degenerate nature. This was reflected by the results (see Figure 8.6)
obtained for a specific family of QLDPC codes, whose performance can
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be up to 20% better than would be expected based on previous results in
the literature. In addition, these simulation outcomes serve to show how
performance may be improved by constructing degenerate quantum codes,
and they also speak towards the positive impact that modified decoding
strategies can have on the performance of sparse quantum codes.
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CHAPTER 9

Conclusions and Future Work

This Ph.D. thesis set out with the following two objectives in the context
of quantum information and quantum error correction:

• The analysis of decoherence as the source of the errors that corrupt
quantum information.

• The optimization of the performance of quantum turbo codes when
different scenarios are considered.

With these goals in mind, we commenced the dissertation by giving the
basic tools regarding quantum computing, quantum information theory and
quantum error correction needed in order to understand the research that
is presented in the following parts of the thesis. In Chapter 2, we first intro-
duced the postulates of quantum mechanics, both from the state vector and
density matrix perspectives, which are the mathematical framework that
describe the theory of Quantum Mechanics. We continued by describing
decoherence as the source of the errors that make quantum computations
unreliable, and provided the way it is mathematically modelled by the use of
quantum channels. Moreover, we discussed the way in which such quantum
channels can be approximated so that they can be efficiently simulated in
classical computers via the quantum information technique named twirling.
The concept of quantum capacity was also introduced. We finished this pre-
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liminary chapter by discussing the way in which quantum error correction
codes are simulated in classical computers.

Following this, we got into Part I (consisted of Chapters 3, 4 and 5) of
the thesis which is focused on mathematically modelling decoherence and
studying the asymptotical limits of error correction of quantum channels.
In Chapter 3 we proposed a time-varying quantum channel (TVQC) model.
The motivation of such proposal was the recent experimental observation
that the parameters of decoherence of superconduting qubits (relaxation
time, T1, and dephasing time, T2) are not fixed, but fluctuate through time.
Therefore, we studied the stochastic processes that describe the random
temporal behaviour of such parameters and integrated such randomness
into the context of quantum channels. Moreover, we compared the action
of the static quantum channels with the proposed TVQCs by making use of
the metric named diamond norm distance. We concluded that both models
differ significantly in terms of diamond norm distance indicating that the
performance of QECCs will be significantly affected as a result of the T1

and T2 flutctuations.

Chapter 4 is the natural continuation to Chapter 3. Quantum chan-
nel capacity is the asymptotically achievable rate by QECCs when static
quantum channels are considered. In this chapter, we studied the asymp-
totical limits for quantum error correction under the assumption that the
realizations of T1 and T2 are the same for all the qubits of a block, which is
reminiscent of the classical scenario of slow fading channels. For classical
slow fading channels the operational concept of capacity fails to exist and
has to be replaced by the so-called outage probability. Thus, we proposed
the quantum outage probability as the asymptotically achievable error rate
for QECCs when they operate over TVQCs. We provided closed-form ex-
pressions for the family of time-varying amplitude damping channels (T1-
limited qubits). Furthermore, we proposed the quantum hashing outage
probability as an upper bound for the quantum outage probability when
Pauli/Clifford twirl approximated channels are considered, and provided
closed-form expressions for such bound. The results concluded that the
quantum outage probability is a monotonically increasing function with
the coefficient of variation of the relaxation time. Thus, we discussed that
the asymptotically achievable performance of QECCs will be limited not
only by the mean qubit relaxation time, but also by the relative deviation
of such parameter respect to the mean.
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We finished the Part I of the thesis by studying how the performance
of QECCs is affected when they operate over TVQCs. In Chapter 3 we
discussed that, due to the deviation in terms of diamond norm distance
between static and time-varying channels, the performance of QECCs may
be compromised when time variations are considered. We proved this intu-
ition by simulating the Kitaev toric code and quantum turbo codes operat-
ing over the TVQCs. We concluded that the performance curves of QECCs
are flattened when the channels are time-varying. However, the flattening
of the curve does not only depend on the nature of the channel, but also on
the performance of the code when it operates over static channels. Thus,
the degradation of the WER curve is a function of the coefficients of varia-
tion of the decoherence parameters and the steepness of WER curve of the
code under static noise. This comes from the fact that when the perfor-
mance of the QECCs is flat in static scenarios, the difference in terms of
WER between “good” and “bad” channel realizations will not be very dif-
ferent and, therefore, the mean performance of the code in a TVQC will be
similar to the static one. Finally, we used the quantum outage probability
in order to benchmark the performance of the codes in consideration.

The main takeaways of Part I can be summarized as:

• Decoherence parameter fluctuations are a critical issue to consider
when quantum error correction codes are constructed. Neglecting
their time-varying nature would leave out an integral part of quan-
tum noise, making the predictions of the performance of QECCs too
optimistic in many scenarios.

• The importance of superconducting qubit construction and cooldown,
in the sense that if they are optimized correctly, the fluctuations rela-
tive to the mean will be milder. Traditionally, long mean decoherence
times are seeked for the qubits to be able to handle long time dura-
tion algorithms, however, this should be done jointly with lowering
the dispersion of such parameter.

• Qubit benchmarking, at least for superconducting qubits at the mo-
ment, should include the variation parameters of their decoherence
times. However, the current experimental research on the topic usu-
ally only focuses at the mean or best case scenarios, which is far
from being accurate when describing the decoherence dynamics of
the qubits.



202 CHAPTER 9. Conclusions and Future Work

• Even if the current state-of-the-art experimentally implemented QECCs
will not be significantly affected by the TVQC (as they are generally
short codes such as the 3× 3 toric code discussed in Chapter 5), the
proposed channel model will be essential when better QECCs are im-
plemented, such as the 7× 7 and 9× 9 toric codes for the near term,
or the more advanced QTCs or QLDPCs for the long term.

Part II of the thesis is focused on improving the error correction per-
formance of QTCs. Taking this aim into acount, we attempted the opti-
mization of the error floor performance of QTCs by implementing practical
interleavers rather than the traditionally considered random ones (Chapter
6). Inspired by the classical-to-quantum isomorphism, we adapted certain
interleaving patterns that proved to improve the performance of classical
turbo codes to the paradigm of quantum error correction. In particular, we
implemented S-random, Welch-Costas and JPL interleavers for scrambling
the quantum information that comes out of the outer quantum convolu-
tional encoder. Simulation results showed that the error floor performance
is improved up to two orders of magnitude. We also showed that memory
requirements can be lowered by using specific interleaver designs, while the
performance in the error floor region is comparable or even better than that
of the original QTCs. We discussed that this benefits come without any
decoding complexity costs.

Chapter 7 dealt with QTCs whose decoders operate without channel
state information. We began studying the sensitivity that the turbo de-
coder has to a mismatch between the actual channel depolarizing proba-
bility and the probability fed to the decoder. Simulation results showed
that the decoder is sensitive both to under- and over-estimation of the de-
polarizing probability, presenting a flat region around the actual value of
the depolarizing probability. Therefore, we discussed that estimation tech-
niques are necessary for the QTCs to operate reliably over depolarizing
channels. With that in mind, we first considered existing off-line estima-
tion techniques that estimate the noise level of the channel previous to the
operation of the QTCs. This techniques proved to be succesful when aiding
the turbo decoders to reach the same performance as when perfect CSI is
available, but at the expenses of an increase of the qubit overhead (which
in certain scenarios may lead to code rate reduction) and system latency.
To overcome such issues, we proposed an on-line estimation technique that
is able to use the information being processed in the inner SISO decoder
of the QTC for succesfully estimating the channel depolarizing probabil-
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ity. Such an on-line estimator outperformed existing off-line estimators in
terms of overall coding rate and latency, while maintaining excellent WER
performance and decoding complexity. Simulation results showed that the
on-line estimation method is insensitive to the initial value of the depolariz-
ing probability, and thus, the resulting performance experiences very little
degradation in the presence of channel mismatch. We finished Chapter 7
by extending the on-line estimation method to scenarios where the channel
is asymmetric, i.e. the Pauli twirled approximation channel. Monte Carlo
simulations corroborated that the extended on-line estimation method is
successful in aiding the QTC to achieve the same performance as when it
has access to the channel parameters. We discussed that, here, this posi-
tive outcome comes at the cost of a slight increase in the complexity of the
decoding algorithm.

The main takeaways of Part II can be summarized as:

• The classical-to-quantum isomorphism allows to import the knowl-
edge of classical coding theory to the context of quantum error cor-
rection. This way, the performance of QECCs can be improved by
utilizing classical techniques that have been extensively developed in
the literature if they are adapted correctly.

• Interleavers play a central role in the design of QTCs due to their
ability to reduce the error floors of such codes while maintaining the
performance in the waterfall region. Some interleaver constructions
do also reduce the memory requirements of QTCs.

• Quantum turbo codes are susceptible to channel state information
mismatch. Feeding the turbo decoder with channel estimates that
are not accurate enough compromises the excellent performance of
such family of QECCs.

• Off-line estimation protocols are succesful in aiding QTCs to operate
with the same performance as when the turbo decoder has access to
perfect channel information. However, this comes at the expenses of
increasing the qubit overhead and system latency.

• The on-line estimation method proposed is succesful in the task of
making QTCs that are blind to CSI to operate with a performance
similar to the ones that have access to perfect CSI. This method is
succesful without needing a higher number of qubits. The on-line
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estimation protocol requires lower system latency than the discussed
off-line estimation protocols. This modified decoder is able to operate
for depolarizing (CTA) and asymmetric (PTA) channels.

In the final chapter of the dissertation, Chapter 8, we provided a brief
overview of other QEC-related works that the author has been involved in
during his time as a Ph.D. student. Such work was related to the design
and optimization of quantum low-density-parity-check-matrix codes and
the study of the quantum-unique phenomenon named degeneracy.

9.1 FUTURE RESEARCH LINES

Many of the presented discussions and results are encouraging and sug-
gest further study and analysis. Here we present some future research lines
that arise from the work done in this Ph.D. thesis.

ASYMPTOTICALLY ACHIEVABLE LIMITS FOR THE COM-
BINED AMPLITUDE AND PHASE DAMPING CHANNEL

As discussed in Chapter 2, the quantum capacity of the combined ampli-
tude and phase damping channel is yet unknown. It was discussed that, in
general, quantum noise for two-level coherent systems is described by such
channel that includes both relaxation and pure dephasing effects. There-
fore, the knowledge of the asymptotically achievable limits at the time of
writing reduces to the set of T1-limited qubits, given by the quantum capac-
ity of the amplitude damping channel. This, however, neglects an integral
part of decoherence since most of the run-of-the-mill experimental qubits
do not saturate the Ramsey limit (T2 ≈ 2T1). With this in mind, it is
critical to obtain an expression for the quantum capacity of the combined
amplitude and phase damping channel.

Moreover, in Chapter 4, we proposed the concept of quantum outage
probability as the asymptotically achievable error rate by QECCs when
operating over TVQCs that consider the realizations of the decoherence
parameters to be equal for all the qubits of a block. In such chapter,
we derived closed-form expressions of pQout for qubits that are T1-limited.
Similar studies for the quantum outage probability of the more general time-
varying combined amplitude and phase damping channel will be considered
in future work. The aforementioned quantum capacity for such channel
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under static noise is needed for achieving this last task. This will be critical
in order to have a complete tableau of the information theoretical limits of
error correction for superconducting qubits with pure dephasing channels.

FAST TIME-VARYING QUANTUM CHANNELS

In Chapters 4 and 5 we assumed that the realizations of the decoherence
parameters were the same for each of the qubits in the block of an error
correction round. Under such premise, the TVQC model resembled the
classical scenario of slow fading channels. Having such similarity in mind,
we derived the quantum outage probability as the asymptotically achievable
error rate by QECCs and simulated Kitaev toric codes and QTCs over
such channels. Nevertheless, such assumption may not be true in general,
indicating that depending on the qubit-wise correlation presented by T1 and
T2 the system will operate in a different way to what has been studied here.
At the time of writing, little to none experimental results regarding the
qubit-wise correlation of the fluctuations of T1 and T2 have been done with
the sole exception of [51]. In such study, the authors studied the correlation
between the relaxation times of two superconducting qubits and concluded
that they were completely uncorrelated. This has important implications on
error correction. First, since the realizations of the channel will be different
and independent for each of the qubits of the block, this scenario will be
reminiscent of the classical fast fading channel. That is, each of the symbols
of the block will be affected by an independent realization of the channel.
Therefore, the classical concept of ergodic capacity may be integrated in the
context of quantum error correction as the asymptotically achievable limit.
This would obviously have implications on the performance of QECCs.
Furthermore, considering a case where there is partial qubit-wise correlation
of T1 and T2 would generalize every possible scenario for the proposed
TVQC model.

As a consequence, this topic requires to be tackled both from the ex-
perimental and theoretical perspectives. First of all, a more complete ex-
perimental benchmarking of the fluctuations of the decoherence parameters
of qubits needs to be done so that they can be properly characterized. In
this way, the correlations among the qubits of the system can be correctly
addressed by theoretical models. This will probably depend on the exper-
imental implementation of the system (qubit technology, architecture, ...)
and, thus, it is probable that each of the possible time-varying scenarios will
be valid for some of the experimental quantum hardwares. Therefore, the
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theoretical study of the TVQC scenarios with uncorrelated or partially cor-
related fluctuations will be very important for understanding how QECCs
will operate when real hardware is considered.

SWITCHING RATE QEC PROTOCOLS FOR TVQCS

Part I of the dissertation described the theoretical modelling of the
fluctuations of the decoherence parameters of superconducting qubits and
how such fluctuations degrade the performance of QECCs. It is important
to remark that the proposed TVQC model is relevant for protocols involving
a large number of error correction cycles (e.g., a quantum memory or a long
quantum algorithm, such as the one in ref. [149]). If a very short algorithm
or QECC is run just once or a very few number of times, the parameters
will not fluctuate and the effects of the proposed channel model will not
be noticeable. Herein lies important future work on this topic, such as the
construction of optimized error correction codes that are apt to address
these dynamic scenarios. In this way, we consider relevant trying to revert
the degradation suffered by QECCs as a consequence of the decoherence
parameter fluctuations. Therefore, a possible solution might be based on a
switching rate protocol that can adapt the rate of the QECCs depending on
the noise realization. In this way, the protocol would switch to lower QECC
rates when noise level realizations are high, and to higher rates when the
realizations are low. Rate adaptive schemes have been extensively studied
in the field of classical coding theory [191, 192]. By doing this, it is possible
to obtain a protocol that assures that the WER of the code is lower than
some threshold value, say 10−3, while trying to consume as little qubit
resources as possible1. It is important to realize that for this protocol to
work appropriately, we need to implement an estimation protocol so that,
depending on the estimated noise level, the rate is adapted accordingly. The
online estimation protocol proposed in Chapter 7 of this thesis is a perfect
match for doing so. Note that the time needed for an error correction
round is much smaller than the stochastic process coherence time and,
thus, several QECC blocks can be fitted in the same noise realization. In
this way, the on-line estimation protocol can check when the noise level has
changed and, therefore, switch the rate accordingly. Another thing to be

1Note that by designing the QECCs by considering that the realizations are always
bad will imply that the WER target would be achieved, but the qubit consumption would
be high. Qubits are an expensive resource and, thus, designing codes that are far from
being optimized is not the best praxis.
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considered is that the selected QECC can vary its rate in a seamless manner.
Protocols such as this one may be needed for the QECCs to maintain
excellent performance with low qubit overheads when time variations are
important.

OPTIMIZING INTERLEAVER CONSTRUCTIONS FOR QTCS

In Chapter 6 of this Ph.D. dissertation we demonstrated that imple-
menting interleavers with some construction leads to an improvement of
the performance of QTCs in the error floor region. For doing so, we im-
ported some well known interleaving patterns from classical turbo coding
theory to the context of QTCs. In this context, there is still a vast amount
of knowledge regarding interleaver construction to be imported from the
classical coding theory [193, 194, 195, 196, 197]. This further optimization
of the scrambling patterns in between the convolutional encoders that form
the turbo code is based on the actual structure of those two constituent
codes. Therefore, in order to import those interleaving methods to the con-
text of quantum information, the structure of the QCCs must be studied
appropriately. Furthermore, as it has been seen in Chapter 6, quantum
interleavers have an additional degree of freedom since 1-qubit symplectic
transformations can be included while interleaving the quantum informa-
tion stream. Nevertheless, at the time of writing, how those would impact
the performance of turbo codes remains to be studied. Thus, we consider
important to address such additional degree of freedom when optimizing
the performance of QTCs. To sum up, we consider that the error floors of
QTCs can still be improved significantly by just constructing interleavers
that are a good fit for concatenating the constituent QCCs.

These are the main future research topics that follow the investigations
conducted throguhout this thesis. However, quantum information and com-
puting are rather young and, thus, a vast amount of possible paths to follow
are open at the moment. Fault-tolerant implementations of NISQ-era algo-
rithms, hardware specific implementations of QECCs or the construction
of error correction codes that maximize degeneracy may serve as examples
of such endeavours from the point of view of quantum error correction.
Recently, claims for quantum advantage have been made by Google and
China independently [49, 50] and the barrier of 100 superconducting qubits
has been surpassed by the new ibm washington processor [198]. Needless to
say, quantum computing has a bright future that will mainly be developed
in this decade and QEC is considered to be key in order to hit the jack-
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pot. This will require an Herculean effort by the community of quantum
computing and quantum information. Exciting times are ahead!
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APPENDIX A

Tensor Product

Tensor products are mathematical operations that put vector spaces to-
gether in order to form larger vector spaces. The tensor product is a crucial
part in order to understand multiparticle systems in quantum mechanics.

Suppose that V and W are vector spaces of dimension m and n respec-
tively. Then V ⊗W , or the tensor product between the vector spaces, is an
mn-dimensional vector space. The elements of this composite vector space
are linear combinations of tensor products |v〉 ⊗ |w〉 of the elements |v〉 of
V and |w〉 of W . In particular, if |i〉 and |j〉 are orthonormal bases for the
spaces V and W respectively, then |i〉 ⊗ |j〉 is a basis for the composite
vector space V ⊗W .

Tensor product in matrix vector spaces is performed by the so-called
Kronecker product.

Definition A.0.1 (Kronecker Product). Suppose A ∈ Cm×n and B ∈ Cp×q
are two arbitrary complex matrices. Then A⊗ B ∈ Cmp×nq and is defined
as

A⊗B ≡




a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

. . .
...

am1B am2B · · · amnB


 ,
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where aij refers to the element in row i and column j of matrix A.

The Kronecker product as defined in definition A.0.1 will be the tensor
product that will be considered in the thesis. This tensor product presents
the next properties:

• Non-commutativity: A⊗B 6= B ⊗A in general.

• Bilineality and associativity:

– A⊗(B+C) = A⊗B+A⊗C, with B and C of same dimensions.

– (A+B)⊗C = A⊗C+B⊗C, with A and B of same dimensions.

– (kA)⊗B = A⊗ (kB) = k(A⊗B), where k ∈ C.

– (A⊗B)⊗ C = A⊗ (B ⊗ C).

• Mixed-product: (A⊗B)(C⊗D) = AC⊗BD, where the dimensions
must be appropriate for the ordinary matrix product. From here it
is derived that:

– (A⊗B)−1 = A−1⊗B−1, from where it is clear that for (A⊗B)−1

to exist, both A−1 and B−1 must exist.

– (A⊗B)T = AT ⊗BT .

• Trace: Tr(A⊗B) = Tr(A)Tr(B).

• Determinant: det(A⊗B) = det(A)qdet(B)n, where A ∈ Cn×n and
B ∈ Cq×q.

• Rank: rank(A⊗B) = rank(A)rank(B).

To finish with the tensor product, notation A⊗k will mean A⊗k = A⊗
A ⊗ · · · ⊗ A, that is A matrix tensored by itself k times. For example,
|ψ〉⊗3 = |ψ〉 ⊗ |ψ〉 ⊗ |ψ〉.



APPENDIX B

Decoding algorithms

In this appendix we will detail the decoding algorithms that have been used
in this dissertation. We will discuss the decoding algorithm for the Quan-
tum Turbo codes and the Minimum-Weight Perfect Matching (MWPM)
decoder for Kitaev toric codes. We will not go into the subtleties of these
decoding methods, but rather present their principles of operation. We
provide appropriate references for the reader that would like to go deeper
in understanding the decoding protocols for such quantum error correction
codes.

B.1 QUANTUM TURBO CODE DECODER

Decoding of classical turbo codes rely on belief propagation methods
such as the sum-product algorithm [199] that ouput the most probable
codeword transmitted based on the syndrome of the received codeword
and the information possesed about the channel. In the quantum setting,
decoding is not to find out the most probable quantum state transmitted1,
but to find out the most probable error coset of effective Pauli errors that
have affected the codeword, and that have been discretized after syndrome
measurement. Consequently, sum-product like algorithms in the quantum
decoding world estimate the most probable error coset and so afterwards
such correction operation can be done to the received state.

1Note that quantum states are continuous, so this is impossible to do.
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For QTCs, a Soft-Input-Soft-Output (SISO) decoding algorithm was
proposed for turbo decoding in [36] and it was later enhanced by means of
the so called extrinsic information transfer in [37]. Such decoding algorithm
will be described next. The decoding scheme for QTCs is shown in Figure
B.1.

The SISO decoder for quantum convolutional codes is an adaptation
of the usual classical algorithm [36, 199]. This algorithm relies on the
convolutional structure of the convolutional encoder in order to perform
a forward-backward algorithm that will output the estimated channel er-
ror. Two of these are used in order to decode the quantum turbo code,
as the code is obtained as the interleaved concatenation of two quantum
convolutional codes. The SISO decoding algorithm for QCCs is extensively
described in [36].

INNER
SISO

s̄2

Pch(E2)

P1(E1)
Π−1

P2(L2|s̄)

P1(E1|s̄) Π
P2(L2)

OUTER
SISO

s̄1

P1(L1|s̄)

Figure B.1: Circuit for SISO decoding of quantum turbo codes.

From Figure B.1 it can be seen that the receiver first decodes the inner
code based on the channel information, Pch(E2), and the measured syn-
drome, s̄2, for such inner code. The syndrome measurement is done as for
block QECCs (see Chapter 2) and the estimation of the channel error is
done by taking advantage of the structure of the inner convolutional de-
coding unitary. Afterwards, the obtained probabilities of the logical errors
that may have happened during transmission conditioned to the syndrome
read, P2(L2|s̄), are passed thorugh the interleaver and given as a priori
input information to the outer SISO decoder, P1(E1). This element does
the same operation as the inner SISO decoder with the new information,
P1(E1), and the syndrome read for the outer code, s̄1. The decoding for
the quantum state is now done by taking advantage of the structure of
the outer convolutional decoding unitary. After decoding, the informa-
tion about the probability of the physical operator E1 conditioned with the
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syndrome read, P1(E1|s̄), is deinterleaved and sent back to the the inner
SISO decoder, P2(L2). For the first iteration, such probability is taken as
equiprobable. This loop is done several times until the estimates of the in-
ner and outer decoders match or some number of limit iterations is achieved
(convergence is the most probable thing to happen as stated in [37]). The
output of the decoder is the probability distribution P1(L1|s̄) and, thus,
the most probable error coset given the syndrome read can be estimated.

It has been stated that in [37], an improved version of the turbo de-
coding algorithm was presented, and we briefly present how such enchance-
ment was done. The algorithm presented before is based on the exchange
of a posteriori information between the constituent quantum convolutional
SISO decoders of the QTC. As the decoders pass along a posteriori in-
formation, successive iterations of the constituent decoders are dependent
on one another giving rise to a detrimental positive feedback effect that
prevents the decoding algorithm to achieve the desired gains that iterative
decoding usually presents.

For the sake of avoiding such effect, it is necessary that the a priori in-
formation directly related to a given information qubit is not reused in the
other decoder. Consequently, and similar to the approach employed in clas-
sical turbo decoding, this can be achieved by making one decoder to remove
the a priori information from the a posteriori information before feeding
it to the other decoder. More explicitly, the iterative decoding procedure
should exchange only extrinsic information that is new and unknown to
the other decoder. To see how this information transfer works, consider a
four-port2 SISO decoder that generates soft output information pertaining
to a logical error L and a physiscal error E . Such circuit is presented in
Figure B.2.

As it can be seen in Figure B.2, a SISO decoder exploits an A Posteriori
Probability (APP) module that accepts the a priori information Pa(L)
and Pa(E) as input and outputs the a posteriori information Po(L) and
Po(E). The corresponding extrinsic probabilities Pe(Lji ) and Pe(Eji ) for the
jth qubit at time instant i are then obtained by discarding the a priori

2Note that in the scheme presented in Figure B.1, the SISO decoders are not exactly
like that, but this is a way to see how they work.
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APP

-

-

Pa(L)
Po(L)

Pa(E)
Po(E)

Pe(L)

Pe(E)

Figure B.2: A SISO decoder processes a priori information and out-

puts a posteriori information, from which the a priori

information is removed to obtain extrinsic information

that is passed to the next decoder. Note that the prob-

abilities here are in logarithmic scale so that they can

be just substracted.

information from the a posteriori information as follows

Pe(Lji ) = NLj
Po(Lji )
Pa(Lji )

,

Pe(Eji ) = NEj
Po(Eji )

Pa(Eji )
,

whereNLj andNEj are normalization factors, which ensure that
∑
Lj Pe(Lji ) =

1 and
∑
Ej Pe(Eji ) = 1, respectively.

Furthermore, to avoid numerical instabilities and to reduce the compu-
tational complexity, log-domain arithmetics are conventionally employed,
which convert the multiplicative operations to addition, as given below

ln[Pe(Lji )] = ln[NLj ] + ln[Po(Lji )]− ln[Pa(Lji )],
ln[Pe(Eji )] = ln[NEj ] + ln[Po(Eji )]− ln[Pa(Eji )].

Therefore, the inputs and outputs of a SISO decoder are the logarithmic
a priori and extrinsic probabilities, repsectively.
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In [37] it was shown via simulation that this approach of extrinsic infor-
mation transfer outerperforms the original turbo decoder proposed in [36]
that relied on the a posteriori information.

The turbo decoding algorithm via SISO decoders for the convolutional
codes has been presented here. Note that the turbo decoding algorithm is
a sum-product like algorithm, similar to the ones used for decoding clas-
sical turbo codes with the slight difference that the effective Pauli errors
are estimated instead of the codewords. Consequently, this algorithm is
a classical algorithm that will run on a classical computer, and the quan-
tum computer will be classically aided to solve the decoding problem and,
thus, the complexity of the algorithm will be classical. Consequently, it
is very important that the algorithm does not take more time than the
decoherence time of the qubit, as if that was the case, then the qubits may
suffer from additional errors that are not considered by the decoder. This
implies that the study of quantum computing does also involve classical
algorithms, and enhancing them will improve the quality of quantum error
correction. Other approach to this problem would be to use the inherent
parallel nature of quantum computers to develop quantum sum-product
algorithms that would run in the quantum computers with the advantage
to have a potentially better complexity than the classical ones and, there-
fore, improve the latency of the communications [200, 201]. Variations of
those could also be useful to decode classical codes and reduce the latency
of classical communications with hybrid classical-quantum computers [58].

B.2 MINIMUM-WEIGHT PERFECT MATCHING (MWPM) DE-
CODER

The Kitaev toric code is a surface code, which are codes defined on a 2D
lattice of qubits [38]. Specifically, the toric codes have periodic boundaries
in those latices, making them to have a torus-like shape. In surface codes,
decoding a syndrome is equivalent to finding paths between the generators
whose syndrome has been triggered. There will be multiple paths associ-
ated to the same syndrome and, consequently, the decoder must estimate
the path that describes the most likely error. In general, the optimal de-
coder for toric codes has exponential complexity [151, 202], and, thus, it
is impractical due to the fact that the classical algorithm must obtain an
estimation of the error before the qubit suffers from additional errors.
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A widely used decoding algorithm for the family of Kitaev toric codes
is the so called Minimum-weight Perfect Matching (MWPM) decoder [151,
202]. This decoder is based on the MWPM problem of graph theory, where
a matching3 in which the sum of weights is minimized must be found. The
term perfect refers to the fact that the matching matches all vertices of
the graph. One can convert the lattice of the toric code with errors to a
complete graph, where the generators with non-trivial syndrome are the
nodes. The edges between the vetices have a weight equal to the minimum
number of qubits between them. This way, solving the MWPM problem
to such associated graph, the most likely error, i.e. the one with minimum
weight, can be estimated [151, 202]. The MWPM problem can be solved
using Edmund’s Blossom algorithm [203] with some improvements in order
to have a better computational complexity.

The toric codes of this dissertation are decoded via the MWPM decoder.
We use the implementation of this decoder in the QECSIM tool [151] for
the numerical simulations conducted.

3A set of edges without common vertices.



APPENDIX C

Monte Carlo numerical
simulations

In this appendix we describe the numerical Monte Carlo simulations that
we have conducted in this dissertation in order to asses the performance
of the quantum error correction codes discussed. This way we are able to
justify that the numerical simulations performed are accurate and, thus,
the conclusions obtained from them valid.

The numerical simulations are based on the approximate error models
that were explained in Chapter 2. Each round of the numerical simula-
tion is performed by generating an n-qubit Pauli operator, calculating its
associated syndrome and finally running the decoding algorithm using the
syndrome as its input. The error operators are randomly generated using
the distinct probability distributions for the Pauli channel that were dis-
cussed in this thesis. Once the logical error is estimated it is compared with
the channel error1 in order to decide if the decoding round was succesful.
The operational figure of merit selected in order to evaluate the perfor-
mance of these quantum error correction schemes is the Word Error Rate
(WER), which is the probability that at least one qubit of the received
block is incorrectly decoded.

1We observe if the logical error associated to the channel error and the estimated
logical error belong to the same error coset.
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Since the simulations we are conducting are based on the random sam-
pling of the channel errors, the rules of Monte Carlo simulations are invoked
in order to obtain results that are honest. Thus, for estimating the WER of
the Kitaev toric codes and QTCs, the following Monte Carlo rule of thumb
has been used in order to select the number of blocks to be transmitted,
Nblocks [204]:

Nblocks =
100

WER
. (C.1)

As explained in [204], under the assumption that the observed error events
are independent, this results in a 95% confidence interval of about (0.8 ˆWER,
1.25 ˆWER), where ˆWER refers to the empirically estimated value for the
WER. This way, we can justify that the results obtained via random sam-
pling of the quantum channel are statistically representative and, thus, the
conclusions obtained from those throughout the dissertation are valid.



APPENDIX D

Diamond norm distance

In Chapter 3, the diamond norm distance is used as the metric to compare
the action of static quantum channels versus the proposed time-varying
quantum channels. The objective of such analysis is to show that neglecting
the fluctuating of T1 and T2 may result in an unrealistic model for quantum
noise. Here we introduce the needed concepts regarding diamond norm
distance in order to understand such comparison. We also provide a proof
that shows that the diamond norm distances between the two ADPTA and
two ADCTA channels obtained from the same two AD channels are the
same. This applies for T1-limited qubits.

D.1 DIAMOND NORM DISTANCE

The diamond norm distance [140, 141] between two quantum channels
N1 and N2 is defined as

||N1 −N2||� = sup
ρ
||N1 ⊗ I(ρ)−N2 ⊗ I(ρ)||1, (D.1)

where || · ||1 is the trace norm. The diamond norm considers states ρ
that might be entangled with some ancillary system that is not altered by
the action of the channels. Consider two quantum channels N1,N2 and
a single channel use. A quantum channel discrimination protocol aims to
maximize the probability of correctly identifying which channel has acted
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on the quantum state if one of them is chosen uniformly at random. The
diamond norm distance is related to the minimum probability of error, pe,
that a discrimination protocol for N1 and N2 can achieve as

pe =
1

2
− ||N1 −N2||�

4
. (D.2)

Therefore, the diamond norm distance serves as a measure of how differently
two quantum channels affect input quantum states, and so it is a good
metric to assess the dissimilarity between channels.

For Pauli channels NP defined as

NP(ρ) = pIρ+ pxXρX + pyYρY + pzZρZ, (D.3)

with pI = 1− px− py − pz, the diamond norm distance has the closed-form
expression [141]

||N 1
P −N 2

P||� =
∑

k

|p1
k − p2

k|, (D.4)

where k ∈ {I,X,Y,Z}.

Amplitude damping channels NAD also have a closed-form expression
[205] for the diamond norm distance which is given by

||N 1
AD−N 2

AD||� =




2|γ1 − γ2| if
√

1− γ1 +
√

1− γ2 > 1

2|√1−γ1−
√

1−γ2|
2−(
√

1−γ1+
√

1−γ2)
otherwise

, (D.5)

where γ1 and γ2 are the damping probailities that define the dynamics of
each of the AD channels.

The action of phase damping or dephasing channels NPD can be easily
rewritten as a function of the Pauli matrices as

NPD(ρ) =
1 +
√

1− λ
2

IρI +
1−
√

1− λ
2

ZρZ, (D.6)

where λ is interpreted as the scattering probability of a photon without
loss of energy. Consequently, the PD channel is equivalent to a pure Pauli
dephasing channel, that is, a Pauli channel where the only non-trivial errors
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are the phase-flip errors Z. As a result, using Eq. D.4, the diamond norm
distance between dephasing channels has the closed-form expression

||N 1
PD −N 2

PD||� = |
√

1− λ1 −
√

1− λ2|. (D.7)

Finally, for quantum channels whose diamond norm distance has no
closed-form expression, a method to efficiently compute it via semidefinite
programming (SDP) was presented in [206]. The QETLAB tool [207] for
MATLAB includes the calculation of diamond norm distances using those
SDP methods. We use such tool in order to obtain the diamond norm
distances between static and time-varying combined amplitude and phase
damping channels.

D.2 ||NADPTA(γ1)−NADPTA(γ2)||� = ||NADCTA(γ1)−NADCTA(γ2)||�

Proposition D.2.1. The diamond norm distance between the Pauli twirl
approximated channels (PTA) obtained from two amplitude damping chan-
nels (AD) of parameters γ1 and γ2 is the same as the diamond norm dis-
tance between the Clifford twirl approximated channels (CTA) obtained from
the same AD channels:

||NADPTA(γ1)−NADPTA(γ2)||� = ||NADCTA(γ1)−NADCTA(γ2)||�. (D.8)

Proof. The PTA and CTA channels are Pauli channels [108, 111]. The PTA
channel for an AD channel with damping probability γ has the following
probabilities for each of the Pauli matrices:

pI =
2− γ + 2

√
1− γ

4
, px = py =

γ

4
and pz =

2− γ − 2
√

1− γ
4

.

The CTA channel is a depolarizing channel (as a special case of the Pauli
channels), with the following probabilities:

rI =
2− γ + 2

√
1− γ

4
and r/3 = rx = ry = rz =

2 + γ − 2
√

1− γ
12

.

The diamond norm distance between Pauli channels has the closed-form
expression [141]

||N 1
P −N 2

P||� =
∑

k

|p1
k − p2

k|, (D.9)
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with k ∈ {I,X,Y,Z}. Knowing that the PTAs and CTAs are Pauli channels,
we can write the diamond norm distances between them obtained from
approximating two AD channels:

(a) ||NADPTA(γ1)−NADPTA(γ2)||� = |p1
I−p2

I |+|p1
x−p2

x|+|p1
y−p2

y|+|p1
z−p2

z |

(b) ||NADCTA(γ1)−NADCTA(γ2)||� = |r1
I −r2

I |+
∑3

l=k |r1
k−r2

k| = |r1
I −r2

I |+
3|r1/3− r2/3|

Note that pI = rI,∀γ, so the contribution of the probabilities associ-
ated to non-identity components to the diamond norm distances must be
compared. We start by expanding (b):

3|r1/3− r2/3| = 3

∣∣∣∣
γ1 − γ2 + 2(

√
1− γ2 −

√
1− γ1)

12

∣∣∣∣

=
1

4
|γ1 − γ2 + 2(

√
1− γ2 −

√
1− γ1)|.

(D.10)

The results shown below for the terms γ1 − γ2 and
√

1− γ2 −
√

1− γ1

that appear in equation Eq. D.10 will be useful in what follows:

• γ1−γ2 > 0→ γ1 > γ2 → −γ1 < −γ2 → 1−γ1 < 1−γ2 →
√

1− γ1 <√
1− γ2 →

√
1− γ2 −

√
1− γ1 > 0.

• γ1−γ2 < 0→ γ1 < γ2 → −γ1 > −γ2 → 1−γ1 > 1−γ2 →
√

1− γ1 >√
1− γ2 →

√
1− γ2 −

√
1− γ1 < 0.

• γ1 − γ2 = 0→ √1− γ2 −
√

1− γ1 = 0.

From these observations, it is easy to see that γ1 − γ2 and
√

1− γ2 −√
1− γ1 share the same sign ∀γ1, γ2. Thus, we can split the sum inside the

absolute value of Eq. D.10 into a sum of absolute values as

Eq. D.10 =
1

4
|γ1 − γ2|+

1

2
|
√

1− γ2 −
√

1− γ1|. (D.11)
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We continue by developing the non-identity part for the PTA as given
in (a):

|p1
x − p2

x|+ |p1
y − p2

y|+ |p1
z − p2

z | =
|γ1 − γ2|

4
+
|γ1 − γ2|

4

+
|γ2 − γ1 + 2(

√
1− γ2 −

√
1− γ1)|

4
.

(D.12)

We follow the same reasoning as for the CTA by making use of the
following expressions that γ2 − γ1 and

√
1− γ2 −

√
1− γ1 fulfil. They are

later added within the absolute value of their corresponding terms in the
expression:

• γ2−γ1 > 0→ γ2 > γ1 → −γ2 < −γ1 → 1−γ2 < 1−γ1 →
√

1− γ2 <√
1− γ1 →

√
1− γ2 −

√
1− γ1 < 0.

• γ2−γ1 < 0→ γ2 < γ1 → −γ2 > −γ1 → 1−γ2 > 1−γ1 →
√

1− γ2 >√
1− γ1 →

√
1− γ2 −

√
1− γ1 > 0.

• γ2 − γ1 = 0→ √1− γ2 −
√

1− γ1 = 0.

From these outcomes, we can tell that γ2 − γ1 and
√

1− γ2 −
√

1− γ1

have a different sign ∀γ1, γ2. In consequence we can write the sum inside
the absolute value of the third term of Eq. D.12 as

Eq. D.12 =
∣∣∣2|
√

1− γ2 −
√

1− γ1| − |γ2 − γ1|
∣∣∣ , (D.13)

that is to say, the absolute value of computing the substraction of each of
the original absolute values. To further expand the expression in Eq. D.13,
we use

|(
√

1− γ2 −
√

1− γ1)(
√

1− γ2 +
√

1− γ1)| = |1− γ2 − 1 + γ1|
= |γ2 − γ1| → 2|

√
1− γ2 −

√
1− γ1||

√
1− γ2 +

√
1− γ1|

= 2|γ2 − γ1| → 2|
√

1− γ2 −
√

1− γ1| =
2|γ2 − γ1|

|√1− γ2 +
√

1− γ1|
→ 2|

√
1− γ2 −

√
1− γ1| ≥ |γ2 − γ1|,

(D.14)

∀γ1, γ2 where the last inequality comes from the fact that
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• |√1− γ2 −
√

1− γ1| ∈ (0, 2] → 0 < 1
2 |
√

1− γ2 −
√

1− γ1| ≤ 1 →
2

|√1−γ2−
√

1−γ1| ≥ 1

• |√1− γ2 −
√

1− γ1| = 0→ 2|√1− γ2 −
√

1− γ1| = |γ2 − γ1| = 0.

Having shown this result, we can work on Eq. D.13 even further by
removing the absolute value, since we have shown that the substraction
will always be ≥ 0:

Eq. D.13 = 2|
√

1− γ2 −
√

1− γ1| − |γ2 − γ1|. (D.15)

We finish by introducing Eq. D.15 into expression Eq. D.12:

Eq. D.12 =

|γ1 − γ2|
4

+
|γ1 − γ2|

4
+

1

2
|
√

1− γ2 −
√

1− γ1| −
|γ2 − γ1|

4

=
1

4
|γ1 − γ2|+

1

2
|
√

1− γ2 −
√

1− γ1|
(D.16)

If we now compare Eq. D.11 and Eq. D.16, it is clear that both of them
are the same, which implies that

||NADPTA(γ1)−NADPTA(γ2)||� = ||NADCTA(γ1)−NADCTA(γ2)||�, (D.17)

and so concludes the proof for the proposition.



APPENDIX E

Adjusted boxplots for skewed
distributions

Boxplots are a heavily employed tool in statistics to see how specific sta-
tistical data is distributed. A boxplot is comprised of a box whose top
edge refers to the third quartile (Q3) and whose bottom edge refers to the
first quartile (Q1). A line inside this box represents the median and two
whiskers at both ends indicate Q3 + 1.5(Q3−Q1) for the top whisker and
Q1− 1.5(Q3−Q1) for the bottom one. Data that is found outside whisker
range are considered to be outliers in the data set and are individually plot-
ted. Boxplots are based on the normal distribution, and so they are not
very representative for heavily skewed distributions. Note that the length
is the same for the top and the bottom whiskers. Consequently, the real
skewness of heavily skewed data will not be represented in such boxplots,
with several data being represented as outliers as a result of the long tails
that such types of distributions have. In consequence, conventional box-
plots do not reflect a valid range of outliers, since the long tail side requires
that more data be accounted for as typical values.

Adjusted boxplots have been presented in the literature as a methodol-
ogy to take the imbalanced weight of skewed data into account [208]. The
core idea of this adjusted boxplot is to use a robust measure of the skewness
of the dataset to define the length of each of the whiskers. [208] employs a
measure known as the medcouple (MC) [209] for this purpose. The whisker
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range ∆ is then defined as





[Q1− 1.5e−4MCIQR,Q3 + 1.5e3MCIQR] if MC ≥ 0

[Q1− 1.5e−3MCIQR,Q3 + 1.5e4MCIQR] if MC < 0

, (E.1)

where IQR = Q3 − Q1 refers to the interquartile range. The whiskers of
the boxplot will then take the skewness of the distribution into account,
depending on whether the distribution is positively skewed (MC > 0),
negatively skewed (MC < 0) or symmetric (MC = 0). This way several
data considered to be outliers in conventinal boxplots will not be considered
as such by adjusted boxplots (skewness should be taken into account for
outlier consideration).

The probability distribution of ||N (µT1 , µT2)−N (ρ, ω, t)||� discussed in
Chapter 3 appears to have a heavy positive skew, and thus the adjusted
version of the boxplot presented in [208] is necessary for a correct represen-
tation of such results.
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