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Abstract

We formally show that lump-sum participation fees and per-interaction fees charged by a
monopoly platform in a two-sided market are not interchangeable in the presence of price dis-

tortions, such as ad valorem taxes.
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1 Introduction

In a seminal paper, Armstrong (2006 (A2006 hereafter) states that in two-sided markets with a
monopoly platform, “it makes no difference if tariffs are levied on a lump-sum or per-transaction

basis” [RAND Journal of Economics 37(3), p. 669]. According to him it is equivalent to use a
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monopolistic-platform two-sided market model in which tariffs are levied as a lump-sum fee (“pure
subscription tariff”) and one in which a platform’s end-users pay a per-transaction fee (“pure
transaction fee”). Based on this, A2006 develops his model assuming that the platform imposes just
lump-sum membership fees on end-users. Contrarily, [Rochet and Tirole (2003) (RT2003 hereafter)
assume only usage (per-transaction) fees on end-users but not membership chargesE]

Subsequently, the literature on two-sided markets cited these authors’ arguments to choose
either a pure membership fee scheme (a la A2006) or a pure usage fee scheme (a la RT2003). For
instance, Bolt and Tieman (2008), Weyl (2009), |Aloui and Jebsi (2010) and |Creti and Verdier
(2014)) assume a monopoly platform that imposes only usage fees, while Zheng and Kaiser| (2013]),
Hagiu and Hataburdal (2014), |Peitz et al.| (2017)) and |Gao| (2018) assume a monopoly platform that
imposes only membership fees on end-users.

In this paper, we show that the equivalence between a monopolistic-platform two-sided market
model in which tariffs on end-users are levied as a lump-sum fee, as a per-transaction fee, and as
a combination of both types of fees does not hold in the presence of any kind of price distortions.
To show this, we consider the particular case of the distortion created by (ad valorem) taxes levied
on the platform or on its end-users. The distortions created by taxes are important because its
introduction especially in digital platform markets is a relevant and controversial issue in tax policy.
This is reflected in the incipient literature on the taxation of two-sided markets[]

In the growing literature on taxation of platform-based two-sided markets frequently the authors
exclusively choose one type of tariff or another. For instance, Belleflamme and Toulemonde| (2018)
consider taxes when the platform charges just access fees, while [Kind et al.| (2008) and Kind et al.
(2009) consider taxes when the platform imposes per usage fees only. However, in the presence of
price distortions such as ad valorem taxes, we show that the choice between access fees and usage
fees (or a combination of them) is no longer innocuous.

The plan of the paper is as follows. Section 2 introduces a two-sided market environment.

Section 3 provides the main results. Section 4 concludes. All the proofs are in the online appendix.

n Section 6, RT2003 derive some results also for lump-sum membership fees.
2For a general discussion on the effect of taxes on platform markets, see [Tremblay| (2018).



2 The theoretical model

We consider a two-sided market with a monopoly platform in the same spirit as in A2006 and
RT2003. The platform connects end-users of two types (A and B) who both must be on the
platform to interact. End-users obtain an idiosyncratic surplus of joining side j € {A, B}, denoted
by 6; > 0. This surplus is frequently called (gross) membership benefit since it is independent of
the number of transactions carried out. Next, we assume that there are cross-network effects and
introduce a parameter that captures the benefit of an interaction between end-users on different
sides. Denote a representative side-j end-user’s cross-network effect by a; > 0 for j € {4, B},
which is multiplied by the number of participants on the other side of the market, that is, a;IV_;
(j # -j). Following the literature (RT2003 and A2006), we do not introduce same-side network
effects Pl

The platform incurs a marginal cost ¢ > 0 per interaction between two end-users, and a fixed
cost C; > 0 per side-j member. To compensate these costs, we consider two types of fees that
the platform imposes on end-users. First, a lump-sum (fixed) participation fee: when joining side
j € {A, B}, an end-user pays p;. Second, a usage (or per-transaction) fee: when interacting with
a member on side -j, a side-j end-user pays 7;. Let us denote a pricing structure or tariff as a
quadruple, v = (va,7B:PA, PB)-

Given all the parameters, a representative end-user’s net utility of joining side j is defined as

uj =05 + (aj —v;)Nj — pj- (1)

Note that |1]is similar to equation (1) in Rochet and Tirole (2006]) (RT2006 hereafter). Following

them, we define the total number of side-j end-users who decide to join the platform, Nj, as

N; = pr(u; > 0), (2)

that is, the total number of side-j end-users in the platform is given by the probability that side-j
end-users’ utility from joining the platform is greater than 0 (outside option).

As RT2006 argue, under usual regularity conditions, the system of two equations embedded in

3However, our results easily extend to the case with same-side network effects.



has a unique solution characterizing NN; as function of the fees (v;,p;) and N_;, for j € {4, B}H

Given the number of agents on each side, the monopoly platform’s profit is characterized by
m(v;:) = (ya+v8 — ¢)NaNp + (pa — Ca)Na + (pp — C)Np. (3)

RT2003 and A2006 provide the profit-maximizing solution for the monopoly platform absent
membership and usage fees, respectively. The characterization of the profit-maximizing solution
when both types of fees are present is provided by RT2006—see equation (8) on page 645. However,
in our particular case, we shall not focus only on the profit-maximizing solution: the results provided

in the next section are shown for any arbitrary fees.

3 Main result and discussion

Next, we consider the following three different tariff schemes: (i) v' = (v/4,75,0,0), (ii) v? =
(0,0,p'y,p'5), and (iii) v3 = (ya,7vB,pa,PB), Where ¥; > > 0 and p} > p; >0, for j € {A, B}.
The latter restrictions ensure that no tariff is (ex-ante) unambiguously more/less profitable for
end-users and/or for the platform than anotherﬂ Case (i) corresponds to pure transaction tariffs
as in RT2003, case (i) to pure subscription tariffs as in A2006, and case (744) is a combination of
both of them.

We define two tariffs as equivalent if they yield (a) identical utility for a representative end-user

on both sides and (b) an identical profit for the platform.

Definition 1. Given a representative side-j end-user’s idiosyncratic surplus 0; and the cross-
network effect o, assume that tariff v yields end-users utilities u}*, j € {A, B}, and platform profit
7 (v;-). We say that tariff v’ is equivalent to tariff v if and only if v' yields identical end-users’

utilities u; and an identical platform profit (v’ ).

We show that, in the presence of price distortions, tariffs v!, v? and v® cannot be equivalent.

4Following RT2006, p. 653, equation (4), Nj is defined as side-j’s demand which depends on «;, p; and N.;, which
itself is a function of 7.5, p.; and Nj in turn. In the unique solution, we suppress this dependence and for ease of
notation, write INV; and IN_j;, respectively, since both are determined simultaneously and endogenously as functions of
the parameters (7y;,7-;,Dj,P-5)-

5For instance, if v; <n; for j € {A, B}, then v offers both a cheaper usage fee and a cheaper membership fee in
comparison to v>. If so, v! is surely more profitable for end-users and less profitable for the platform than v3.



3.1 Price distortions: the case of ad valorem taxes

Taxes in two-sided markets are extremely popular and controversial both in the media and in
economics literature. As formally analyzed by [Bacache-Beauvallet and Bloch|(2018]), a large number
platforms (especially, the digital ones) rely on peer-to-peer transactions that are often difficult (if
not impossible) to tax. These firms explored new pricing schemes to reduce the fiscal burden of taxes
on access to the platform and the transactions conducted on the platform. Not surprisingly, some
states and countries implemented alternative (often controversial) tax instruments. For instance,
some US States introduced taxes on streaming and digital entertainment (the so-called “Netflix
tax”). Similarly, France created a “YouTube tax”, levied on all streaming videos. At the municipal
level, the city of Barcelona recently imposed a tax on “peer-to-peer” rental companies like AirBnb.

We show that, in the presence of price distortions, such as ad valorem taxes, the choice of the
pricing structure is no longer innocuous. Therefore, using an alternative fee structure would affect
the results of previous authors that considered either one type of fees or the other in the presence

of taxes (or some other kind of price distortions) in two-sided marketsﬁ

3.1.1 Taxes levied on the platform

First, we assume that an ad valorem tax is levied on the platform and consider two different
cases. The government could introduce a sales tax or VAT on a per-transaction basis. That
is, the platform pays a tax on the fee that it receives each time that two end-users of different
sides interact. Examples are a tax on the real estate agent fee charged when there is a successful
transaction between a seller and a buyer, a tax on the recruiting agency fee charged when there is
a successful match between an employer and a job seeker, or a tax on the Uber fee taken for a ride
booked on this platform.

Let tP denote the usage tax imposed on the platform. Then, the platform’s profit isﬂ

m(v;t?, ) = [(1 = t*)(ya + B) — ] NaNp + (pa — Ca)Na + (pp — CB)Np. (4)

5See, for instance, [Belleflamme and Toulemonde| (2018)), [Kind et al.| (2008)) and [Kind et al.| (2009).
"An alternative characterization of an ad valorem access tax levied on the platform is

m(v;t?,) = (7’14::;3 — c) NaNp+ (pa — Ca)Na + (pg — CB),

as used by [Kind et al.| (2008)). For this alternative characterization of the tax on the platform, the result is identical.



The government could also introduce a tax on accessﬁ Under this alternative tax, the platform
pays a tax each time a member joins it. For example, if we regard a dating club as a platform,
a tax per subscription sold fits into this category, or a tax per console sold if we regard the video
games market as two-sided.

Let ij denote the access tax imposed on the platform for an additional type-j membership,

j € {A, B}, and define 7P = (74}, 7). Then, platform’s profit isﬂ
m(v;7P, ) = (ya +v8 — ¢)NaNp + [(1 = 7})pa — Ca] Na + [(1 — 75)ps — CB] Np.  (5)

In Lemma [1| we show that, in the presence of a tax on the platform, if end-users are indifferent
between the three aforementioned tariffs, then one tariff yields the platform strictly greater profits.

Thus, the platform finds it beneficial to switch from one type of tariff to another.

Lemma 1. Assume (i) v! = (V'4,75,0,0), (ii) v? = 0,0,p'4,0’), and (iii) v3 = (ya,7B,PA,PB),

where v; > ~; >0 and p; > p; >0 for j € {A, B}. Then,

a) In the presence of an ad valorem per-transaction tax tP levied on the platform, if end-users are
indifferent between v' and v3 then m* (v3;tP,-) > m*(v';tP, ), and if end-users are indifferent

between v? and v then *(v?;tP,-) > 7 (v3; 1P, ).

b) In the presence of ad valorem access taxes TJP levied on the platform, if end-users are indifferent
between v' and v3 then 7 (v';TP,-) > 7*(v3; TP, ), and if end-users are indifferent between

v? and v3 then 7 (v3;TP,.) > ¥ (v TP, ).

For instance, suppose that the government imposes a per-transaction tax on an e-commerce
platform such as Amazon. A possible strategy for Amazon is to introduce a subscription fee, such
as Amazon prime, and let the user access additional benefits at no additional cost, such as same-day

delivery as well as unlimited access to eBooks. In this case, the government does not collect a tax

8Notice that for some markets, the government’s ability to tax interactions may be hindered due to the anonymity
of transactions.

9A similar setup is in the model by Belleflamme and Toulemonde| (2018). An alternative characterization of an
ad valorem access tax levied on the platform is:

PP — — ¢)N4N Pa N PE___ N
m(v;7?, ) =(ya+v8 —¢)Na B+<1+7_£ CA> A+<1+T§ Cg | N,

for which our main result also holds.



for the premium delivery service, nor does it if an Amazon prime member downloads an e—bookm

Therefore, in the presence of a tax on the platform, tariffs cannot be equivalent.

Proposition 1. Given v!, v? and v® as defined in Lemma |1}, in the presence of an ad valorem

1

usage tax or ad valorem access tazx levied on the platform, v',v? and v® are never equivalent.

3.1.2 Taxes levied on the end-users

Next, we assume that the tax is levied on end-users. Again, we consider two different cases. In the
first one, end-users on side j pay a tax each time they interact with an end-user on side -j. An
example is a sales tax paid by consumers who purchase from Amazon.

Let ¢ denote the per-transaction tax levied on type j end-users, and define ¢ = (t%,t%). In

this case, type-j end-user’s utility iﬂ
uj = 05+ o — v (1 4+ £5)|Ni — ;. (6)

In the second case, we assume that there is a tax on access levied on end-users. An example is
a tax paid on the subscription fee when joining a dating club.
Let T]‘? denote the access tax imposed on type-j end-users, j € {A, B}, and define 7¢ = (74, 75).

In this case, type-j end-user’s utility i@

u; = 0; + (a5 —v5)Ni — pj (1 +75). (7)

1

Lemma 2. Assume v', v> and v* as in Lemma 1]

a) In the presence of ad valorem per-transaction tazes t; levied on end-users, if end-users are

indifferent between v' and v3 then 7*(v3;t€,-) > n*(v';te,-), and if end-users are indifferent

'9This result is also consistent with the example provided by [Snider| (2017) on entertainment (movie) platforms.
' An alternative characterization of an ad valorem access tax is

_ i
u; =05+ (aj— 1+Jt§) Ni — pj,

for which our main result also holds.
12 An alternative characterization of an ad valorem access tax is
)2
e’

1—7;

uj; =0; 4 (a; —7;)Ni —

for which the main results are similar.



between v? and v3 then 7*(v%;te, ) > 7 (v3; e, ).

b) In the presence of an ad valorem access tax 75 levied on end-users, if end-users are indifferent

1

between v' and v3 then 7 (v';7¢,) > 7 (v3; 7€, ), and if end-users are indifferent between

v? and v3 then 7 (v3;1€,-) > 7 (v 1€, ).

In Lemma 2, we show that if the three tariffs considered yield the same utility to consumers,
then it is strictly profitable for the platform to choose one of them. As a consequence, the three

tariffs cannot be equivalent.

1

Proposition 2. Given v', v? and v> as defined in Lemma in the presence of ad valorem usage

1

tazes or ad valorem access tazxes levied on end-users, v\, v? and v3 are never equivalent.

4 Conclusion

The previous literature on two-sided markets considered that the platform imposes either a pure
membership tariff or a pure usage tariff. Previous authors explicitly relied on the equivalence
between both—as stated by A2006—to restrict their analysis to only one type of tariff. However,

we show that this equivalence does not hold in the presence of market distortions, such as taxes.
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Online Appendix: Proofs

For the sake of simplicity we suppress the dependence of the profit m on the access or usage tax.

First, in the following Lemma we identifiy conditions on the fees under which the platform’s
profit  and an agent’s utility on side j for j € {4, B}, are identical given the tariffs v!, v? and
v3. This result is used to prove Lemma 1] later on.

Lemma Al. Assume v', v and v3 as in Lemma . Then,

a) vl and v3 are equivalent < Dj = (75 — ;) Ni, and

/
2 3 - o p'_pj 5
b) v° and v° are equivalent < v; = JT

Proof. First we show a): v! and v?® are equivalent < p; = (7 = 7j) Ni-

= if v! and v? are equivalent, then, given 0; and «;, in equilibrium end-users utilities must be
the same, that is,

0 + (e — V;)Ni = 0; + (aj — ;) Ni — pj, (A1)
and platform’s profit must be the same, that is, 7(v';:) = m(v3;-). Solving for p; we
arrive at

pi = (v; —75) Ni, (A.2)

which is the unique solution for which is satisfied. Then, we just need to verify that
m(vl; ) = w(v3;-) if [A.2]is satisfied:

m(v%) = (ya + 78 — ¢)NaNp + (pa — Ca)Na + (pg — CB)Np. (A.3)
Substituting [A-2) in [A73] we arrive at
m(v%) = (va+ 78 — ¢)NaNp + (¥4 — va) N — CalNa + [(v5 — 78)Na — CB] Nz,
m(v*;) = (=¢)NaNp + [Y4Np — Ca]Na + [Y5Na — Cp]Np,
7r(v3; )= (¥4 +795 —¢)NaNg — CsN4 — CpNp.

‘We know that:
m(v';) = (¥4 + g — ¢)NaNp — CyN, — CpNp.

That is, 7(v!;-) = 7(v3;-), as required.

<: assume that p; = ('y; — 7;)N; holds. Then we need to show that, if so, both tariffs are

equivalent. Under v3, agent j’s utility is:

uj =0 + (o — ) Ni = pj. (A.4)

*The third possible relationship, that is, the equivalence between v' and v? can be trivially obtained from the
two others.



Substituting p; = (v; —7;)Ni into
uj = 0; + (aj —v;)Ni — (v — 7)) Vi,
Uj = 9]' + (aj — ’7;-)Ni, (A5)
which is agent j’s utility under v'.

3

We have already verified that if p; = (v; — ;) N;, then m(vl;-) = 7w(v3;-) (see above).

P;—D;
N;

Second we show b): v? and v are equivalent < v, =

=: if v? and v? are equivalent, then, given 0; and «;, in equilibrium end-users utilities must be

the same
0; + a;N; — py = 05 + (o — ;) Ni — pj, (A.6)
and platform’s profit must be the same, that is, 7(v?;:) = 7(v3;-). Solving for v; we
arrive at ,
P; —Dj
- A7
'7] Nz ’ ( )

which is the unique solution for which is satisfied. Then, we just need to verify that
m(v?%) = n(v3;.) if is satisfied.

Platform’s profit under v? is given by equation Substituting in we arrive at

/ /
Pa —PA P — P
m(v?;-) = ( ANB + BNA B _ C) NANp + (pa — Ca)Na + (pp — CB)Np,

7(v%;-) = —¢cNaNp + p)4Na + pygNp — CaN4 — CpNg,
m(v%) = (p/y — Ca)Na + (p)s — CB)Np — cNaNp.

We know that:
m(v%-) = (P4 — Ca)Na+ (pp — C)Np — cNaNp.
That is, 7(v?;-) = 7(v3; ), as required.
<: assume that v; = pf];pj holds. Then need to show that, if so, both tariffs are equivalent.

1
/
p-p; .
i~ into|A.4

Under v, agent j’s utility is given by [A.4l Substituting v, =

P — pj

)

uj:9j+<aj— )Ni_pja

u; = 9j + ale' —p;-,
which is agent j’s utility under v?.

We have already verified that if v; = pj];ipj, then 7(v?;-) = m(v3;-) (see above). O




Proof of Lemma |1} a) By Lemma end-users are indifferent between v' and v? if and only
if pj = (v — ;) N; for j € {A, B}.

In the presence of an ad valorem per-transaction tax levied on the platform, its profit under v?
is given by:

m(v%) = [(1 = ) (ya +v8) =  NaNp + (pa — Ca)Na + (pp — Cp)Np. (A-8)
Substituting p; = (v; — ;) V; in we arrive at
m(v%;-) = [(1 = ") (ya +v8) —  NaNp + [(v4 — v4)Np — CalNa + [(v5 — v8)Na — C5]Np,
7(v% ) =94 NaNp + Y5 NaNp — CaN4 — CgNp — cNsNp — tP(v4 + v8) NaNp,
m(v’;) = (Y4 + 75 — ¢)NaNp — CaNa — CpNp — t*(y4 + 78)NaNp. (A.9)
Platform’s profit under »! is given by:
m(v';) = [(1 =) (v4 +75) — ¢] NaNp — CaNa — CpNp,

7['('01; ) = (")/1/4 + ’le — C)NANB — CANA — CBNB — tp(’y;l +'Y§3)NANB- (A.lO)
Recall that v; > v; for j € {4, B}. Therefore, combining and we conclude that
m(v3;:) > w(vl;-) for N; >0, for j € {4, B}.

By Lemma end-users are indifferent between v? and v3 if and only if v = pj];?j for

j € {A, B}. Substituting this condition into we arrive at

o r
m(v*;-) = [(1 — 1) (pAN Pa pBN pB> - C} NANB + (pa — Ca)Na + (p — CB)Np,
B A

m(v%) = (V4 —pa)Na+ (s — pB)NB — cNaNp + (pa — Ca)Na + (pp — Cp)Np

/ /
Py—pa  Pg—pB
— | + >]NAN ,

[ < Np N B

/o ’_
m(v%:) = (P4 — Ca)Na+ (W — Cp)Np — cNaNp — [tp <pAN PA 4 pBN pB)] NaNp. (A.11)
B A

Platform’s profit under v? is given by:
7T(’U2;') = (p;‘—CA)NA—i-(p,B—CB)NB—CNANB. (A12)
Thus, combining and we arrive at:

r ’
m(v3;) = w(v?:) — [tp <pANBpA + pBNApB>] NaNB.

Since p; > p; for j € {A, B}, then m(v?;-) > m(v?;-) for N; > 0, for j € {4, B}.

b) By Lemma end-users are indifferent between v! and v? if and only if p; = (7; — )N
for i € {A, B}.



In the presence access taxes levied on the platform, platform’s profit under v3 is given by:
m(v%;) = (ya+ 7B — )NaNp + [(1 — 78)pa — Ca] Na + [(1 — 75)ps — CB| Np. (A.13)
Substituting p; = (v; — 7;)V; in we arrive at
m(v%) = (Ya+yB—¢)NaNp+[(1 — 74) (¥4 = va)Np — Ca| Na+[(1 = 75) (v — v8)Na — C| Np,
7(v%;) = —eNANp+Y4NaANp—Th (YVA—v4)NaNp—CaNa+7v5NaNp—7h(v5—v8)NaNp—CpNp,
T(v%) = (Y4 +75 —c)NaNp —CaNs— CpNp —7h (¥4 —va)NaNp — 75 (75 —v8)NaNp. (A.14)
Platform’s profit under v! is given by:
m(v';) = (Y4 +75 — ¢)NaNp — CaNa — CpNp. (A.15)
Thus, combining and we arrive at:
m(v%;-) = w(v';) = Th(y4 — ya)NaNp — (v — 78)NaNp.
Since vy > va, then w(vl;-) > m(v?;) for N; > 0, for j € {4, B}.

Pi—p;j

N, for

By Lemma end-users are indifferent between v? and v?® if and only if v; =
i € {A, B}. Substituting this condition in we arrive at

/ /
—pa _
71'(’03;-) = <pANBp + pBNApB — C) NaNp + [(1 —Tﬁ)pA — CA] Ng+ [(1 —Tg)pB - CB] Np,

m(v%;+) = p4Na — paNa + N — ppNp +paNa — ThpaNa + psNp — ThpeNp
- CANA —CBNB —C]VA]VB7

m(v3;) = PuNa + pgNp — ThpaNa — ThpNp — CaN4 — CpNp — cN4Ng. (A.16)

Platform’s profit under v? is given by:

m(v*) = [(1 = 7R) (P4 — Ca)] Na+ [(1 = 75)(¥s — CB)] Ng — ¢NaNp,

m(v%-) = PyNa + ppNp — Thpy Na — ThpsNp — CaNa — CpNp — cNoNp. (A.17)
Recall that p;- > pj for j € {A, B}. Therefore, combining [A.16{ and [A.17, we conclude that
m(v3;+) > w(v?; ) for Nj > 0, for j € {A, B}. O

The following Lemma is useful to prove Lemma

1

Lemma A2. Assume v', v2 and v* as in Lemmali

a) In the presence of ad valorem per-transaction tazes levied on end-users:

i) end-users are indifferent between v' and v® = p; = (v} — ;) (1 +5)N;,

Pi—Ppj

ii) end-users are indifferent between v? and v = v = e

b) In the presence of ad valorem access taxes levied on end-users:



(v =) Ni
1JrTje ’
(P, —py)(1+7)
N; .

i) end-users are indifferent between v! and v3 = Dj =

ii) end-users are indifferent between v? and v? = v; =

Proof. a) i) Type-j end-users are indifferent between v' and v3 implies that
0+ oy =951+ 7)) Ni = 0 + | — v (1 +75)] Ni = pj,
V(14 77)N; = 75 (1 + 75)Ni + ;.
Therefore, p; = (7; — 7;)(1 + t5)N;.
ii) Type-j end-users are indifferent between v? and v implies that
0j + ajN; = pj = 0; + [aj — v (1 + 77)] Ni = p),
Py =1+ 77)Ni + p;.

/
P; —Dj
Therefore, v; = ;) -.

(1+5)N;
b) i) Type-j end-users are indifferent between v! and v? implies that
0; + (aj = 7j)Ni = 05 + (o — ) Ni = p; (1 + 75),

’Y}Ni = v;N; —l—pj(l + Tje).

(v; — %) Ni

Theref =
erefore, p; g T;

ii) Type-j end-users are indifferent between v? and v® implies that
0; + o N; = pj(1 +75) = 05 + (o — ) Ni — p; (1 + 7),
i1+ 75) = 7 Ni + pi (1 +75).

L—p) (14T
Therefore, v; = (pj pi)( J).

%

O]

Proof of Lemma @r a) By Lemma A2, if end-users are indifferent between v' and v* then
pj = (v; — ) (L +t5)N; for j € {A, B}.
Platform’s profit under v? is given by:

m(v% ) = (va+ 7B — ¢) NaNpg + (pa — Ca)Na + (pp — Cp)Ng. (A.18)
Substituting p; = (v; — ;) (1 + t$)N; in we arrive at
m(v%;) = (ya + 98 = ¢) NaNp+(va—74) (L+t3)NaNp+(75—75) (1+t5)NaNp—CaNa—CpNp,

m(v3;) = (Y4 + 75 —¢) NaANp—CaNa—CpNp+t5(v4—v4)NaNp+t5(v5—v8)NaNp. (A.19)



Platform’s profit under v! is given by:
m(v') = (Y4 +vp — )NaNp — CaNa — CpNp. (A.20)
Thus, combining and we arrive at:
m(v%) = w(v';) +15(vh — 74)NaNp + t5 (v — 7v8)NaNs.
Since 'y; > vj, then 7(v3;-) > m(v';+) for N; > 0, for j € {4, B}.

By Lemma A2, if end-users are indifferent between v? and v3 then v = - for j € {A, B}.

_PiPi
- (1+t6)

p —Pj .
m in |A.18, we arrive at

Substituting v; =

(b = Py —pa Pp —PB
’ (1+t9)Ng ~ (1+1t3)Na

—¢| NaNg + (pa — Ca)Na + (pp — CB)NB,

P4ANA —paNa +paNa + teApANA+p/]5gNB —pBNB +pNp +t5peNEB

(%) = (1+19) (1+1%)

—CyNs—CNp—cNaNp,

PuNa+t9paNa PN +t5peNp
(1+1%) (1+tp)

Since p;- > p; for j € {A, B}, we can define p;- = p; + kj, where k; > 0. Then,

m(v’;) =

—(CsNy —CpNp —cNyNg.

PANA +kaNao+t9paNa  pNp+ kpNp + t5ppNp

77('03' )=
’ (1+1t5) (1+1t%)

— CyNy — CpNp —cNaNp,

kAN g ksNpg
(1+1t5)  (1+1t5)

Platform’s profit under v2 is given by:

m(v*;-) = +paNa +pgNp — CaN4 — CyNp — cN4Np.

m(v?) = (p)y — CA)Na+ (g — Cg)Np — ¢NyNp. (A.21)
Substituting p} = p;j + k;j into we arrive at
m(v?% ) = kaNa + kgNp +paNa + pgNg — CaNa — CpNp — cNaoNp.

Since k;N; > y for j € {A, B}, then we can conclude that 7(v?;-) > 7(v3;-).

(1+t5

(vj=7;)Ni

for
1 —l—’rj‘f1

b) By Lemma A2, if end-users are indifferent between v! and v® then pj =
j € {A, B}.

Platform’s profit under v? is given by:

7(v3;) = (ya+ 8 — ¢) NaNp + (pa — CA)Na + (pp — Cp)Np. (A.22)



(v =2)Ni .

Substituting p; = —47—=— in|A.22} we arrive at
J

- N r— N
(V4 —va) BNA+(’YB vB)Na

Np — CyNy — CBN.
1+ 7% = B — CaNa— CUpNB,

m(v%;-) = (ya + 8 — ¢) NaNp +

/ /

3.y — Y4 7A B OB
(%) <7"‘+’YB+1+T§1 T4rg  14r 147

)NANB — CyN4—CgNpg —CANAANB7

3 TAYA | TBYB 7V VB
v ) = N4Np — CaNs — CgNp — ¢cNaNg.
m(v’;-) (1+T§+1+T§+1+T§+1+7§ ANB AN A BNp —cNaNp

Since 7; > «; for j € {A, B}, we can define v} = v; + hy, where h; > 0. Then,
b = [Taba=ha)  TEOB—he) | Ya T
1475 1+75 1+74 1+75

] NANp — CyNg — CpNp — cNaNp,

eh eh
7r(v3;-):(7f4+7bc)NANBCANACBNB(TA A TR B>

175 1478
Platform’s profit under v! is given by:
m(v';-) = (Y4 + 75 — ¢)NaNp — CaNa — CpNp.
Since hj > 0 for j € {A, B}, we can conclude that 7(v';-) > 7(v3;-).
By Lemma A2, if end-users are indifferent between v? and v3 then v; =

j € {A, B}.
Substituting v; = Wﬁ i

i

(v} *p]]'\)[(1+7-je) for

n|A.22) we arrive at

(Pl —pa)(L+7%) N (ps —pB)(1 + 75)

3‘. =
m(v%-) Ng Na

NaNB+(pa—Ca)Na+(pp—Cp)Np—cNaNp,

m(v% ) = pa(1+74)Na = patiNa + pp(1 + 75)Np — pp7Np — CaNa — CpNp — cNaNp,
m(v%) = (Py — Ca)Na+ (P — C)Np — cNaNp + (0'y — pa)TiNa + (0 — pB)TENB. (A.23)
Platform’s profit under v? is given by:
m(v?-) = (py — Ca)Na+ (Ps — CB)Np — ¢cNaNp. (A.24)

Thus, combining [A-23] and [A24] we arrive at:

3

w(v%) = w(v?%) + (Ph —pa)TiNa + (W — pB)TENB.

Since p; > pj, then m(v3;) > w(v?:) for N; > 0, for j € {A, B}. O
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